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1. Introduction 
 

 Recently novel electromagnetic bandgap (EBG) structures - cylindrical EBG structures - 
have received a growing attention because of their potential applications to the designs of beam 
forming and multibeam antennas [1]. In this paper, excitation of the cylindrical EBG structure by 
line source located at the origin of the structure and by TM polarized plane waves is studied. 
Transmission spectra of eccentric cylindrical EBG structures are investigated using a rigorous and 
accurate semi-analytical method based on the cylindrical Floquet mode expansion. The method 
takes into account all of the cylindrical Floquet modes and their interactions between the layers [2-
4]. The resonance and stopbands of the transmission into the several principle Floquet modes are 
studied. We have numerically shown that when cylindrical EBG structure of eccentric configuration 
is illuminated by a plane wave of particular resonance frequency, enhancement or “shadowing” 
effects of the field inside the EBG structure are observed and these effects strongly depend on the 
angle of incidence of the plane waves. Enhancement and “shadowing” effects of the field could be 
explained from the Reciprocity Relation for the cylindrical structures. To the best of authors’ 
knowledge, such studies are performed first time. 
 
2. Formulation of the Problem 

        
       The cylindrical EBG structures are formed by N-layered eccentric cylindrical arrays of 

circular rods located in a homogeneous background medium with material constants 0ε  and 0μ  as 
shown in Fig. 1. The Mν  circular rods with radius rν  are periodically distributed on each of N 
circular rings with radii ( 1, 2, , )NRν ν = . The #ν circular ring with radius Rν  separates two 
cylindrical regions ( 1)ν −  and ( )ν . The center 1O  of the innermost #1  ring in the eccentric 
configuration is chosen as the global origin O . We assume excitation by a line source located at the 
global origin O and by the TM polarized plane waves from the outermost (N+1)-th region. 

 
 
  
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Cylindrical EBG structures of 
eccentric configuration formed by Mν  
circular rods with radius rν  periodically 
distributed on each of N circular rings with 
radii ( 1, 2, , )R Nν ν = . Excitation by a line 
source and TM polarized the plane waves are 
considered.  
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The total field in regions ( )ν and ( 1)ν + separated by the -thν layer of the array is expressed in 
matrix form as follows: 

( ) ( ) ( ) ( 1) ( 1) ( 1)
1 1( , ) , ( , ) T TT T

z zE Eν ν ν ν ν ν
ν ν ν νρ ρϕ ϕ+ + +

+ += ⋅ + ⋅ = ⋅ + ⋅Φ Ψ Φ Ψb c b c           (1) 
with 

(1) ( ) ( )( ) ( )
0 0[ ( ) e ], [ ( ) e [ ], [ ]im im

m m m mbJ k H k cν ν ν νϕ ϕ ν ν
ν ν ν νρ ρ= = ], = =Φ Ψ b c         (2) 

          1 1(1)
1 0 1 1 0 1[ ( ) e ], [ ( ) eim im

m mJ k H kν νϕ ϕ
ν ν ν νρ ρ+ +

+ + + += = ]Φ Ψ                             (3) 

where ( , )ν νρ ϕ  and 1 1( , )ν νρ ϕ+ +  denote the local polar coordinates systems with their origins at the 
centers of the #ν  and #( 1)ν +  rings. In Eqs.(1) and (2) ( ){ }mb ν represents the unknown amplitudes of 
the incoming cylindrical waves, ( ){ }mc ν are those of the outgoing cylindrical waves, mJ  and (1)

mH  are 
the Bessel and Hankel functions of the m-th order. The superscript T denotes the transpose of the 
indicated vectors. For the eccentric configuration of cylindrical EBG structure, when the basis 
functions in the cylindrical harmonic expansion are different in two regions, the basis functions in 
region ( 1)ν +  should be transformed to those in region ( )ν : 

( 1) ( 1) ( )
, 1 1, , 1 1,

ν ν ν
ν ν ν ν ν ν ν ν

+ +
+ + + +⋅ = ⋅ + ⋅U R U Fc b c                                                                 (4) 

( ) ( 1) ( )
, 1 , 1 , 1 , 1 0 , 1, [ ( )]m nJ k dν ν ν

ν ν ν ν ν ν ν ν ν ν
+

+ + + + − += ⋅ + ⋅ =F U R Ub b c               (5) 
where , 1ν ν +U  is the translation matrix, which transforms 1ν +Φ  and 1ν +Ψ  to νΦ and ,νΨ  
respectively and , 1dν ν +  denotes the distance between two origins Oν  and 1Oν +  . Here 1,ν ν+R  and 

, 1ν ν +F  represents the reflection and transmission matrices of the -thν layer of the array for the 
incoming cylindrical waves with ( 1){ }mb ν + , whereas , 1ν ν +R  and 1,ν ν+F  are the corresponding matrices 
for the outgoing cylindrical waves with ( ){ }mc ν . For a detail calculation procedure for reflection and 
transmission matrices, the interested readers can refer to the previously published papers [2-4].  
             In case of line source excitation, the initial field in the innermost region (1) is expressed as 
follows: 

(1) (1)
04

, [ ]i T
z m

iE δ= ⋅ =Ψ c c .                                              (6) 

After tracing the scattering process over the layers and follow the calculation procedure given in 
detail in [2-4], the radiated field into the outermost region (N+1) shown in Fig.1 is obtained as: 

                                                                  ( 1) ( 1) (1)
4

N T N
z

iE + += ⋅ ⋅Ψ F c                                                    (7) 

where ( 1)N +F  represents the generalized transmission matrix of the N-layered eccentric cylindrical 
EBG structure from the innermost (1) region to the outermost region (N+1). 
             In case of excitation by TM polarized plane wave, the initial field in (N+1) region is given: 

( 1) ( 1), [ ]
inci T N N m im

zE i e φ+ + −= ⋅ =b bΦ .                                (8) 

where incφ is the angle of the incidence with respect to the positive x-axis. The transmitted field in 
the innermost region (1) is given as: 

(1) (1) ( 1)T
z

NE += ⋅ ⋅Φ F b                                                          (9) 

where (1)F  represents the generalized transmission matrix of the N-layered eccentric cylindrical 
EBG structure from the outermost (N+1) region to the innermost (1) region. The generalized 
transmission matrices ( 1)N +F in (7) and (1)F in (9) are obtained the tracing the scattering process over 
the layers of eccentric cylindrical EBG structure. They are expressed exclusively by the 
reflection , 1ν ν +R , 1,ν ν+R and transmission 1,ν ν+F , , 1ν ν +F matrices for each cylindrical layer, their 
product and inverse operations. It is very important to mention that from the Reciprocity Relation, 
the following relations between the generalized transmission matrices ( 1)N +F and (1)F  is 

derived: ( )( 1) (1)
T

N + =F F .  
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3. Numerical Analysis and Discussions 

      Although a substantial number of numerical examples could be generated, we discuss here a 
three-layered structure consisting of the identical circular rods of perfect conductors, where 

1 2 3 2r r r mm= = = , 1 40R mm= , 2 12R R= , 3 13R R= , 1 12M = , 2 24M = and 3 36M = . The 
reflection and transmission matrices were truncated by 16m n= = ±  after confirming the 
convergence of solutions. Figure 2 shows the transmission spectra for the eccentric configuration of 
cylindrical EBG shown in Fig. 1, where 212 10.1d OO R= = , 313 10.2d OO R= = . The results for the 
lowest five modes, which have significant values of the transmission coefficient, are shown in Fig.2. 
From Fig.2 we can see that there exist a series of stopbands and passbands for each of the excited 
Floquet modes. The transmission is very small in the stopbands, whereas a sharp resonant peak 
appears in the passband regions. In the passband regions, there exist special resonance frequencies: 
6.1125 GHz  and 6.3GHz , at which the Floquet modes simultaneously resonate.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It should be noted that (4) (4)
,0 ,0m mF F−= . The field distributions inside the cylindrical EBG structure 

illuminated by a TM plane wave with 00incφ = and 0180incφ = are plotted for two different 
excitation frequencies 6.1125f GHz=  and 6.3f GHz=  in Figures 3. It could be vividly seen that 
the “shadowing” effect (a), (e) and the effect of strong enhancement (c), (g) of the field inside the 
cylindrical EBG structure of eccentric configuration are observed and this effect is strongly related 
to the angle of incidence of plane waves. These features could be very useful to manipulate the 
electromagnetic properties of a space by surrounding it with a cylindrical EBG structure.     
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Transmission spectra (4)
,0| |mF  of Eq.(7) for the eccentric three-layered structure 

cylindrical EBG structure shown in Fig. 1, where 1 2 3 2r r r mm= = = , 1 40R mm= , 2 12R R= , 
3 13R R= , 1 12M = , 2 24M = , 3 36M = , 212 10.1d OO R= = , 313 10.2d OO R= = . 
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Figure 3: Field distribution in the three-layered cylindrical EBG structure of eccentric 
configuration for the excitation of TM polarized plane wave; (a), (c), (e), (g) - two-
dimensional field mapping of ( , )zE x y ;  (b), (d), (f), (h) - ( ,0)zE x as a function of x. 
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