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Introduction

The Finite Difference Time Domain (FD-TD) method! based on Yee’s
.algorithm has been recently used to solve the problems of waveguiding struc-
tures such as cut-off frequencies of finlines[1] or scatterring parameters of mi-
crostrip discontinuities[2]-[3]. Even though the FD-TD technique has been
explored quite successfully in the past(see for example [4]), the numerical
mesh network of the algorithm causes numerical error in the phase and group
velocities of the propagating wave, primarily due to its dispersive nature[5].

In order to assess the numerical error caused by the dispersion for solu-
tions of a TEM wave or waveguide modes, we present an explicit expression

of the phase and group velocities of the three-dimensional FD-TD algorithm
derived from the following dispersion relation[4].

sin*(wAt/2) = s*[sin®(k,Az/2) + sin®(k,Ay/2) + sin(k,Az/2)] (1)

Formulation

For a wave whose angles of the propagating direction is given by «, f3
and v from x, y, and z coordinates respectively (k, = kcosa,k, = kcosp,k, =
keosy and kAz = kAy = kAz = kAl = 0), it can be shown that the group
and phase velocities in free space are given

vy = s\/3£n2(9cosa) + sin?(0cosf) + sin?(fcosy)/sin(wAt) (2)
2sin s \/sinz(ﬁ?cosa/Z) + sin?(fcosf/2) + sin?(Gcosy/2)] 3)
% T | s6

where s is the stability factor given as s = cA¢/Al. Above expressions are
mixed forms which show the seperate effect of w and k for the propagating
wave. Depending upon application, it may be sometimes convenient to ex-
press them in terms of only w or k. However, this is possible only for the

!The author would like to acknowledge the financial support of the Natural Science and
Engineering Research Council of Canada.
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cases where propagations occur to the axial direction(4), to the diagonal
direction(B) of a plane, and to the diagonal direction(C) of a cubic cell in
free space(see figure 1. b). For other directional waves, both the dispersion
relation (1) and the formula of (2) or (3) are required. The phase and group
velocities of these special cases are:

vy = V1-— P%/cos(wAt/2)---direction--- A (4)
= /1— P2?/2/cos(wAt/2)---direction---B (5)
= /1 — P?2/3/cos(wAt/2)---direction---C (6)

and
TAt/A i s
Up FI(I))' ---direction--- A (7)
TAt/A G
= ---direction--- B 8
Vasin-i(P[R) T s
w At/

Il

--direction---C (9)

V3sin-1(P//3)

where P = sin(swAt/\)/s and all velocities are normalized by the velocity
of light.

It is found that the group and phase velocities of the wave to the diagonal
direction of a cubic cell(direction C) show no dispersion(figure 2) and that
except for those of the specific directions(A, B and C) the group velocities
in other directions do not decrease to zero but have finite cut-off frequencies

as shown in figure 3. This holds only with a maximun value of the stability
factor: s = 1/+/3.

For the cylindrical modal solutions, the phase and group velocities of a
simple waveguide with a rectangular cross-section which supports the TE or
TM modes were obtained with the procedure similar to the previous cases.
They are :

ssin(2sin~'y/P? — Q?) (10)
sin(2sTAl/A)

B T Al/A

K N o (1)

then,

wAtsin(Zsin‘lePi —‘Q )/2 (12)
sin~1(/P? — Q?)sin(wAt)
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where Q 1s given by Q = sin(wAl/).) and). is the cutoff wavelengh. These
are comparcd with the theoretical results in figure 4. This formula also
holds for other types of cylindrical waveguides with different cross-sections
provided that the cut-off frequency is properly replaced by the corresponding
value. The group velocities always cross over at a specific frequency. At this
frequency, the numerical group velocity coincides with the theoretical group
velocity. It is found that this relative coss-over frequecy (A./\) depends on
the stability factor s and have slight dependancy on the mesh size of dl.
However, the numerical phase velocity is always less than the theoretical
velocity and minimum error occurs at certain frequency which is different
from the cross-over frequency of the group velocity.

conclusion

We derived the numerical phase and group velocity characteristics of the
FD-TD algorithm from the dispersion relation for wave propagation in TEM,
TE or TM modes. From these dispersion characteristics, numerical errors
due to dispersion can be easily assessed and would be used in determining
the mesh size and the stability factor s to minimize numerical errors.
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Fig. 1 a) Wave Propagating Angles
with respect to the
coordinates.
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Fig. 1 b) Three Fundamental
Directions of TEM Wave
Propagation
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Fig. 2 Group and Phase Velocities
of a TEM Wave Propagating to
directions, A,B,C.
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Fig. 4 a) Group Velocity Characteristics

of a rectangular W/G.
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Fig. 4 b) Phase Velocity
Characteristics of a

rectangular W/G.
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