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Abstract-One time domain method, based on the TDIE 

solved by the marching-on-in-degree (MOD) scheme, is 
presented in this paper for capturing transient electromagnetic 
responses of dielectric-metallic composite structures. For 
perfect electrically conducting (PEC) surfaces patched on the 
dielectric substrate, the time-domain electric field integral 
equations (TD-EFIE) is used to analyze PEC patch, while 
PMCHW (Poggio, Miller, Chang, Harrington and Wu) integral 
equation is utilized for describing the dielectric substrate. The 
whole set of integral equations is solved simultaneously, and 
the temporal basis function is chosen to be the Laguerre 
polynomials (LP), which is called marching-on-in-degree 
scheme. For the spatial basis function, the classical RWG basis 
function is usually the suitable choice. Since in the right-hand-
side of the iteration equation, during the matrix-vector 
multiplication, the impedance matrix has the form of Toeplitz 
matrix, the fast Fourier transform (FFT) can be used to 
accelerate this multiplication. Numerical results are given to 
demonstrate our proposed method used for analyzing 
characteristics of structures containing PEC patch on the 
substrate.  

I. INTRODUCTION 

Time-domain integral equation can be widely used for 
analyzing transient scattering responses of some classic 
electromagnetic structures [1-2]. Time domain electric field 
integral equations (TD-EFIE) are used for analyzing perfect 
electrically conducting surface, while PMCHW (Poggio, 
Miller, Chang, Harrington and Wu) integral equation is very 
suitable for dealing with homogeneous dielectric structures. 

As for TDIE formulation, there are usually two schemes 
to solve it, including marching-on-in-time (MOT) method 
and marching-on-in-degree (MOD) method [3-5]. Both 
schemes have their strengths and weaknesses. MOT 
methods are prone to late time instabilities while MOD 
schemes appear highly stable due to the high-order limit.  
Both MOT and MOD methods suffer from a high 
computational cost. Since MOD is stable even in very late 
time, it is adopted to solve the integral equation in this paper. 
In the MOD scheme, the weighted Laguerre polynomials 
form a set of the temporal basis function, by which the 
temporal currents are represented together with the spatial 
Rao-Wilton-Glisson (RWG) basis function. 

What is more, the computational cost of MOD scales as 
2 2( )O SO N N , where SN  is the number of spatial unknowns, 

and ON  is the highest order of the LP. A fast Fourier 

transform (FFT)-based blocking scheme [4] can be used for 
accelerating the temporal convolutions, and the 
computational complexity is reduced to 2 2( log ( ))S O OO N N N . 

As we discuss about dielectric-metallic composite 
structures, the patch structure is one classical part of them 
[6-7]. The PEC patch is directly attached to the dielectric 
substrate, so in the analysis using time domain integral 
equations, the dielectric-metallic junctions must be treated 
carefully in order to obtain high accuracy. One of the 
methods is the contact-region modelling (CRM) technique 
[8], and it supposes the dielectric-metallic surface to be two 
surfaces infinitesimally close to each other. However, this 
increases the number of unknowns because one more 
surface needs to be considered. Another effective way is to 
use triangular half-basis functions based on the full RWG 
basis to treat the current on the junction [9]. 

The organization of this paper is arranged as follows. In 
Section II, the basic knowledge of the electromagnetic 
problem and mathematical treatment is presented. The 
TDEFIE-PMCHW equation is solved using MOD scheme, 
while the FFT is used to accelerate the order iteration of 
MOD. In Section III, numerical results of some patch 
structures are given to demonstrate the capabilities of our 
proposed method. Then the conclusion is made in Section 
IV. 

 

II. BASIC THEORY 

A. Description of The Geometry 
Figure 1 shows a generalized composite structure in free 

space, including homogeneous dielectric objects and PEC 
patches, both of arbitrary shape. The structure is illuminated 
by an electromagnetic pulse (EMP) with an arbitrary 
magnitude, polarization and incident direction. From Fig.1, 
it is shown that one PEC patch is directly attached on the 
dielectric substrate, and there are two metallic surfaces need 
to be considered, including the one toward the free space 
and the other one toward the inner region of the dielectric 
[5]. The dielectric surface is denoted by DS , while the PEC 
surfaces toward the free space and the dielectric are denoted 
by PS  and IS , respectively. 
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Fig. 1. Description of the simulated dielectric-metallic patch structure. 

 

B. TDIE Formulation 
Under the EMP illumination, there are induced electric 

and magnetic currents on the dielectric surface, which are 
denoted by DJ  and DM , respectively. For the PEC object, 
only induced electric currents PECJ and INTJ on the 
surfaces PS  and IS , respectively.  
   In the presence of electric and magnetic current sources, 
the scattered fields of the dielectric object can be described 
by 
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where I represents either electric current or magnetic 
current. ν=‘1’ and ‘2’ represent exterior and interior 
domains of the dielectric, respectively. So the PEC currents 

PECJ and INTJ belong to domain ‘1’ and domain ‘2’, 
respectively. | |R ′= −r r  is the distance between an arbitrary 
observation point r and the source one r ′ . /v vt R cτ = − is 
the retarded time. When I is electric current, 

,v v v vα μ β ε= = , and for the magnetic current I , they are 
inverse. 

As for dielectric, the current satisfies the property 
that D,1J = - 2D,J and D,1M = - 2D,M , so we define D,1J = DJ  
and D,1M = DM for simplicity. Therefore, by applying 
boundary conditions on the dielectric surface and the two 
PEC surfaces, we obtain a set of time-domain integral 
equations for the problem as shown in Fig. 1: 

2 2 1 1( ) ( ) ( ) ( )L K L K− + − +D D D DJ M J M  
D

1 2 tan( ) ( ) ( , ) | ,L L t S− + = ∀ ∈inc
PEC INTJ J E r r      (5) 
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PEC INTJ J H r r    (6) 

While for the metallic surface PECS , we have 

1 1 1 tan( ) ( ) ( ) ( , ) | , PL K L t S− + − = ∀ ∈inc
D D PECJ M J E r r           (7) 

And for the interface INTS , we have   

2 2 2( ) ( ) ( ) 0, IL K L S− − = ∀ ∈D D INTJ M J r             (8) 

C. FFT-based MOD Procedure  
A set of weighted Laguerre polynomials ( )jL st  forms 

the temporal basis function, as given by ( ) ( )2st
j jst e L stφ −= , 

where j is its order, and s is the scaling factor. Then, the 
electric and magnetic currents expanded in general as 
follows 
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where ( )S
nf r is the RWG basis function [10] based on a pair 

of triangles, i.e. 
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And here SN denotes the number of edges on the 
surfaces DS , PS  and IS , respectively. ( , )tI r can be DJ , 

DM , PECJ and INTJ , corresponding to different current 
coefficients ,n jγ . 

In the final order iteration equation, the temporal 
convolutions on the right-hand side can be accelerated by 
the applying FFT, since it satisfies the properties of 
Toeplitz matrix. Thus the LP order iteration can be 
accelerated. 

 

III. NUMERICAL RESULTS AND DISCUSSION 

Here, a temporal modulated Gaussian pulse is used as the 
incident wave and described by 

( ) ( )2

0, (4 / / ) cos 2t T e f tγπ π−=inc 0E r E         (30) 

( )0 0 0
ˆ4 /c t c t Tγ = − − ⋅r k                         (31)   

where E0 is the amplitude of the incident EMP, k̂ is its 
wave vector,  f0 is its central frequency, c0 is its velocity in 
free space, T is its pulse width, and c0t0 is its time delay.  

The first structure consists of one dielectric hemisphere 
and one circular PEC patch just directly attached on the 
hemisphere as shown in Fig.2. The relative permittivity is 
εr=4.4, and the radius of the composite hemisphere is set to 
be R=0.2m. It is illuminated by the incident EMP with 
f0=800MHz, ˆ ˆk z= −  and its polarization chosen along 
the x̂+ axis. The dielectric is meshed by 862 edges of 
unknowns, and the PEC surface PS  and IS have both 485 
unknowns. Particularly, there are 40 edges at the junction. 

Fig.2 shows the calculated bi-static radar cross section 
(RCS) at f=800 MHz, which is also compared with the 
results from the commercial software FEKO. 

 



 
 

Fig. 2. Bi-static RCS at f=800MHz of the composite hemisphere. 
 

The second example is four square patches mounted on 
the cylindrical substrate. The radius and the height of the 
substrate are 0.6m and 0.1m, respectively, with the relative 
permittivity εr=2.0. The four squares are the same, and the 
dimension of each is 0.3m×0.3m. The centres of these PEC 
patches are (±0.2, ±0.2) in the x-y plane. The parameters 
of the incident EMP include f0=300MHz, ˆ ˆk z= − , the 
polarization chosen along the x̂+ axis, and the amplitude 
E0=2000V/m.  

Fig.3 and Fig.4 show the transient electric current and 
magnetic current we captured at the point very near the 
center of the upper surface of the substrate. By our proposed 
MOO method, we can capture transient electromagnetic 
characteristics for the composite patch structures. 

 

 
 

Fig. 3. Transient electric current response on the dielectric. 

 
 

Fig. 4. Transient magnetic current response on the dielectric. 
 

IV. CONCLUSION 

In this paper, one time domain method, based on the 
TDIE solved by the marching-on-in-degree (MOD) scheme 
is developed for predicting time- and frequency-domain 
responses of perfect electrically conducting (PEC) surfaces 
patched on the dielectric substrate. The TDEFIE-PMCHW 
formulation is derived for the problem, and FFT-based 
MOD is utilized to solve the iteration. Numerical results 
show that our proposed method is accurate for handling 
composite structures, especially PEC patch mounted on the 
substrate. 
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