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Abstract lem, we introduce a new idea, which is the pseudo-periodic
Fourier transform (PPFT). This transform converts any field
component into a pseudo-periodic function, which is a product
of a periodic function and an exponential phase factor, and all
transformed components can be expanded in the generalized
Fourier series[2]. Hence, the transformed fields outside the
cylinder objects can be expressed by a superposition of plane
waves. The reflected and the transmitted waves of the periodic
cylinder array for plane wave incidence are derived by RTMA
with the help of Yasumoto et al's formula for the lattice
sums[3], [4] though the scattering by the additional cylinder
is analyzed by the standard process of RTMA. The proposed
formulation is applied to a periodic cylinder array with an
additional cylinder for a line source excitation, and we present
the field intensity distribution near the additional cylinder.

The present paper formulates the electromagnetic scattering
by a structure consisting of a periodic array of circular
cylinder and another circular cylinder located in front of the
array. Periodicity of the structure is locally collapsed and the
standard formulations based on Floquet’s theorem cannot be
applied. In this paper, pseudo-periodic Fourier transform is
formally introduced to analyze the problem. This transform
makes the field components pseudo-periodic and they are then
expressed in the Rayleigh expansion outside the cylinders.
The recursive transition-matrix algorithm with the help of
Yasumoto et al’s formula for the lattice sums is used to
calculate the scattering by the periodic cylinder array.

1. INTRODUCTION

Electromagnetic scattering from periodic structures has been 2. FORMULATION

extensively studied for a long time as wavelength and polak- Setting of the Problem
ization selective components in microwave, millimeter-wav&he geometry under consideration is schematically shown in
and optical wave regions. Recently, structures in which tiég. 1. The structure consists of a circular cylinder and a
periodicity is locally collapsed have also received much irperiodic array of circular cylinders that are infinitely long in
terest because they induce distinct properties. One of e »-direction and situated parallel to each other. The periodic
most promising properties is the field localization caused kyray consists of the identical cylinders with homogeneous
defects in the electromagnetic bandgap structures that allosivgl isotropic media described by the permittivity, the
realizing essential optical elements of wavelength size. Fegrmeability ,, and the radiusa,. One cylinder in the
example, a lump of defects may behave as a microcavifgriodic array is located at the origin and the other cylinders
resonator and a line defect may behave as a waveguide. The

computation of such structures has been mainly performed

with the finite differences time-domain method, the beam Y
propagation method, the method of fictitious sources, and the

recursive transition-matrix algorithm (RTMA)[1]. However,

these approaches are able to apply to the problems of scatterers Ye ——@ 2a.
with finite extent, and the approaches for scatterer with infinite
extent has been limited to fully periodic structure with plane

This paper proposes a novel formulation of the electro- Y @\) T

wave incidence. ~ N /] N N\ &
magnetic scattering from a circular cylinder backed by periodic d
array of circular cylinders. The cylinders are infinitely long 2ay

an(.j para,”el to eac,h other with identical separations, while On(i?ig. 1: Circular cylinder backed by periodic array of circular cylinders.
cylinder is added in front of the array. To approach the prob-



are periodically spaced with a common distarnten the z- f(i>(z;§,y) are the column matrices of the plane wave basis
direction. An additional cylinder with the permittivity,, the sets given as

permeability ., and the radiusa,. is located at(z,y) = n il (E) ot

(ze,ye) (Ye > ap + a.). The surrounding region is filled (f< )(‘”?f’y)>n = ellan(O e ) (8)

by a lossless, homogeneous, and isotropic material with th
permittivity ¢ and the permeability.s. We deal with only

time-harmonic fields assuming a time-dependenceitt’f, oan(§) =E6+n Zn 9)
and the electromagnetic fields are supposed to be uniform in d
the z-direction. Two fundamental polarizations are expressed Bn(€) = \/ks® — an(€)2. (10)

by TM and TE, in which the H and the E fields are respectivelg Se ne by Periodic Cvlinder A

perpendicular to the-axis. The total field is expressed by the " S¢@/¢7n8 by Fertodic Cylinder Array o _

sum of the incident field)(® gl,’y), the scattered field from First, we consider the scattering by the _periodic cylinder

the periodic cylinder array{* (z,y), and the scattered field @y located ay = 0. The transformed field)(z; ¢, y) near

from the additional cylindewés)(x,y) in the following form: the cyllnde_r array is decomposed into the incident and the
scattered fields:

Y@ y) = (@) + o0 () + 9 (2,y). (D) _

—(4) —(s)
‘ V(@;&y) =, (2:6,9) + 4, (26, y), (11)
The incident field+(?)(x,y) is assumed to illuminate the ) . N 5) )
cylinders from the upper or lower regions and there existéhere the first term is PPFT af” (z, y) + ¢c” (z,y) given

no source inside the structurea, < y < y. + a.. in Eq. (1). o o
Using Eq. (7), the incident field is expressed as
B. Pseudo-Periodic Fourier Transform and Rayleigh Expan-

sion Uy (@:6,9) = FO(@s6,9) @l (€, +0)
Let(z,y) be a two-dimensional wave function satisfying the + Pz y)tat e -0 12

following Helmholtz equation outside the cylinders: . Lo .
9 d Y Here, we introduce the cylindrical wave expansions. Fet

(i? n 9 Tk 2) W(z,9) = 0 (2 denote the cylinder functiong or H®M, and g% (z,y) be
2 * ” column matrices generated by the corresponding cylindrical

where &, is the wavenumber in the surrounding media anfj@ves in such a way that itsth entries are given as

supposed to be real and constant. Here we introduce a trans- (2) — 7 (k. ino(z,y) 13
form deﬁned by <g ($, y))ﬂ ’Il( s p({l?, y)) € ( )
bwey) = 3 ve-mdyemtt @ pla.y) = V/a% 1 2 (14)

which is implicitly assumed to be converge, and we call this o(z,y) = arg(z +1iy). (15)
transform the pseudo-periodic Fourier transform (PPFT). Tkﬁﬁen the incident fieldf(i)(m-g y) in Eq. (12) is rewritten as
inverse of PPFT (IPPFT) is formally given as _ P '

P 0y (@:6,9) = 9 () By (€) (16)

U(@y) =5 V(@€ y) d. (4) )
TJ—x/d whereb; " (£) denotes the column matrix giving the expansion

The differential operators in Eqg.(2) are unchanged by PPFRRefficients and derived as
and then the equation is transformed into the same form: _ o _
q By(6) = PU&) @, +0) + PUe) aPle, ~0) (17)

T _
902 T g Th )&y =0 (5) with
l i () £ By m
The transformed fields(z; ¢, y) has a pseudo-periodic prop- (P(i)(f))n = (M) - (18)

erty with the pseudo-period in terms ofz: .
N B y On the other hand, the scattered field can be expressed by
Plx—di&,y) = Px;6,y) e, (6) the sum of the outgoing wave from each scatterer. Therefore,
and therefore can be expressed in the Rayleigh expansionfaﬁ scattered fields can be written as follows:

i y) = FD (@ 6y —y) aD(Ey) @ey = 3 g @ -1dy) s ). (19)

+f @y —y)alEy) @) e .
—(+) , (o) , . Because of the pseudo-periodicity of the transformed field,
wherea (¢, ') anda' (¢, ') denote the column matricesgioquet's theorem yields the following relation
generated by the amplitude of plane waves propagating in

the positive and the negativg-direction, respectively, and EZ(S)(g) :Bés)(g) e'tde, (20)
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Then a RTMA technique developed by Yasumeta/.[3], [4] D. Scattering by Additional Cylinder

gives the relation betwee}” (¢) andBy (¢) in the following Next, we consider the scattering by the additional cylinder
form: located at(z,y) = (z,y.). The transformed field)(z; ¢, y)
(s B 1 " / . . P
bé >(£) _ (Tp ' Lk, d,gd)) b(())(g) (21) hear the addltlonaI. cyllnder is decomposed into the incident
and the scattered fields in the following form:

Ba;6y) = 0 (236, 9) + 00 (33, 9). (32)

The incident field for the cyIindeEff)(x;g,y) is PPFT of
The entries ofL(¢,n) is given by the lattice sums, which arey () (z, ) + ') (x,1) by using the notations in Eq. (1), and
known to converge very slowly. An efficient calculation of latalso it is possible to express in the Rayleigh expansion and
tice sums has been developed by Yasumoto and Yoshitomifle cylindrical wave expansion as follows:

and we use it for practical computation. Also, the square
diagonal matrixT",, is the transition-matrix (T-matrix) of the .

with

D =310 (e ] (22)
=1

(z;6,9) = F (236, 5 — ye) @ (€, ye +0)

unit cylinder of the array in isolation. Concrete representation + D (@6 y —yo) @ (€, y. — 0) (33)
of the T-matrix depends on the polarization, and them)th- . —(i)
entries are given by =9z — e,y —ye)' b, (€) (34)
(Tp) s m = Onm where relation betweea™®) (¢, y. — 0) and b( )(5) are given
I ksay) T kpay) = [T ksay) Julkpa) by
(23) 7(0) - (-
S HD sy Julhyay) = 2H gy TRy ) b, (6) = PU)(©) F(e:6,0)a ") (€, e +0)

() (et . () _
for TM polarization, and P B2 &, 0)at (G ye —0) - (39)

(Tp) — (sn m with
. _ (o z+0Bn
\/ 2Tk Tilpap) = 2T ko) Tulkpap) (F(2:6,9))y 0 = S @m0 (36)
: (24) o _
s () , The scattered field is expressed by the sum of the outgoing
H" (k ap) Julkpap) = [e Hn (ksap) J1(Rpay) wave from the cylinder and written as
for TE polarization, wherés, denotes the wavenumber inside  _, (HD) £ ()
the cylinders in the periodic array an,,, denotes Kro- b (1:6y) =g (z = @e,y = ye) b " (6): @7

necker’s delta.
The scattered fleldp (x;{,y) in Equation (19) can be _
expressed in the Raylelgh expansion: Eis)(g) =T, Bi”(g) (38)

—(s)
T ) = {f(Jr)(z;& V' QM(€)By (&) fory>0  whereT, is the T-matrix of the cylinder and given by replacing
) b b

F 6,y Q) B (6) fory <0  the subscripp in Egs. (23) and (24) by. IPPFT yields

The expansion coefficients are obtained as

25
| = $O(e,y) = g @ — ey — ) B (39)
with
i an (&)£Bn () \™ with
(Q<i>(€)) = {Mw ( v 2 form =0 @ d [
nom 2 (i (©EB.0) " ' = — [N _
o e (20) " form <0 R e LG (@0)
(26)
. . . . PPFT is applied to the scattered field Eq. (39), and we obtain
Then the scattering matrix that relate the Rayleigh coefficients 'S appl ! a. (39) W !
of the incident and the scattered fields is given as E(S)(x;f,y)

(41)

a(+)(€7+0))_(‘5’p,11(£) Sp,l?(f))(a(_)(nyFO)) f(+>(xfmc;§,zfyc)tQ(Jr)(f)b(S) for y >y,
(G 20)= (508 5288 (Gt 1) :{fu(xxc;g,zyatcz”(ob?) for y <.

Then the scattering matrix is given in the following form:

Spai(€)=QINE) (T, ~ L(kyd, €d)) PH@V (28)

= (+) =(+) _
Spad€) =T+ QNE(T, " ~ L(kyd, £d)) - P<+><£>t (29) (g(f)gg; gtg;) = <;<*>E§:Zf +8§)
Sp,21(£):I+Q(7)(£) (T;I (k d fd)) (f)t (30) w/d S. 11(£ 5/) S~12(£ f/) (fl Ye +O)
Sp722(£):Q(7)(£)(T ! L(k d fd)) 1P(+)(5) . (31) +/—71'/(1(50121(%.7%/) Sc;22(€7€/)>(a(+)(£,7 c_ )>d£ (42)
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Wlth N wISC,nm(£17£l) wLSc,nm(élny)
/ d Sc,nm =
S6711(£7€ ) - 2 ( x67£7 )Q(+)( ) wlsc,nm(fLafl) wLSc,nm(é-L7§L)
( N F(2e€,0) (43) {O forn=m (53)
Seaz(€.€) = - F(-2:£,0) QM (9 T, I fornzm
PO F(z.€,0) (44) where we used also another relation between the Rayleigh
“ coefficients:
"N — (= )
Tt £) = gp Foeae e O (€ 1) = P06+ (1 — )8 € ). (69
) F(z;¢,0)  (45) for 0 < y,, y4 < ye. From Egs. (49) and (50), we finally obtain
Se92(£,6) = — F(-26;£,00Q7() T the following relation:
) ) 2 [e3) b
- P F(xe:€,0).

~(+) ~(—)
(46) a(y+0)) _g(a (y+0)
< a(*)(_o) ) - S( a(+)(_0) ) (55)

where the scattering matrix of the entire structure is derived
When the fields are computed over the entire structure, ik
) e

merical experiments may show, in many cases, numerical
To validate the present formulation, we consider a specific
example excited by a line source situated parallel to #he

E. Scattering from Entire Structure

~— ~ o~ ~— -1
instabilities because of the growing exponential functions. To, 56712 —F S, Sp;l
avoid this difficulty, we use the method proposed in Ref.[5]. _F§ gﬁl 3, 1
Equations (27) and (42) that relate the Rayleigh coefficients Tem e e

must be satisfied for arbitrarg € [—n/d,7/d). Here we S.128c11 (Sp 125,115, 21 5p.2
take L sample points(¢;}, and the integration in Eq.(42) is "\ & ot ol 3
approximated by an appropriate numerical integration scheme F<S“’21 (“’22567125”’11) SP*” Spaz

in the following form:

(a”)(fz, Ye + 0)) B (a“)(fz, Yo — 0))
a ) (&,y.-0))  \@ (& ye+0)

3. NUMERICAL EXAMPLE

axis at(z,y) = (zs,ys) for ys > y. + a.. The incident field
+Zw < e11(61, &) c12(&@/))(?8(&/7yc+0)> (47) s expressed as
P Sc21(&, &) Seood&, &) NaM (&, y.—0) @ )
7/} (Z' y) H (ks p(.ﬁlﬁ' —Ts, Y — ys))' (57)

where w; denotes the weight factor. To treat the dlscrenze‘,ﬂqd the transformed incident field for<
Rayleigh coefficients systematically, we introduce the f0||0V\b >
ing column matrices:

can be expressed
y a superposition of the downward propagating plane waves

as:
—(+ — (i
a(6.y) 56 ) = FO@iey - ) @Oy +0). (59)
a®(y) = : (48) . . N
), The Rayleigh coefficients of the incoming plane waves are
a'™ (&L, y) given by
and then Egs. (27) and (47) are rewritten as follows: (6(_)(§ y +0)) 2 e~ ilan(© 2.5, (v.-12)] (5)
~ ~ ~ 1oe n N /Bn(f)d
A(+)( o= _
a +0) Sp 11 Sp‘lg Fa (yc 0) .
= =P =P 49 e — =
(a()(0)> <S[)721 Sp,zz a(Jr)(iO) (49) <a (&, 0)>n 0 (60)
a™(y. +0) Seni Sz (@7 (ye +0) and the coefficients of the outgoing plane waves are then
& (o — 0) =lg 3 Fat™ (+0) (50) calculated by using the scattering matrix given in Eq. (56).
@ e o2l 2e22 Figure 2 shows the distribution of the total field intensity
with outside the cylinders. The parameters are chosen as following
values:e; = €9, ep = €. = 4deg, ths = lp = fle = [0,
- F(0;¢1,9.) 0 d = 0.8, anda, = a, = 0.4d. The additional cylinder
F = (51) is located at(z.,y.) = (0.5d,d), and the line source is
0 F(0;¢1,.) located aF(zS, Ys) = (—.0.5 d, 2d). In the pres.ented numerical
S €) 0 computation, each cylindrical wave expansion wave truncated
N pm st 11 terms (from—5th- to 5th-order waves) and the scattered
Spnm = (52) fields are calculated as a sum of the outgoing cylindrical
0 Spnm(&L) waves from 21 cylinders (axes of the cylinders are situated
4 International Symposium on Antennas and Propagation — ISAP 2006



(&) TM polarization (b) TE polarization

Fig. 2: Distribution of the total field intensity outside the cylinders for line source excitation.

at (z,y) = (0,0),...,(£10d,0)) and an additional cylinder. [3] K. Yasumoto and K. Yoshitomi, “Efficient calculation of lattice sums for
Also, the Gauss-Legendre scheme with the otflet 100 is free-space periodic Green’s functiodfEE Trans. Antennas Propagat.,
lied to the numerical integration of the convolutions a vol, 47, No.6, 1999, pp. 10501055, ; ; odi
applie 0 g i I’Ig] T. Kushta and K. Yasumoto, “Electromagnetic scattering from periodic
IPPFT. Figures 2(a) and 2(b) afe, and H, distributions for array of two circular cylinders per unit cellProgress in Electromagnetic

TM and TE polarizations, respectively, and it is observed thﬁ Res., Vol. PIER 29, 2000, pp. 69-85. y .
. . 5] K.Watanabe, J. Btora, M. Foldyna, K. Postava, and J£®k, “Numerical
reliable results are obtained.

study on the spectroscopic ellipsometry of lamellar gratings made of

lossless dielectric materials/. Opt. Soc. Am. A, Vol.22, No. 4, 2005,
4. CONCLUSION pp. 745-751.

This paper formulates a novel approach to the two-dimensional

electromagnetic scattering of an infinitely periodic cylinder

array with an additional cylinder. The field components are

converted to pseudo-periodic functions by PPFT, and RTMA

is applied with the help of Yasumoto et al's formula for the

lattice sums. The proposed formulation is applied to a specific

example and numerical experiments have provided reliable

results. In this paper, we calculated the fields outside the

cylinders but, of course, the fields inside them can be easily

obtained. Also, we have dealt with the scattering by dielectric

cylinders only. However, this approach is easily arranged to

the problems of perfectly conducting cylinders by replacing

the T-matrices of the unit cylinders given in Egs. (23) and (24).

Anyway, the present formulation shows an ability of PPFT that

enables the mediation between the electromagnetic problems

on fully periodic and non-periodic structures.
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