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Abstract 

 
A unit-cell of plasma-excitation slotted waveguide arrays is 
analyzed by the GSM-MoM/FDTD hybridization method.  In 
the GSM method, S-parameters of the analysis model are 
calculated by connecting S-parameters of subdivided blocks. 
S-parameters of vacuum window including plasma are 
analyzed by the FDTD method together with discretized 
motion equation for the electron. Measured electron density 
and temperature are used as macroscopic plasma parameter 
in the FDTD analysis of plasma as well as spatial gradation 
of plasma parameters. 
 

1. INTRODUCTION 
 

The authors have proposed a plasma equipment using 
slotted waveguide arrays [1][2] as shown in Fig.1. Microwave 
at 2.45GHz is used for the excitation. The unit-cell of the 
array, which is used for the array design, is analyzed by the 
generalized scattering matrix method (GSM) [3]-the method 
of moments (MoM) hybridization method by neglecting 
plasma [2]. Uniform aperture electromagnetic (EM) field 
distribution on the vacuum window (Plane A in Fig.1) is 
obtained [2]. Even if the uniform EM distribution is obtained, 
the realization of uniform plasma density distribution is 
difficult. And the analysis and design including plasma is 
necessary. 

In this paper, plasma in the unit-cell of the array, as shown 
in Fig.2, is analyzed by the FDTD [4] with discretized 
Langevin equation, which is the motion equation for electron 
[5]. Then, the total characteristic of the unit-cell is analyzed 
by the GSM-MoM/FDTD hybridization method. S-matrix of 
the waveguide discontinuity in the vacuum window (Block7 
in Fig.2(d)) is analyzed by the FDTD method in the presence 
of plasma. Measured electron density and temperature [1] 
(Fig.3), which are macroscopic parameters of plasma, are 
used as parameters in the analysis. As shown in Fig.3, the 
measured electron density and temperature decreases as the 
distance from the window (Plane A in Fig.1) increases. The 
real spatial gradation of plasma parameters can be considered 
by using the measured values. 
S-matrix of the vacuum window including plasma (Block7 in 
Fig.2(d)) is analyzed by the FDTD. And the total 

characteristic of the unit-cell is calculated by connecting the 
S-matrices of all the Blocks. 
 

2. ANALYSIS 
 

A. FDTD Analysis for Plasma 
Fig.3 shows the measured plasma characteristics by 

Langmiur probe [1]. The surface wave plasma (SWP), in 
which high electron density beyond cutoff is realized, is 
obtained. In this plasma, drift velocity of the heavy ion is 
negligible, which is referred to as cold plasma, because it is 
excited by very high frequency and the exchange of the 
kinetic momentum between the light electron and heavy ion is 
very small [6]. In cold plasma, only the motion equation for 
the electron, which is referred to as Langevin equation, is 
considered. 
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where e  is the elementary charge. em , v  and eν  are mass, 
drift velocity and collision frequency of the electron, 
respectively. E  is the electric field. The collision frequency 
of the electron eν  can be written using gas (Ar) density 0n , 

collision cross section eσ  and thermal velocity of electron 

ev  [6]. 

 eee vn σν 0=  (2) 
Only the collision between the electron and Ar is considered 
because this plasma is weakly ionized. Though eσ  is a 
function of electron energy, it is reported that 

][100.1 219 me
−×≅σ  gives reasonable result [5], and this 

approximation is used in the report. The thermal velocity of 
electron ev  can be written using electron temperature eT  [6]. 
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where κ  is Boltzmann constant. Plasma current is calculated 
as follows. 
 vi ep en−=  (4) 
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where en  is electron density. By solving Eq.(4) for v  and 
substituting into Eq.(1), the differential equation for plasma 
current is obtained as follows. 
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2 εω eepe men=  ( 0ε : permittivity of vacuum) is 

electron plasma angular frequency. pi  is discretized in time-

domain  
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is used for time derivative. Then, the update equation for 
2/1+n

pi  is obtained as follows. 
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2/1+n
pi  is updated in the same time as the magnetic field 

2/1+nH , and is spatially arranged in the same position as the 
electric field nE  in Yee-cell. 
 

B. GSM-MoM/FDTD Analysis for a Unit-Cell 
A unit-cell of plasma excitation slotted waveguide arrays is 

shown in Fig.2. In the GSM analysis [3], the original structure 
is decomposed into several blocks. Then, S-matrix of each 
block is calculated and the scattering characteristic of the 
original structure is calculated by connecting the S-matrices. 
S-matrices of Blocks from 1 to 6 in Fig.2 (d) are analyzed by 
the MoM, and that of Block 7 is analyzed by the proposed 
FDTD analysis in the presence of plasma. S-matrix of Block7, 
which is a multimode waveguide, is analyzed by the method 
in reference [7]. The measured electron density and 
temperature, as shown in Fig.3, are used in the FDTD 
analysis, and en  in Eq.(4) and eT  in Eq.(3) can be 
determined. 
 

3. NUMERICAL RESULTS 
 

A. FDTD Analysis for Block7 in Fig.2 
Fig.4 shows the FDTD analysis model of Block7 in Fig.2 

(h=0mm, without Plasma) and the calculated electric-field 
magnitude. Absorbing boundary conditions (ABCs) are 
implemented in the terminals of Port1 and Port2 in order to 
simulate the infinitely-long waveguide. Fig.5 shows 
analytically-derived all the propagating modes of Port1 in 
Fig.4. The excitation in Fig.4 is the dominant TEM mode 
(Mode1). Vertical walls of the waveguide are perfect electric 
conductors (PECs) and the horizontal ones are periodic 
boundary conditions (PBCs). 

Fig.6 shows frequency characteristic of reflection 
coefficient S11,11 for Block7, where bqapS ,

 indicates the S-
parameter with the ratio of reflected Mode p in Port a against 

the incidence of Mode q in Port b. The agreement between the 
results by the FDTD and MoM [2] is reasonable. 
 

B. GSM-MoM/FDTD Analysis for a Unit-Cell without 
Plasma 

Fig.7 shows the frequency characteristic of transmission 
coefficient S21 for the unit-cell in Fig.2 (h=0mm, without 
Plasma, p=20mm, l=64mm, w=5mm). The phase reference 
plane is indicated in Fig.2(c). In S-matrix of Block7, only 
Mode1, 5 and 13 are considered because they are the entire 
scattered fields which are created by the dominant TEM mode 
(Mode1) with considering symmetrical structure at the 
discontinuity. The result of the GSM-MoM/FDTD agrees 
very well with that of the GSM-MoM. When the S-matrix of 
Block7 is set to be zero, the result is changed, and it is 
concluded that the effect of the Block7 is not negligible and 
the validity of the GSM-MoM/FDTD is confirmed. 
 

C. Plasma Analysis using FDTD 
Fig.8 shows a numerical example of plasma analysis using 

FDTD, which is explained in Sec.2. The waveguide walls are 
consisting of PEC walls and periodic boundary walls, which 
simulates a parallel plate waveguide. The CW source is 
excited by a TEM-shaped current sheet at 2.45GHz. The 
electric field distribution with variation of plasma density is 
described in the figure. The equivalent relative complex 
permittivity of plasma rpε  is expressed as follows. 
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When 0=eν , rpε  becomes smaller than 1. When 0=rpε , 

or peωω = , it is called cutoff. The extension of the 
wavelength and cutoff around the cutoff density of 

161045.7 ×=en  [ 3−m ] are properly observed in the figure. 
 

D. GSM-MoM/FDTD Analysis for Unit-Cell with Plasma  
Fig.9 shows the reflection coefficient S11,11 of Block7 as a 

function of glass thickness h. Plasma layer is modelled 
outside the vacuum window within the length of 400mm from 
the glass, which is referred to as (plasma: graded, 

pl =400mm) hereafter. Plasma parameters en  and eT  are 
given by an approximated least square curve for the measured 
values (Fig.3), and spatial gradation of plasma parameter is 
taken into account in the analysis. The reflection becomes 
larger in the presence of plasma than that of -10dB without 
plasma (Fig.6). When h=10mm, the reflection becomes 
minimum of about -1.5dB, and this parameter is used 
hereafter. 

Fig.10 shows the reflection coefficient S11,11 of Block7 as a 
function of the collision cross section eσ . In plasma, there 

are electrons with various energy, and their eσ  are different 

because eσ  is a function of electron energy [6]. The average 
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value of eσ  is used in the analysis. Fig.10 guarantees that the 
assumption of ][100.1 219 me

−×≅σ  is reasonable [5] because 

the change of S11,11  is very small with variation of eσ .  
Fig.11 shows the reflection coefficient S11,11 of Block7 as a 

function of the thickness of plasma layer pl  (plasma: graded, 

pl ). When pl  becomes larger than 10mm, S11,11 converges to 

that of plasma model (graded, pl =400mm). And S11,11 of the 

model (graded, pl =400mm) is considered to be well 
converged. 

Fig.12 shows the reflection coefficient S11,11 of Block7 as a 
function of the electron density en  filled with uniform 

density plasma. ][1044.8 312 −×= cmne  is the maximum 
density,  which is used in the model (graded, pl =400mm). 
The graph means that the graded plasma model (graded, 

pl =400mm) can be replaced with the uniform plasma model 
with the plasma parameter at the vacuum window. The graph 
also shows the tolerance of the plasma parameter. 

Fig.13 shows a snapshot of electric field and plasma 
current in Block7 (h=10mm, plasma: graded, pl =400mm). It 
is observed that the electric field can not penetrate into 
plasma, and there is plasma current near the surface of the 
vacuum window. 

Tab.1 shows S-parameter of the unit-cell in Fig.2. When 
plasma exists, the reflection S11 and transmission S21 
increases, and the coupling power to the port 3 decreases. 
 

4. CONCLUSION 
 
A unit-cell of plasma-excitation slotted waveguide arrays is 
analyzed by the GSM-MoM/FDTD hybridization analysis.  S-
matrix of vacuum window including plasma is analyzed by 
the FDTD together with discretized motion equation for the 
electron. The accuracy of the GSM-MoM/FDTD 
hybridization analysis is confirmed by comparing with the 
GSM-MoM. The result shows that the reflection and 
transmission coefficients of a unit-cell become large in the 
presence of plasma. The design of the array in the presence of 
plasma will be the future study. 
 

 
Fig. 1: Plasma Equipment 

 

 
Fig. 2: Unit-Cell and GSM-MoM Blocks 

 

 
Fig. 3: Measured Electron Density and Electron Temperature as a Function of 

the Distance from Window (Plane A in Fig.1) [1] 
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Fig. 4: FDTD Analysis Model for Block7 (h=0mm, without Plasma) and 

Calculated Electric-Field Magnitude 
 

 

Fig. 5: Analytically-Derived Propagating Modes of Port1 in Block7 
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Fig. 6: Frequency Characteristic of S11,11 for Block7 (h=0mm, without 

Plasma) 
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Fig. 7: Frequency Characteristic of Transmission Coefficient S21 for the Unit-

Cell 
(h=0mm, without Plasma, p=20mm, l=64mm, w=5mm) 
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Fig. 8: Plasma Analysis using FDTD ( 0=eν ) 
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Fig. 9: Reflection Coefficient S11,11 of Block7 as a Function of Glass 

Thickness h (plasma: graded, lp=400mm) 
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Fig. 10: Reflection Coefficient S11,11 of Block7 as a Function of Collision 

Cross Section (h=10mm, plasma: graded, lp=400mm) 
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Fig. 11: Reflection Coefficient S11,11 of Block7 as a Function of Thickness of 
Plasma Layer pl  (h=10mm) 
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Fig. 12: Reflection Coefficient S11,11 of Block7 as a Function of Electron 
Density filled with Uniform Density Plasma (h=10mm) 

 
TABLE 1: S-PARAMETER OF UNIT-CELL 

S11 S21  
dB deg dB deg 

h=0, 
w/o plasma 

-9.63 -6.16 -4.47 -2.16 

h=10mm, 
w/ plasma  (graded, 
lp=400mm) 

-5.94 47.64 -1.91 -30.24 
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Fig. 13: Snapshot of Electric Field and Plasma Current in Block7 (h=10mm, 

plasma: graded, lp=400mm) Calculated by the FDTD 
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