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In ovalusting recont idess concorning tho operaticn of
aatellito-basod VLF trsnsmittors in the magnetosphore, it
18 ixportant to kxnow tho VLF radiaticn pattern from an an-
tenna in & magnotoplassa. Although the far ficlds from a
readiating source in & cagnotoplesas cam bo cetimatod froo
ssddlo point ovaluations,)+3 for tho VLP range the nusbor of
contributing saddlo points depends strongly on tho point of
observation, and highor ordor ssddlo pointa froquontly
appoar.3+3 Theso facts mske tho study of VLY sntonns radi-
ation pattoras considorably complicatod if one uses the tice
aversgod poyating voctor fraam the far fields. 1In tho pro-
sont papor, wo lhl}l cEploy an altornative rothod, nDoted
ecarlior by Staras,” to study tho details of the VLY radi-
ation pattern of both oloctric and magretic loocps in & cold,
collisionlcss, multd ag In trief, this
mothod is describod as followa: Tho total timo-averaged
complex power radisted from & time harmonic currcnt is form-
ally givon in torms of ap intogral in its Fouricr spoctrums
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(The full oxpression of {8} ¢u: to s Fourler transforsod

currcnt J(K) s givon olsowhoro.%) To extract rosl radi-
atod powor, P_, from (1), oto can ezploy s contour into-
gration in |F‘., ylolding:

P, .j’M £09,0) 5109 40 dy (¢

whoro @ eod ¢ are tho sphorical polar anglo and tho asi-
nuthal anglo for vave nuabor voctor D = k8 (B = afc, wave
nuRbor 1o froe spaco). rFor the caso of the lossless systom
considored, (2) 1s s roproscntation of total roal radisted
power sum=30d up from all tho rays in tho wavo noraal spaco.
1n torms af obsorvation coordinatos, cno may uso a sot of
relsticas O s O{y,s) and ¢ e y(y,x), vhero y,p5 1s the
polar angle and tho aziauthal anglo in thke observatica speco,
and rowrite (2) ss:
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whoro Tlv,nu) stands for £(§,0)sind, with O and ¢
orpreasod in torss of y and g, and whore 3(0,1)/3(y,p)
is the Jacodbian of the transforgatica. Froa (3J), the mean
povor flux per unit solid angle (rsdistion pattorn) in the
obsorvation coordinates is clearly:
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wsherae © = OCy,p) and ¢ = §(y,p). For tho case of a cold
ssgnetoplasas, if the polar sxis is choscn to be parsllel
to the etatic magnetic fiold !o' the refractive indices
of the tvo charscteristic modes n,(§) are indepandent of
¢-% As s result of this particuler proporty of ng(9), tho
subsidiary conditicns bocome @ = 6(y) sxd § wg, and
3(8,9)/3ye) » |30/3y]. To calculata the rolsticn § e 8(v),
one can use the saddle point rolation:

% (n(d)cosly t 0)) = O, %,- (n(o)cosly £ )3 F 0,  (5)
A manipulation of (5) yiolds:
y = @ = arctan(n’/n), n’ = dn(d)/d0 (6s)
2 2
2 __o 0D e gnrfee - (6b)
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o genorsl, () togethor with o = ¢ <¢an bo usod io {4) o
copstruct the radisation pattorn for a givon scurco in the
plasss. Howevor, if the refrsctive iudex surface (st s
given froquency) possassos inflootion points st some

3 = Gy then Bore Oy = @, and (3) and (4) sre po longor
valid. 1In this csso, in ordor to contizuo tho radjatica
pattern throwgh the inflection points, 1t 1s Docsssary to
supply sdditional relsticns, which leads to the introduction
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ot "focusing factor” cutlined bolow.

rran See. (146), (16), and (17) of Arbel end Yelsen®
wo dorive tho following conditicn on tho derivative of §(0)
(@) » n(0)cealy t 8)) for which (6}, the singlo esddle-
point rolation, is a valid epproxiamsticn:
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vheres r 1s a radial distanco. Eqs. {(6a) and (7) cen be
usod to dofino a range of wave norsal sogles for whichk the
single saddle point tochnique is valid. It can be shown
that as G = §,, the right-hend side of (7) will eventuslly
bocome groater than the left. Whea this occurs a seccnd
arder saddle point sevaluation 1s eppropriste. Gince ty
sasunpticn the quantity @Bri 1s s largo cumber, it $s clear
that (7) must bo satisfiod for angles within & few dogress
of Oy. Ve nov defize implicitly two angles of “elosest
approsch” (9.) to @, by mesns of (0s) snd the relaticn

e

Tho two anglos of intorost in (8) are tie two resl roots
which minimize tho quantity |6, -~ 8;]. By expanding the
loft-hand side of (8) in a Tuylor series sbout 0-. these
two angles csn bo found approximatoly:
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By the use of (6a) and (7), the wave normal stgles
6, sed 8, can to sseociated with the angles a and vy
18 the obscrvation coordinatos. Tho ratic of the power nlix
flowipg in tho dirocticn v, to that flowing in the dirocticn
vy which wo shall call tho "focusing tuu;." can bo doduced
froa Eqs. (10) and (13) of Arbel and Felsca:
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whore 3’ = /2>, #'7' o O#''/23, and whoro all quaf-
titics are to bo ovalustod at O = B

The radiation pattorn of an arbitrary scurce in the
msgnetoplssss can pow bo found in the following way. First
wo dofino s distanco fros tho sourco to the obaervetion point.
2qs. (4) and (6) can be usod §or all angles, 8, vwhich sate
isfy (7), includizg 0O,. Tho valuo of the power flux at vy
i then obtainod by sultiplying tho power flux st vy, by the
"focusing factor,” P. Points lying in tho narrow intervsl
botwocn v, and Yy €80 bo approxisatod by fitting a smooth
curvo botweon tho known valuss of the powor flux at vy, and
Yo! with tho maximm of tho curvo at y,.

Usicg tho abovo dovolopments togothor with tho explicit
cxprossions for tho rosl radistod powor, P, for eithor su
oloctric dipole cr s msgnetic loop, givsa in our earlier
papors, <0 (4) 1s now writton oxplicitly for tho signal
froquencics botwsen the olectron gyrofrequescy fg, and the
proten gyrofroquency,

ra(v.:) - cdﬂ‘“(v)co-’eoo rL("”)'“”o) 5% Ig%l (11e)
Tyved = € fytydeon®s s 1 troorera®o ) 228 |2

where [, (s the infinitosissl uait olectric dipole radis-~

ticn pat » r,‘ is the infinitesimal unit msgtetic dipole

radistion pattorn, @ 48 tho acgle botwoen the dipolo axis

and the static li?;!?e 1014,
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fo (12), n®p_(8), and this and sll othor explicit func~
ticos of § are to be considerod implicit functicas of y
through (6s). _gll notation not defined atove is defined in
other ptpr-.‘

with the aid of the foregoing formulaticn it is Dow
possible ta plot tho mean radistod powor pattern for eloctric
snd magnotic dipoles with arbitrary orieataticn in a cold
collisicnless for fr {as b tho
proton snd sloctron gyrofroquencics. Tho radiatica patterns
80 obtained have at loast throo cutstacding charactoristics:

1. The pattorn 1s practicslly indepondent of the
dipole oricntaticn.

2. Por froquencios ¢ above tho lowor-hybrid-resonszco
froquoncy fpgy and bolow tto oloctran gyrofroquoncy,
’Du’ the rediatod cnorgy 1s coafined ontiroly inside
8 cono sbout tho static magnotic fiold 1lino directicn
and £o power 1s rediated diroctly scross the fiold
1ines.

3. Fer t bDetwecn tho proton gyrofroqusccy, ln’. and
1/2 gy, Gost of tho power flows in narrow najor
lobus which puzbor botwoen oce and four.

In all casos tho major lobcs of tho pattorn are found to be
duo to focusing offocts which rosult oithor froa the presocnce
of inflocticn points on tho shistlor mode refractive index
surfeco or froa tho p;uonu'of minina in tho guantity
n(@)cosd for O ¢ O.° Pocusing from tho lstter factor
ocgloctod by tho authdrs of & rocont pspor in tho fiold.

Tiguro 1 shovs sone reprosentative coraalizod radiaticn
patterns for tho caso in which 4t 4a asaumod: that tho ratio
of plessa frequuncy to oleoctron gyrofrequency, ¢ /f. ., 1is
oqual to 5, that tho distance botwocn source and oteorvation
point is oquel to 300 ka, and that tho plasna consists of
oqual punbors of oloctrons snd protons. Tho individaal plots
wore chosen to show tho typicsl transitiocns in tho powor
pattorn that occur as f varics froo f to 'lb' Tho
plotz aro shown only for tho positivo s ?ngm. tat tho
plots for tho ncgativo = dir con bo obtainod through
s rofloction through tho origin. Figure la shows the normalized
power psttern for s small loop antcans for 8/t o = 0:75 and
for two valuos of agiouth §. Binco £ > 3/2 £, no focusing
offocts occur and noc major Jobes oxist. The ot of
radistion meer the confincmont cono 1s not a truo labo.

Piguro 1b is plotted for £ = 0.23 ¢ and shows the pattern
for both & saall dipole (D) end s s=sll loop (L). PFor this
ceso the pa aro islly P ot ©. For
this f focusing offects occur and throe msjor lobcs sppoar,
tvo duo to inflection points on n(8) and one due to a mintima
in n(d) cosd. Piguro lc is plottod for £ = 7 x 1073 2,

tnd four major lobos sppear, all duo to first order inflection
points on n(d). FPiguro 1d is plottod for & velue of £ at
which the first order infloction points of n(0) sorge to
bocese higher order inflocticn points. In this cese only

two oajor lobes oxist. [Figuro lo is plotted for s value of

£ eloso to f st which 2o infloction points exist on
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a(@). In this cese no major lobos are secn in tho pa

Plots such ss shosn 1n Figure 1 indicato that focusing
offocts should bo of significant inportsnco in the dosign of
a VLY sstcllite transaitiing systom, cspocielly ohe used in
the study of wsve-particle intcractions 1o the magretesphere.
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Pigure 1. Representative norsalized rediatiocn patterns for
small loops and dipoles, where the curves for
the dipole are normalised with respect to c‘tolf
and those for the loop arc normalized with

3
respect to C'_(tolt) o




