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Abstract—In this study, we conduct a laboratory exper-
iment on a coupled bistable oscillator system for experi-
mental observation of propagating wave phenomena. As a
result, we confirm the existence of two different propagat-
ing waves in an actual circuit. To compare these propagat-
ing waves with our previous work, some numerical results
are also given. Moreover, we observe switching solutions
that coexist with the propagating waves in the real circuit.

1. Introduction

Coupled oscillator systems show rich collective behav-
iors, and have attracted constant interest for many decades.
Intrinsic localized modes (ILMs), also called discrete
breathers, are specific excitations that are time-periodic and
localized in space. ILMs often appear in various coupled
oscillator systems [1, 2]. One widely investigated research
area for ILMs are the micromechanical cantilever arrays
used for sensing [3,4]. For such an application, an analysis
of the existence and stability of these ILMs, as well as their
appropriate control methods, is desirable.

In our previous paper [5], we reported the discovery of
two types of propagating wave phenomena existing in a
coupled bistable oscillator system. We also provided a for-
mation mechanism for certain propagating wave in the six
coupled oscillators. In addition, for the same system, an
onset mechanism for the other propagating wave was dis-
cussed and a switching phenomenon was investigated [6].
We are now interested in how the excitation related to the
ILMs occur in the coupled oscillator system of a real cir-
cuit.

In this study, we conduct a laboratory experiment with
six coupled bistable oscillators. As a result, we can con-
firm two different propagating waves can coexist in a real
circuit. To compare the propagating waves with our earlier
works, some numerical results are presented. Moreover,
we observe switching solutions that can coexist with the
propagating waves in the real circuit. These attractors can
be switched by introducing an external stimulus to the os-
cillator.

Figure 1: Circuit diagram of coupled bistable oscillators.
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Figure 2: Voltage–current characteristics of the nonlinear
conductance NC.

2. Circuit setup

Figure 1 is a schematic circuit diagram for a mutually–
coupled bistable oscillator system. The oscillator (Ok, k =
1, 2, · · · ,N) consists of one inductor (L), one capacitor (C),
and one nonlinear conductance (NC). The individual oscil-
lators in the circuit are connected by an inductor (L0). In
this study, we assume voltage–current characteristics of the
following fifth-order polynomial form for the NC,

ikNC = g1vk − g3v3
k + g5v5

k , g1, g3, g5 > 0. (1)

In this case, an isolated oscillator has two steady states [7],
making it bistable oscillator. One of the steady states is a
limit cycle oscillation, and the other is no oscillation. When
we set a large initial value for the oscillator, the limit cycle
oscillation is observed. For a small initial value, no oscil-
lation occurs.

From Kirchhoff’s law, the circuit equation is written as
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Figure 3: Time series of a propagating wave observed in a
real circuit.

Figure 4: 3D plot of the absolute value of vi for Fig.3.

follows:

d2vk

dt2 +
g1

C
(1 − 3g3

g1
v2

k +
5g5

g1
v4

k)
dvk

dt
+(

1
LC
+

1
L0C

)
vk −

1
L0C

(vk+1 + vk−1) = 0,

k = 1, 2, · · ·N (v0 = vN , vN+1 = v1).

(2)

By changing each parameter and variable as:

t = t′/
√

(1/LC) + (1/L0C), vk =
4
√

g1/5g5 yk,

ε ≡ g1/
√

(C/L) + (C/L0), α ≡ L/(L + L0),

β ≡ 3g3/
√

5g1g5,

(3)

the normalized version of Eq.(2) is represented by the fol-
lowing:

ẋ = y

ẏ = −ε(ẋ− 1
3
βẋC +

1
5

ẋ f ) −KNx
(· = d/dt′),

(4)

where x = [x1, x2, · · · , xN]T , y = [y1, y2, · · · , yN]T ,

xC = [x3
1, x

3
2, · · · , x3

N]T , x f = [x5
1, x

5
2, · · · , x5

N]T , and

Figure 5: The Lissajous orbit on the v2 – v1 plane of
the propagating wave in Fig.3. The horizontal axis is v2
[1.4V/div], and the vertical axis is v1 [1.4V/div].
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.

The parameter ε (> 0) corresponds to the degree of nonlin-
earity. The parameter α (0 5 α 5 1) is a coupling factor.
The parameter β controls the amplitude of oscillation.

For the realization of the circuit shown in Fig.1, we de-
sign an NC consisting of an OP-amp, resistors, and diodes
using SPICE. The experimentally–measured curve for the
NC, and the characteristic curve obtained from Eq.(1) for
g1 = 1.000×10−3, g3 = 2.216×10−4, and g5 = 8.645×10−6,
are shown by the dotted and solid curves in Fig.2, respec-
tively. From the figure, it can be seen that this study is
intended to investigate the case of β = 3.20, which was
usually assumed for the numerical results [5, 6].

For this study, we set the circuit elements as C = 14[nF],
L = 2[mH], and L0 = 13.33[mH] (the corresponding pa-
rameters are ε = 0.36 and α = 0.13). Therefore, the oscil-
latory frequency of the limit cycle for the isolated oscillator
becomes nearly the resonant frequency ( f0 = 30 [kHz]) .

3. Transitional dynamics

In this section, we give experimental observations for
the transitional dynamics of the six coupled oscillator sys-
tem. First, we investigate the two kinds of propagating
wave phenomena, which relate to traveling ILMs. Then,
a switching solution which seems to be a kind of stationary
ILM, is presented.

3.1. Propagating waves

Figure 3 presents the time series for a propagating wave.
To demonstrate the spatiotemporal pattern, we show a 3D
plot of absolute values of vi, i = 1, 2, · · · 6 in Fig.4, where
the brighter colors indicates a larger amplitude of oscilla-
tion. It is clear that the propagating wave is created by

- 342 -



-3
-2
-1
 0
 1
 2
 3

 0  200  400  600  800  1000

y 6

t’

-3
-2
-1
 0
 1
 2
 3

y 5

-3
-2
-1
 0
 1
 2
 3

y 4

-3
-2
-1
 0
 1
 2
 3

y 3

-3
-2
-1
 0
 1
 2
 3

y 2

-3
-2
-1
 0
 1
 2
 3

y 1

(a) Time series.
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(b) Projection onto the y2 – y1 plane.

Figure 6: Numerical results for a propagating wave (α =
0.13, β = 3.2, and ε = 0.36).

several adjacent oscillators oscillating with a large ampli-
tude, and that part of the large amplitude oscillation propa-
gates in one direction with a constant speed. In addition, we
plot Lissajous orbit on the v2 – v1 plane for the propagating
wave in Fig.5. It can also be shown that the solution can
propagate in the opposite direction with a reversely sym-
metrical initial state.

To compare the propagating wave with our earlier works,
we show the numerical results of Eq.(4) for α = 0.13, β =
3.2, and ε = 0.36. When the initial condition is set so as to
achieve a periodic oscillation called a type 2 standing wave
[6], the propagating wave (PW) appears in the homoge-
nously coupled array. Figures 6 (a) and (b) present the time
series and the Lissajous projection onto the y2 – y1 plane
of the solution, respectively. Note that yi, i = 1, 2, · · · 6 is
the normalized state variable of the voltage vi as defined in
Eq.(3). Comparing with the experimental results, it can be
seen that the graphs resemble each other. Therefore, the
experimentally obtained propagating wave corresponds to
the numerically obtained propagating solution.

Next, we investigate other propagating wave phenomena
of the circuit. With the same parameter set for PW, we can
observe another propagating wave as depicted in Fig.7. It
should be noted that this other propagating wave coexists
with PW. From the Figs.7 (a) and (b), it can be seen that
part of the large amplitude oscillation also propagates in

one direction with a constant speed. However, the wave-
form and the Lissajous orbit differ considerably from PW.
In particular, the sojourn time for the larger amplitude of
oscillation is longer than that of PW. For this reason, the
propagating wave in Fig.7 is distinguishable from PW.

3.2. Switching phenomena

Figure 8 shows some transitional dynamics which coex-
ist in the real circuit with the two propagating waves previ-
ously described. From the figure, it would appear that the
oscillatory waveforms change almost periodically between
three pairs of the voltage, namely v1–v4, v2–v6, and v3–v2.
This means that one oscillator of each pair oscillates with
larger amplitude of oscillation, while the other oscillates
with the smaller amplitude oscillation. This phenomenon
continues almost periodically and successively, and for this
reason we call such a solution “switching solution”. Al-
though we present only one switching solution here due to
space limitations, we confirm that five different switching
solutions coexist with the propagating waves.

4. Conclusions

In this study, we reported experimental observations for
propagating wave phenomena in six coupled bistable os-
cillators. Compared with the numerical results, one of
the observed propagating waves corresponds to the nu-
merically obtained solution which originates from a type
2 standing wave [6]. However, in addition, we confirm
the discovery of another propagating wave which coexists
with the original propagating wave. The experimental re-
sults demonstrate the robustness of such propagating wave
phenomena, because characteristic variations and thermal
noise are inevitable in a real circuit. Moreover, we also
observed switching solutions which coexist with the prop-
agating waves in the real circuit. These transitional dynam-
ics can be controlled by introducing an external DC stimu-
lus to the oscillator.
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Figure 7: Other propagating wave phenomenon in the real
circuit. (a) Time series. (b) 3D plot of the |vi|. (c) Lis-
sajous orbit on the v2 – v1 plane. The horizontal axis is v2
[1.4V/div], and the vertical axis is v1 [1.4V/div].
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Figure 8: Time series of a switching solution in the real
circuit.
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