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1. Introduction

A çanged rectangular waveguide is a typical radiating element of communication and radar systems
and its radiation property has been studied as single and coupled radiators by a variety of methods
[1]{[5]. It is well known that the cross-polarized component and higher-order modes on the waveguide
aperture are indispensable for obtaining an accurate result and many authors have considered them.
The inclusion of the edge property in the åeld is also eãective in obtaining a highly accurate and fast
convergent solution, but the solution derived by including the proper edge condition is rather sparse [3],
particularly, the exact formulation for the case of two diãerent mediums has not yet been reported.

In this paper, we exactly formulate the radiation of an electromagnetic wave from a çanged rect-
angular waveguide by applying the method of the Kobayashi Potential (KP), and we take into account
the proper edge condition in the formulation. The process of analysis is as follows. The axial and trans-
verse components of vector potentials are used to represent the åelds in the waveguide and half-space,
respectively. Enforcement of the required boundary conditions yields dual integral equations and they
are solved by applying the discontinuous properties of the Weber-Schafheitlin (WS) integrals and the
projection method. Finally, the problem is reduced to matrix equations whose matrix elements consist
of double inånite integrals and series.
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Figure 1: Radiation of an electromagnetic wave from a çanged rectangular waveguide.

2. Statement of the problem

Figure 1 shows the geometry of the problem. The dimension of the aperture is 2a Ç 2b and its
center is chosen as the origin O of (x; y; z). We assume that the inånite çange and waveguide are perfect
conductors and the half-space (region I) and inside of waveguide (region II) are ålled with isotropic and
homogeneous lossless mediums with parameters (è1, ñ1) and (è2, ñ2), respectively. The problem is to
determine the åeld Ed radiated from the waveguide into region I and to evaluate the reçected wave Er in
region II, when the waveguide is excited by TE- and/or TM-modes propagating in the positive z direction
(Ei means the incident wave). In this analysis, the harmonic time dependence exp(j!t) is assumed.

2.1 Field in the waveguide

The åelds in the waveguide are represented by a linear combination of the TE- and TM-modal
functions and axial components of vector potentials Fz and Az that satisfy the boundary conditions in
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the waveguide are:

TE mode:
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p
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where ò= x=a, ë= y=b, za = z=a are the normalized variables.

2.2 Expression of the radiation åeld

For the radiated waves in the half-space, we use the x and y components of the electric vector potential
F and they are given by Fourier spectral representations. The expressions include some unknown functions
which are determined by the following boundary conditions.

Edx = 0; Edy = 0; (x; y) 2 Dc; z = +0; (2a)

Edx = Eix + Erx; Edy = Eiy + Ery ; (x; y) 2 D; z = 0; (2b)

Hd
x = Hi

x +Hr
x; Hd

y = Hi
y +Hr

y ; (x; y) 2 D; z = 0: (2c)

Here, D =
à

(x; y)
åå jxj < a; jyj < bâ ö R2 represents the domain of the aperture, and Dc is the region on

the çange. Enforcement of the above conditions yields three kinds of integral equations and the equations

from (2b) and (2c), which include the unknown coeécients B(E)mn , B(M)
mn , can be combined by applying

the orthogonality of the waveguide modes (B(E)mn , B(M)
mn are expressed as surface integrals of the products

of the modal functions and aperture electric åeld that includes the unknown functions). Thus, we have
dual integral equations related with the unknown functions (see [5]).

The equation derived from (2a) is satisåed by using the discontinuous property of the WS integrals:Z 1
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where Cõ` (x) is the Gegenbauer polynomial. Thus, the ånal forms of F dx and F dy are given by

F dx = aè1
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F dy = aè1
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Éó` (x) = J`+ó(x)=xó; ê(ã;å) =
q
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p
è1ñ1: (4c)

This is the Kobayashi potential for the present problem and õ and úare selected so as to incorporate
the edge property in the electric åeld [6]. When è1 = è2, ñ1 = ñ2, õ= 7=6 and ú= 1=6 are selected.

A(x)mn ò D(x)mn and A(y)mn ò D(y)mn are unknown and they are determined from the other integral equation in

which the integrals of B
(E)
mn and B

(M)
mn are analytically performed by using the following formulas:Z 1
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2.3 Matrix equation

The resultant equation is projected into a functional space of Jacobi's polynomials (or Gegenbauer
polynomials) by using the orthogonality of the polynomials:
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where é̀`0 is the Kronecker delta. Thus, the matrix equation for the expansion coeécients A(x)mn ò D(x)mn
and A(y)mn ò D(y)mn is ånally obtained as follows."
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The matrix elements consist of double inånite integrals and double inånite series, which are given by
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where çmn =
q

(mô=2)2 + p2 (nô=2)2 Äî22 = jhmn. Parameters õ0 and ú0 are determined by considering

the edge property of the magnetic åeld [6]. When è1 = è2, ñ1 = ñ2, õ0 = Ä1=6 and ú0 = 5=6 are selected.

2.4 Expression of the far åeld

The far-åeld expression can be obtained from Eq. (4) by applying the stationary phase method of
integration, and the result is given by

F dx =
ôqa2è1
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r

1X
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n=0
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Éõ2m(îa)
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h
jC(x)mnÉú2n(îb)ÄD(x)mnÉú2n+1(îb)
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; (11a)

F dy =
ôqa2è1

2

exp(Äjk1r)
r

1X
m=0

1X
n=0

n
Éú2m(îa)

h
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i
+ Éú2m+1(îa)
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îa = î1 sinícosû; îb = qî1 sinísinû: (11c)

The far electric åeld is computed by the following relations.

Eí' j(k1=è1)(Fx sinûÄ Fy cosû); Eû ' j(k1=è1) cosí(Fx cosû+ Fy sinû): (12)

3. Conclusion

We derived the exact solution of radiation åeld from a çanged rectangular waveguide by using the
KP that satisåes the proper edge condition. The problem was reduced to the matrix equation for the
expansion coeécients of the diãracted åeld, and the matrix elements were given by double inånite integrals
and double inånite series. By using the derived solution, we can obtain highly accurate numerical results
of physical quantities. Since our results can be extended to the problem of a rectangular waveguide array,
the rigolous treatment of mutual coupling between the elements will be made in the near future.
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