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1. Introduction 
Reciprocity theorem holds between a transmitting antenna pattern and a receiving antenna pattern[1], if its 
feeding circuit is passive one. In a Yagi-Uda array and a reactance loaded array, which is often called 
ESPAR antenna[2], it can be verified analytically that the transmitting antenna pattern is identical to the 
receiving one[3]. However, it may not be guaranteed in the case of an adaptive array, outputs of the 
elements of which are weighted and summed by digital beamformers.  
     In this paper, in order to ensure the reciprocity of the directional pattern between the transmitting 
array and the receiving one, we investigate whether the directional pattern of the receiving array with 
maximum directivity coincide to that of the transmitting array which is excited to obtain maximum 
directivity under the existence of mutual coupling[4]. To achieve this purpose, first we derive the 
expression of the directivity of the receiving array with mutual coupling. Next, we investigate the matched 
load impedance for each element of the array under the existence of mutual coupling and derived the 
simultaneous equation for determining the matched loads. Nevertheless we use the correct formula for the 
receiving array directivity and the matched load for each element, there is discrepancy between the 
transmitting array pattern and the receiving one. Considering this problem, we show that the output 
voltages across the matched load impedance should not be summed up, but that they should be summed 
after transformed by the matching circuit. Finally, we present the result that the receiving array pattern with 
maximum directivity coincide to that of the transmitting array.  
 
2. Directivity of a receiving array antenna 
To obtain a maximum directivity of a receiving array, it is necessary to derive an equation of the directivity 
and to know a matched load impedance of each element of the array with mutual coupling between 
elements. In this section, we derive the expression of the receiving array antenna based on the definition of 
the directivity of a receiving antenna and obtain the matched load impedances of elements. 
 
2.1 Directivity of a receiving antenna [5] 
Figure 1 shows a receiving array and the coordinates for its analysis. In this figure, the array consists of 
dipole elements and is arranged linearly, however, both a kind of elements and the arrangement of elements 
can be arbitrary. Suppose the direction of the incident plane wane Ei is ( iθ , iϕ ,). The voltage of each 
element X can be expressed by the following equation, 
 

( ) '1XZ?ZX −+= LaL                                                       (1) 
, where Za is the generalized impedance matrix of the array antenna, ZL is the load impedance matrix only 
with diagonal elements and X' is the vector determined by the incident plane wave. We set the maximum 
direction of the array antenna to be θ = 0θ , ϕ = 0ϕ , then the directivity of the array can be expressed 
following the definition of the directivity of a receiving antenna as follows. 
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Here ,w i's are the weights for the outputs of the elements and correspond to the excitation coefficients of 
the transmitting array. When the incident waves are in the horizontal plane, Gr in equation (2) can be 
expressed by the next equation, 
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, where 
a

LiP 's are the average power received by the i-th element. If the elements are identical and the 

mutual coupling does not exist, all 
a

LiP 's are the same and the expression of the directivity by eq.(3) equals 
to that of the SNR (Signal to the Noise Ratio) of the receiving array. The value of the directivity of eq.(3) 
depends on the weights wi. The weights which maximize the directivity can be determined by the method 
of Lagrange multipliers and are obtained as follows . 
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2.2 Matched loads for elements of an array  
In analysis of an adaptive array antenna, the complex conjugate of the self-impedance of an element, Zii is 
usually used as the load impedance of the element. However, mutual couplings exist between elements, Zii 
is not matched load to the output of the element any more. To realize the design of the receiving array with 
the maximum directivity, we should find the matched load impedances for the elements with mutual 
couplings between elements, but they have not been obtained except two elements which corresponds  to 
two elements diversity. The matched load of the output terminal should be equal to the complex conjugate 
of the output impedance of that element, when the matched load impedances are connected at the other 
output terminals as shown in Fig. 2. For example, at the terminal 1-1', the following equation can be 
derived[5]. 
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Equation (5) can also be expressed as Equation (6) which is convenient for the solution by the numerical 
method. 

0

1

22221

112
*

111

=

−

−
−

LNNNN

L

NL

ZZZ

ZZZ
ZZZZ

OM

L

                                      (6) 

 
As for the other terminals, similar equations are derived as the equation (6), which is the simultaneous 
equation, the unknowns of which are ZL1, ZL2, …, and ZLN. This simultaneous equation is non-linear, but 
the numerical solution can effectively be obtained in the case of five element array[3]. 
 
3. Antenna pattern of the receiving array with maximum directivity  
We calculated the receiving antenna pattern with maximum directivity using equation (3) and (4) Moreover, 
the load impedances are determined by equation (6), instead of Zii. Figure 3 shows the calculation result 
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with the corresponding pattern of the transmitting array of three elements. Judging from the reciprocal 
property of the transmitting and receiving array, the patterns of them should be coincide, however, they are 
different, especially, in a main beam region. We are going to investigate the reason of the difference in the 
next section. 
 
4. Determination of the output voltages of elements 
In section three, we calculate the array pattern by weighting the output voltages across the load impedances 
ZLi’s and afterward summing them, which seem to be equivalent load impedances, but not real loads. In a 
practical radio frequency circuit, terminal loads are real and antenna outputs are transformed through the 
matching circuits from complex quantit ies to real ones. Figure 4 and 5 are the illustrations, how we 
determine the output voltages which are weighted and summed into a total output of the array. Figure 6 
shows the calculation result of the receiving array pattern which are almost coincide to the transmitting 
array pattern, which is solved by using the property of eigenvalue of Hermit quadratic form.   
      
5. Conclusion 
In  order to solve the problem of maximizing the directivity of a receiving array antenna with mutual 
coupling, we derive the expression of the directivity based on the definition of the directivity of a receiving 
antenna. The simultaneous equation for determining the matched loads of the array elements with mutual 
coupling was derived and solved. This equation is very general and can be used for arbitrary elements and 
configuration of the array. We also showed that the terminal output voltage should be summed into a total 
output after transformed from complex quantity to real one by matching circuit. Finally, we showed the 
receiving array pattern with maximum directivity coincided to the transmitting array one. These properties 
between transmitting arrays and receiving ones can be applied to solve various antenna design problerms 
for optimizing radio channels. 
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(a) Element arrangement and its coordinate                 (b) Equivalent circuit 

 
Fig. 1  Receiving dipole array and its equivalent circuit. 
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Fig. 2  Equivalent circuit of a receiving array. 
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Fig. 3  Comparison of antenna pattern of 
transmitting mode and receiving mode. 

 

A1

A1’

ZL1

A1

A1’

ZL1

A2

A2’

ZL2

A3

A3’

ZL3

Mutual 
coupling

















ijZ

#N

#2

#1

Incident 
wave

（Interference）

Incident 
wave

（desired）

 
(a) Outer problem 

Aｉ

Ai’
R0i（=Z0）

Matching 
circuit

Z0

ZL1

Z0

 
(b) Inner problem 

 
Fig. 4  Equivalent circuit for calculating output 
voltages of a receiving array. 
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Fig. 5  Matching circuit for antenna elements. 
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(a) 2 element (d1=0.25 λ , l 1=0.5λ , l 2=0.45 λ ) 
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(b) 3 element (d1= d2=0.25 λ , l 1=l 2=l 3=0.5λ ) 

 
Fig. 6  Comparison of a transmitting and a 
receiving antenna pattern. 
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