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Abstract— Efficient and simple formulations of the Perfectly The paper is organized as follows. In section 2, the for-
Matched Layer (PML) are presented for truncating metamaterial mulations of the proposed method are presented. In section
Finite Difference Time Domain (FDTD) grids. The formulations 3, numerical results are included to validate the proposed

are based on incorporating the Z-transform theory into the formulations. Finallv. conclusions are included in section 4
FDTD algorithm to model the frequency dependence property ulau - F Y: usl Inclu ! ' :

of the metamaterials. Numerical example carried out in one
dimensional metamaterial domain is included to validate the 11. FORMULATION

d f lations. . . . )
proposed formutations Using the PML formulations of [12], the normalized field

equations for a—polarized transverse electromagnetic (TEM)
wave propagating through metamaterial domain along the
x—direction can be written in the frequency domain as

Index Terms— Metamaterial, finite difference time domain,
perfectly matched layer, Z-transform.

I. INTRODUCTION

. . . ~ 9 ~
“In recent years, the electromagnetic metamaterials with jwer (W) S E, = e H, (1)
simultaneously negative electric permittivity and magnetic z
permeability [1] have been received much attention due to
their unusual electromagnetic properties. These materials, re- ox
ferred.as Nggatlve Index Materials (NIM), have been reallze%ereiz’ and I;Ty are the Fourier transform of. and H,
by using different models such as the cold plasma, Drude S . ¢
. ) - fields, respectivelyg,(w) and p,.(w) are, respectively, the

medium and Lorentzian medium models. Recently, the Finite "~ .~ - i .

. ) . rmittivity and permeability of the metamaterial, afd is
Difference Time Domain (FDTD) method [2] has been usep%E )

L . . -the PML parameter defined as [12]

successfully in simulating electromagnetic wave propagation
in domains that have metamaterial properties [3]-[8]. S, =1+ .L (3)

When the FDTD method is used for modelling open Jweoer(w)
region metamaterial domains, efficient Absorbing Boundagwhere o, is the PML conductivity profile along the
Conditions (ABCs) are needed to truncate the computational direction. In this paperz,(w) and u,(w) are assumed to

domain. Berenger's Perfectly Matched Layer (PML) [9] hage identical and realized with a Lorentz medium model [4]
been shown to be one of the most effective FDTD ABCs. Vegjven by the following expression:

recently, different PML formulations have been successfully 9

introduced for truncating metamaterial FDTD computational er(w) = pp(w) =1 2#_ (4)
domains [10]-[12]. In these formulations, the auxiliary differ- wp —w? + jwl’

ential equation (ADE) method and the bilinear frequency arherew, is the plasma frequencyy, is the resonance fre-
proximation technique have been incorporated into the FDTdency, andl’ is the absorbtion parameter of the medium.

0

jw,ur(w)Szﬁy =c—F, 2

implementations of the metamaterial. Substituting (3) and (4) into (1) and (2), the following can be
In this paper, alternative PML formulations are presenteshtained p
i i i i in- -~ L= Og =
for truncating metamaterial domams._The formulathns in jwE. + jwD. + 2B, = c—H, (5)
corporate the Z-transform theory [13] into the FDTD imple- €o Oz

mentation of the frequency dependence of the metamaterials. ~ ~ Op ~ ~

The method has the advantage of simplicity as it allows JwHy + jwBy + —Hy = c5-E. (6)
direct FDTD implementations Maxwell's equations in the N ~ ?

metamaterial domains. Numerical example carried out in ori@here D and B, are given by

dimensional (1-D) domain composed entirely of Lorentzian D = K,(w)E' )
type metamaterial is included to validate the proposed formu- - -
lations. By = k(w)H, (8)



wherer(w) is given by

—_— E'Z at Point 1
2 0.8f --. E_atPoint 2 ;
W, 4 z
=P 9
F(w) wd —w? + jwl ©) 0.6
By using the Fourier transform relatioiw — 9/0t, (5) and § 0.4

(6) can be written in the time domain as

% 0.2
0 1o} O 1o} ic
—FE,.+—D,+—FE, =c—H, 10
ot +3t + €o C(?z v (10) E 0
8-0.2
0 0 O 0 0
—=H,+ =B, + 2H,=c—FE, 11) Y
ot Y + ot Y + g0 Y “ox (11) 0.4}

Equations (10) and (11) can be discretized by using the FD1
algorithm [2] as
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+ ri,X (Hylﬂn - Hyl,lﬂ) (12) Fig. 1. Early time domain response &f., as observed 20 cells (Point 1)

and 40 cells (Point 2) away from the excitation point.
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I1l. SIMULATION STUDY

whereA, is the time stepA is the space cell sizg, = cA; /A

and To show the validity of the proposed formulations, a

z—polarized Gaussian pulse, with a central radial frequency
equals tow. = 5.0 x 10%rad/s, was excited at the center of
1-D computational domain which extends in thedirection
and entirely composed of metamaterial realized with a Lorentz
model [4] with the parameters afy, = 1.0 x 10°rad/s,

wp, = 6.9282 x 10%rad/s andT' = 0. With these choices,
er(w) = pr(w) = —1 at the peak of the incident spectrum.

The size of the computational domain weE¥)Ax where Az

In (12) and (13) D2 *! and B! can be computed easily from_ 5,,,,,, In this test, the time step was chosen’as= 8.33ps

(7) and (8), respectively, by using the Z-transform theory [13}nq the simulation was carried out for the first 32768 time

1-p
L+ ps

ro;, = ,andry, = (14)

1+p;i
with

AN
pi=Tot (15)
€0

Hence, (9) can be written in the Z-domain [13] as
_ boz_l

N 1+ LL0271 + a12,’*2
where Z is the Z—transform variable andg, a; andby are

r(2) (16)

steps.

Figure 1 show the time domain response of thig field
recorded at two points: point 1 is located 20 cells and point
2 is located 40 cells away from the excitation point. Both

ends of the computational domain were terminated by eight
additional PML layers with a quadratic conductivity profile
and with 0.001% theoretical reflection coefficient, i.e., PML[8,

given by

—2e7YA cos(BA), ay = e 2B

ag =
bo = ~e ®Atsin(BA,) (17) 2, 0.0Q1%], as defined in [9]. As can be_ seen from Fig. 1, the
early time response of th&, field at point 1 occurs before
with ) the response at point 2. This confirms that the metamaterial
o= E_‘ B=1|w?—a2 andy = Awy (18) §atisfies_ the causality principle [3]. On the_ other hand, it is
2 B interesting to note that the response at point 2 starts to lead

Using (16) and taking the Z-transform of (7) and (8), thihe response at point 1 in the late time as can be seen in Fig.

discretization ofD. and B, can be obtained easily by using? (@n expanded view of Fig. 1 in the late time). This is due
the Z-transform relatior®~™W (Z) — W"="™ as to the negative index properties of the metamaterial [3].

To measure the reflection performance of the proposed

+1 e ,—1 3 . . . .
DI = —aoD; —aDET + o B (19) formulations, a reference field is needed. In this paper, the
+1 -1 reference field was computed by using a larger domain with
B;i+l/2 - _aOB771+1/2 - alB;i«}»l/‘Z + bOHlZH/z (20) P y g g

the size of1000Az and truncated by 32 PML layers with
It should be pointed out that the proposed formulations aifee parameters of PML[32, 4, 0.001%]. Figure 3 shows the
applied in the PML regions at the domain boundaries. helative reflection error of the proposed PML formulations as
non-PML regions, i.e., in the inner FDTD domain, it is onlyobserved one cell away from the PML/computational domain
required to set the coefficienty andry, defined in (14), to interface for four and eight PML layers with the parameters
unity. of PML[4, 2, 0.001%] and PML[8, 2, 0.001%]. The reflection
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Fig. 2. Late time domain response Bf as observed 20 cells (Point 1) andFig. 4. Reflection coefficient of the proposed PML formulations as a function

40 cells (Point 2) away from the excitation point.
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of frequency.

give good absorbing performance over the frequency range of
interest. Furthermore, it should be mentioned that the results
of the proposed formulations are very similar to the results
obtained by using the PML formulations introduced in [12].
Also, it must be noted that there a sharp increase in the
reflection coefficient in the frequency range of 0.1-0.3 GHz,
but this is mainly due to the resonance frequency of the
metamaterial, i.e..fo = wo/27 = 0.15915GHz. Finally,

it should be mentioned that the reflections start to increase
for frequencies beyond 1.60 GHz. This is because the pulse
used in this paper does not contain significant frequency
components at those frequencies.

IV. CONCLUSION
In this paper, efficient and simple PML formulations are

Fig. 3. Relative reflection error of the proposed PML as a function of tim@resented for truncating metamaterial computational domains.

error was computed as

r@@—ﬂwg 1)

Rap = 20logy ( max [| EE(t)]]

In the proposed formulations, the frequency dependence of
the metamaterials has been implemented in the FDTD algo-
rithm by using the Z-transform theory. Numerical example

carried out in one dimensional domain composed entirely of
Lorentzian type metamaterial show that good absorbing perfor-
mance has been obtained with the proposed PML formulations.

where ET () is the field computed using the test domain, andhe formulations can be extended to 2-D and 3-D cases in a
EI(t) is the reference field computed using the larger domaigimilar manner.

It is apparent from Fig. 3 that good absorbing performance
of the proposed formulations has been achieved. Finally, the
reflection performance of the proposed formulations as fungg;
tion of frequency was studied. Figure 4 shows the frequency
spectrum of the PML reflection coefficient as obtained by,
using the proposed formulations and by the PML formulations
of [12]. The reflections coefficient was observed one space
cell away from the PML/computational domain interface and®
computed as

[4]

FAEN () - BT (1))
F{ERD} @

where F{.} is the Fourier transform operation. Similar to
results reported a single above, the proposed formulations

Rap(f) = 20logy,
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