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1. Introduction

The computational domain of the FDTD algorithm must be terminated with an absorbing
boundary condition (ABC). The Perfectly Matched Layer (PML) [1] is an excellent ABC, but it is

complicated and costly. At least 8 layers are needed to give satisfactory absorption. In a 100% space

only 84° or 59% of the grid points are usable. The second-order Mur [2] ABC requires just 2 layers,
but its absorption is inadequate for some problems. In this paper we introduce an improved version
of the second-order Mur ABC based on a nonstandard finite difference (NSFD) model [3] which
has the same low computational cost but with much better absorption.

2. Nonstandard Finite Difference Models
Let us first derive a simple NSFD model for the one-dimensional wave equation,

(07 -v?0% )y (x,1)=0. 2.1)
Defining d, by d, f(x)=f (x+%)— f (x—1%), the central finite difference (FD) approximation
to the first derivative is f'(x)=d,f(x)/h, and the FD approximation for f” is f"(x)=
d2f (x)/h®, where dZf (x)= f (x+h)+ f(x—h)-2f(x). Replacing derivatives in (2.1) by
FD approximations we obtain the standard finite difference (SFD) model,

(d7 —u*d? )y (x,t) =0, (2.2)
where U =VAt/h . Inserting ¢, =€"“"* into (2.2), we find (d] —ud} )@ (x,t) =& #0. Thus
@, is not a solution to (2.2). The standard (S)-FDTD algorithm derived from (2.2) has error &[]
(h/l)z, where 4 = 27/k . Regarding u in (2.2) as a free parameter, & can be made to vanish by
taking U =u, = sin(wAt/2)/sin(kh/2). This is an example of a NSFD model.

(df —ugd? )y (x,t)=0. (2.3)

@, is a solution to both (2.1) and (2.3), so an exact FDTD algorithm can be derived from (2.3) to
solve (2.1). Exact NSFD models cannot always be found, but FDTD algorithms based on NSFD
models can be much more accurate than ordinary FDTD algorithms.

3. Second-Order Mur Absorbing Boundary Condition

The two-dimensional wave equation, (8t2 —Vv°o? —vzai)z//(x,t) =0 can be factored into

(P+vo,)(P—-vo, )y (x,t)=0, where P:Jaf—vai ,and X =(X,Y). Thus we obtain
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(P+vo, )w(x,t)=0, (3.1)
the Engquist-Majda (EM) [4] one-way wave equations. Solutions are ¢, (X,t) = f(I2Dx$vt),
where f is an arbitrary function, and K = (cos 0,sin 9). @, propagates along the X -direction at
angle 6. Writing P? = 07 (1—v26§/8t2), expanding P in a Taylor series, and retaining the first
two terms gives P = 0, —%VZ 65/& . Inserting into (3.1) and multiplying by 0, , we obtain the
second-order EM equations,

(Gfivaxat —%vzaijy/(x,t) =0. (3.2)

To use (3.2) FDTD calculations, we need a FD model. Taking AX = Ay = h, and inserting
FD approximations for the derivatives we obtain the SFD model of (3.2),

2 2
(df i%%&dxdt'—%%djjy/(x,t) =0, (3.3)
where d; is defined by d/f (t) = f (t+At)— f (t—At). Since y is sampled at t =0, At, 2At,---,
we use Oy = dt’l///ZAt. On the computational domain (x =0,h,--- Nxh)x (y =0,h,--- Nyh) we
set the grid points on the outer boundary to zero, ie. w(0,y)= w(N,,y) =w(x0)=
w(x,N,)=0, and evaluate (3.3) at points x=b, where b=h and b=(N, —1)h. Let i be one
grid spacing inside the boundary. Thus i=b+h, atb=h and b =(NX —1)h, respectively. The
midpoint between b and i is m= (b+i)/2. Writing y (X, y,t) =y, , and y (X, y,t+At)
=y, we evaluate (3.3) at X =m, with the approximation v, = (l//f,,y + l//itvy)/Z and obtain

07 (way +viy )+ V| (viy —viy )= (vay —vi)) —%Vzdi (vay +viy)=0. @34

where V =VAt/h. The (£) in (3.3) becomes a (+) sign in (3.4) because (y/;ij—z//fiyl) has

2 t+1

opposite signsonat b=h and b= ( N, —1) h . Expanding d, l//;'y, and solving for y,,", yields,
t+1 t t t-1 l_v t t-1 t+1 t
lr//b,y = lr//b,y +(l//i,y _l//i,y )+ (1+V |:(l//b,y _l//b,y)_( i,y _l//i,y)j| (35)
l vz 2 t t
et re)
A similar form for the ty directions can be derived. Algorithm (3.5) is the standard (S) Mur ABC.

Let us now evaluate the performance of (3.5).
Define the left side of (3.4) to be A,y , where A isa S-Mur annihilation operator. We

now evaluate the effect A of an incident wave @, = """ where k = kk =(kx,ky), and

@=VK. Ao, = Esp@. , Where gy is the annihilation error. Writing &g = &g /85in* (@/2),

oAt=& , kh=k , k. h=k,,.
vy, —wi, = 2isin(k,h/2)y;,  and A2y [y = —4sin® (k. h/2), we find
) _ _sin(k,/2) 1, sin*(k,/2)
gSFD(Q):—cos(kX/2)+v tan(@)2) +EV2 sinz(a_i/Z) cos(kx/Z). (3.6)
Expanding in a Taylor series about sin @ =0 gives

and using the identities, v, +w;, = 2cos(kh/2)y, , .
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Ep(0)= —cos(l?/2)+%]+ (3.7)
1 _cos(k/2) 1_,_, cos(k/2)
_st'”(k/z)_zw tan (@/2) 8 sin® (@/2)

]Sin2(0)+~-~.

Expanding the terms of (3.6) in powers of k , we find that the reflectivity of the S-Mur ABC is
proportional to

~ 1 _ 1 _, 1 .
Eerp (9)=E(1—v2)k2h2 + [Evz —g}kzh2 sinZ@ +---. (3.8)

4. Nonstandard Second-Order Mur Absorbing Boundary Condition

In the NSFD model of (3.2) we replace V and V* in (3.4) by the free parameters in u, and
u?, respectively. The NSFD annihilation operator, A, is given by

Aseo =2 (v, +t, )+ | (vi's vl )= (viy —viy) ] —%Uidi (ws, +vi,) @)

Evaluating &yep = Aol /W., We seek values of u, and uS that minimize &y
= &y /85IN* (@/2) . Defining u, =w, tan(@/2), and u,= w,sin(@/2), and putting ¥ — u,,

and V2 — U> in (3.6) we obtain
Ensro (0) =—cos (K, /2) +w;sin (K, /2)+ %wzz sin’ (k, /2)cos(k, /2). (4.2)
Taking w, = cot(k /2) ensures that &, (0) = 0. Inserting this value of w; into (4.2) yields
Ensro (0) =6, +%w§52 , 4.3)

where &,=—cos(k,/2) +cot(k/2)sin(k,/2), and 5,=sin*(k, /2)cos(k,/2). It remains to
choose w§. Expanding (3.3) about sin@ =0 we find

Ensro (0) = —%WJF%WZZEZ cos(k/2) [sin® 6 +---. (4.4)

Choosing W22 = 4/Esin k cancels the sin? @ -term in (3.4), but we have found that a better overall
reduction of |§NSFD| can be achieved by choosing W7 such that the sin® @ -term partially cancels
the higher order terms. We chose W5 such that the mean value of &, vanishes on the range
0<0<¢@=r/6.0ne would like to choose ¢ =7/2, but the larger ¢, the larger the mean value
of |&yseo (6)| - We find that wi = (2%)/k sink  is an optimal choice. We thus obtain

tan(wAt/2) ,  21sin®(wAt/2)

Uy=——r—->, Uy=—e—"r,

tan (kh/2) 5 (kh)sin(kh)

The NS (nonstandard)-Mur ABC is thus obtained from the S-Mur ABC by putting V. — u,, and

(4.5)

V2 — U in(3.5).

t+1

vt =iy + (v, ) (v, i)~ (v v, )]+ Ul (v, ). (46)
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We have shown that the algorithm in this form is numerically stable, but it must be carefully
implemented. The choices b = h,(NX —1)h suppress the propagation of unabsorbed corner fields

into the computational domain. Although v, can be evaluated with either the ABC for y,; or yy,

we have found that the result is insensitive to which one is used.

5. Results and Conclusions

In Fig. 1 we compare the performance of the NS-Mur ABC with the S-Mur ABC for a
normally incident gaussian pulse as shown. Even where the pulse rises and falls, the NS-Mur ABC

reduces the reflection by a factor of 10 compared with the S-Mur ABC, and elsewhere the
reduction is more than 10~°. Fig. 2 shows the same comparison for a pulse incident at 30° to the
normal of the boundary. Using the NS-Mur ABC reduces the reflected intensity by factor of ]/ 37.

The NS-Mur ABC is no more costly than the Mur ABC, but it gives much better absorption.
When near perfect absorption is required at high incidence angles there is no choice but to use PML with
its high costs, but in many problems the NS-Mur ABC is an adequate low-cost alternative.

incident pulse ’ reflected from S-ABC reflected from NS-ABC
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Figure 1. Comparison of the S-Mur ABC and NS-Mur ABC for normal incidence

~ S5-ABC reflection NS-ABC reflection

Figure 2. Comparison of the S-Mur ABC and NS-Mur ABC for incidence at 30° to normal.
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