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1 .1NTROIJUCTlON 
lIigh-frequnecy propagation beyond the limit of direct visibility is of 

special interest [ o r practice and theory [1] ,[2]. The troposphere, which 
provides a c ha nnel [or electro11lagnetic waves , can generally be describeli by 
a mod ified ref ractive index that varies vertically as well as laterally . 
Because the problem scale is large at high- f req uenc y and [or long propaga­
tion distances. direct numerical modeling I s either inefficient or not 
feasible. Therefore, effective algorithm must be developed. 

Analytical modeling of high-frequency propagation in elevated or sur­
face ducts by normal tral>ped ami leaky modes is inconvenient because of the 
large number of nlodes that may be required[)]. Moreover, synthesis with 
normal modes. does not di rec t ly model the physics of the propagation proc­
ess in those domains where that process is essentially ray-like . 

It appears that geometrical ray fields with caustic cor rect ion. when 
required. furnish an efficient model away from the strong trapping regime 
near the lower boundary . with a few trapped modes included in the boundary 
layer near the bottom . We have shown previously that the hybrid ray-mode 
represen tation Is numerically accurate when source and observation points 
are located in the boundary layer of a bilinear modified refractive index 
Ileight profile[4],[5]. 

However . the ray fields fail in the transition region surrounding the 
critical trajectory that grazes the duct boundary beyond which leakage 
occurs. The approach to grazing and the ra y splitting beyond have been 
accounted for uniformly by a group of trapped and leaky modes whose local 
plane wave congruenceS are closely aligned with the grazing trajectory. 
Thus. by incorporating this mode group self-consistently into the previ­
ous format. we have derived the new hybrid ray-mode representation that can 
accommodate sources and observation points located arbitrarily inside the 
duct or on the duct[4],[S] . 

In the present study. the method of geometrical op tics for the fields in 
a surface duct is extended to account for the fields above the surface 
duct and in the refraction shadow of geometrical rays[6] . Included are 
ray-optical, trapped and leaky modes . and diffracted rays. and various 
combinations of these . Numerical comparisons reveal the validity and utili­
ty of the various alternative field representations. 

2 . FORMULATION AND ASYMPTOTIC REPRESENTATIONS 
We limit our discussion to high- frequency propagation in and above a 

bilinear tropospheric duct excited by a vertical electr ic dipole located in 
the duct. The earth's surface is described by a surface impedance Zs [1] . 
It is convenient to utilize a cylindrical coordinate system to describe a 
tropospheric wave propagation excited by the vertical source ove r a curved 
earth. The curvature o f the earth is taken into account by modifying the 
index of refraction of the atmosphere. The modified index of refraction is 
given by m(z) - n(z)+z/a , where n(z) is the index of refraction at the height 
z and a is the radius of the earth. The modified refractive index M(z) is 
defined as M(z) - (m(z)-1) x I0 6 . 

A bilinear modified refractive index (M(z» profile, which has the duct 
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boundary at the height zi and 
various ray trajectories radiat - Z 
ed from the source Q are shown 
in Fig.l(a) and Fig . l(b), re- Z j 
spectively. The grazing ray 
which becomes horizontal a t the 
du c t boundary or at the height 

z 

of minimum refractive index may 
be refracted downward and upward oLM-(h~i~)~M~(-O) 
directions . A refraction shadow 0 (a) 
is formed by the grazing ray and 

a distance 
(b) 

the caustics of trapped rays . 
Rays without the reflection at 
the duct boundary can not reach 
the observation points in the 
refraction shadow. When the ver­
tical electric dipole is located 
at Q(r ', z') in the cylindrical 
(r."z) coord inate system, the 
magnetic and electric fields are 
specified in that system by the 

fig. I Physical co nf i gurati ons. 
(alBlllnear . Olll rled refractive IndeK 
profile and (b) the traJ oc tor Ios o f 
trapped r a,. rerJoetod ray . trans l .it ­
tetl ra, anti tllff r ac tetl ray. Also 
shott. are th e RrazlnR ray(---->), a 
re fr ac ti on shadow(shaded reg ion)' th e 
causlic{- ' - '-l, anti t he duct boulltI­
arT locatetl at the hellhl Z"'7. j. 
08:duc:l bountlary . 

r 

components H; and ET • Ez • re-
spectively(Fig.l) . All field components can be derived from the z- component 
of Hertz vec t or or the relevant dipole source Green's function G(r.r'). 
which satisfies the inhomogeneous wave equation: ( V2 + ko2m2(z) )G(r,r') 
- - 6( r-r'), with the radiation condition and the impedance boundary condi­
tion[l ] , [4]. Here ko is the wavenumber in free space . 

In the previous paper, we derived the normal mode expansion, t he ray 
expansion. and the hybrid ray- mode expansion from the integral representa­
tion of the Green's function[4] , [5]. However. the asymptotic formulas 
developed so far are restricted to the fields in a geometrically illuminat­
ed region in the surface duct. Here, we will obtain the asymptotic formulas 
of the fields above the surface duct and in the refraction shadow . 

2 . 1 Geometrical ray representation 
Various rays arriving at the obse rvation point PO-P2 in Fig.l(b) may be 

constructed directly from the conventional eikonal and t r ansport 
equations [7] . Each ray that emerges from the source Q(O,z ') at the angle 
eo measured from the positive z-axis may be given in the following form . 

G- ex p( i ¢.,] ( a' )": (~)- '/' 
41f.,fr m! ( z. ) at {)(}o eo-o 

X 
{ 

( r,,(I"/ }1. (ray reflected at the duct boundary ) 

(r./ ' (e xp (-i 1T/2) 1' ( trapped ray ) 
If I.-I 

(r',,)(f,) 1'/ ( t r ansmilted ray ) 

( I a ) 

( I b) 

(Ie) 

Where a-m(z')sin90 ' Or is the distance in r - direction from the observa­
tion point P(r . z), located on the axial ray, t o the paraxial ray leaving 
the source a t the angle eO+MO' ¢lQP is the phase change along the trajec­
t ory. [rO,N] and [ri ,L] denote [reflection coefficien t. number of reflec­
t ion] at the earth's surface and the duct boundary. respectively. Ti is the 
transmis sion coefficient at the duct boundary . 

2.2 Diffracted ray representation 
For a particular value of 60 ' the ray grazes the duct boundary . One may 

imagine that the grazing ray QAt (see Fig. 1) splits at the poin t Al in t o the 
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rays AlB,. AIG, and AIA2A3~ ' cont inuing along the duct bo unda ry and giving 
rise to a continuous se t of diffraction rays Az P2' A3P 3 ' and so on. For 
example. the diffracted ray QA,A 2P2 may be given in the following form. 

e exp!i j¢Q,I,+k (z rl d + ¢",I',1l L 2 - a. d 

-- ~ l/ ~ 1/ 1 D .. e 
41Z''V r {1II 2( Z' )- m 2 ( z .)) \ m 2 ( z )- m 2 ( z .)) 

( 2) 

'" 
Where ItIQAl and ¢'Azpz are the phase change s over the portions QA} and A2 Pz. 
k(zi) is the wavenumber at the height zi . d is the horizontal distance 
between Al and A2 . Om and am are the diffraction coefficient and the atten­
uation coefficient of the m-th mode for the b i linear refractive index 
profile . These coefficients are determined from the normal mod e expansion 
obtained from the integral representation of the Green ' s [unction[4] , [S] . 
By expanding normal mode solution asymptotically with respect to k(~) as 
k(zi) ~ = and comparing the result wi th geome trical op t i cs , one may deter­
mine Dm and «m' 

J.NUMERICAL RESULTS 
We implemen t numerical calculations of the fields by using the asymptot ­

ic represen t a t ions derived in Section 2 . Their utility is assessed by 
numerical comparisons with the exact reference solu t ions . Reference solu­
tions for the various examples considered be l ow have been g enerated f r om 
the normal mode expansion retaining 107 modes[5] . The duct parameters and 
operating frequency are(cf.Fig . l) : duct height zi=200m, M(O)=65 . 7M, 
M(zi )=31 . 4M. dM(z)/dz~157M/km for Z > zi' su r face imped ance Zs =0 , and 
f(fr e quency)=9GHz. 

When the sou r ces are placed away from the boundary layer, the fields in 
an illuminated region may be approximated by geometrical optics . We have 
shown in Fig . 2 that the resul t calculated f r om the ray representation 
(Fig.2(a» agrees pre tty well with the reference solut ion (Fig . 2(b » . 
However. the mode series reference solu tion becomes s u ccessively more 
slowly convergent as the observation point moves to the upper direc tion. 
The discrepancy between two r esults near the height 250m is due to the 
truncation of the modes series. 

Fig.3 shows t he field magnitude versus height. The field magnitudes in 
Fig.3(a) in the refraction shadow(RS) a re evaluated from the combina tion of 
the diffracted ray in Eq.(2) and the reflected r ay i n Eq.(la) . While the 
fields in t he boundary layer(BL) near the bottom and in t he illumina ted 
region above BL are calculated from the hybrid ray - mode represen tation[4] 
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(a) (b) 

fie 1 d magni tude )( 106 

Fig .Z Field aagni t ud e versus height 
at t he hori zontal range 30ta . • i th the 
source lo cated 010. ab ove th e earth's 
surface. Observe r passes through the 
obse rva t io n points P. and p, in 
Fig.1 (b). Fig.2( a) is obtaIned fro. 
t he ray r eprese nta t i on in r.q. ( I ), h o 
trapped rays (the direct ray (N"'O. " " I) 
and the ray once rerl ec ted at the 
earth's surfac e( N- t.L=I» and trans­
a ttt ed ra.rs(N=O . L=l) and (H =l . L=I) are 
used in and above the surface duct. 
respectively , 
Fig.2(b):rererence solut ion , 
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and from the ray representation( two trapped rays). respectively . Fig.4 
shows the field magnitude versus horizontal range. In Fig . 4(a). the ray 
representation is applied in the illuminated region and the combination of 
diffracted rays and reflected rays is applied in the refraction shadow(RS) . 
The asymptotic results in Fig.3(a) and Fig . 4(a) agree well with the 
reference solutions in Fig.3 (b) and Fig . 4(b) . respectively. 

RS 

BL 

I 
o. .5 

(a) (b) 

field magnitude- ,10' 

Flg.3 Field ugnltude distri­
bution curves along the verti­
cal observation line located 
at the horizontal range 95 k •. 
The observation point p~ in 
Fig. I(b) Is located on this 
line. Source heigbt:Z·:O<.). 
(a)Asr.ptotic representation 
and (b) reference solution. 

4.CONCLUSION 
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Flg.f Field .agnitude distri ­
bution curves along tbe hori­
zontal observat Ion line lo­
cated at the height il0 •. 
The observation point PI in 
Flg.l(b) is located on this 
I1ne. Source height:Z·=O<.). 
(a)Asr_ptotlc representation 
and (b)reference solution. 

We have studied an asymp t otic approach to representing high-frequency 
propagation in and above a bilinear tropospheric duct excited by a vertical 
electric dipole. Numerical comparisons with the reference solution calcu­
lated from the normal mode expansion have confirmed the accuracy and utili­
ty of the new asymptotic formulations involving geometrical rays, dif­
fracted rays. and various combinations of these. 
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