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1. Introduction 
 

The problems of the High-frequency (HF) scattering by coated conducting cylinder covered by 
a dielectric material have been an important research subject in the area of radar cross section, 
antennas and propagation, and so on [1], [2].  

We have derived in [3] the extended uniform geometrical theory of diffraction (extended UTD) 
solution for the scattered fields by a coated conducting cylinder with a lossy medium. The extended 
UTD solution characterized by an impedance boundary condition (IBC) and effective in the transi- 
tion region near the shadow boundary ሺSBሻ in [3] has agreed excellently with the exact solution 
when the thickness of coating medium is thin. However, the accuracy of the asymptotic solution in 
[3] deteriorates gradually as the thickness of coating medium becomes thick. In order to solve the 
above problem, it is necessary to newly take existance of the ݌  th times reflected geometrical 
boundary ሺGB௣ሻ into consideration where the GB௣ denotes the tangent line at the refraction point of 
a coating surface after reflected ݌ times on a conducting cylinder (see Fig.2).  

In this paper, we study the asymptotic analysis methods taken into account the effect of the 
scattering phenomena inside a coating medium. Specifically, we derive both an extended UTD 
solution for a reflected-surface diffracted ray ሺRSDሻ effective in the transition region near the GB௣ 
and a reflected-geometrical ray ሺRGOሻ solution in the lit region away from the GB௣. The validity 
and the applicability of the asymptotic solutions derived here are confirmed by comparing with the 
exact solution obtained from the eigenfunction expansion [3], [4]. 
 
2. Formulation and Integral Representation for Scattered Fields 
 

Figure 1 shows a surrounding medium 1 ሺߝଵ,  ܽ ଴ሻ and a coated conducting cylinder of radiusߤ 
covered by a complex dielectric medium 2 ሺߝଶכ, ଴ሻߤ    of thickness ݐ ሺൌ ܽ െ ܾሻ , and coordinate 
systems ሺݔ, ,ݕ ,ߩሻ and ሺݖ ߶,  ሻ. We examine the two-dimensional problem assuming that the electricݖ
line source Qሺ࣋Ԣሻ, ࣋ᇱ ൌ ሺߩᇱ, ߶Ԣሻ is placed parallel to the coated cylinder. 

The integral representation for the scattered fields ܧ௭௦  observed at a point Pሺ࣋ሻ, ࣋ ൌ ሺߩ, ߶ሻ,  
may be given by the following summation of the three kinds of integrals [4]:        ܧ௭௦ ൌ ௭,ଵܧ ൅ ௭,ଶܧ ൅  ௭,ଷ (1)ܧ
Here, ܧ௭,ଵ denotes the integral representing the direct ray before passing through a turning point 
(TP) and ܧ௭,ଶ  is the integral including both the direct ray after passing through a TP and the 
scattering phenomena on the coating surface. While, ܧ௭,ଷ  denotes the integral including the 
scattering phenomena inside the coating medium 2 and may be represented as follows:       ܧ௭,ଷ ൌ ෍ ௭,ଷ௣ஶܧ

௣ୀଵ  
 
(2)

௭,ଷ௣ܧ       ൌ 8݅ න ଵߢ ଵܶଶ ଶܶଵሺߢଶ௣ܴଶଶ௣ିଵሻஶ
ିஶ ߶|ݒሻexpሺ݅ߩ௩ሺଵሻሺ݇ଵܪᇱሻߩ௩ሺଵሻሺ݇ଵܪ െ ߶ᇱ|ሻd(3) ݒ

ଵߢ        ൌ െ ௩ሺଵሻሺ݇ଵܽሻܪ௩ሺଶሻሺ݇ଵܽሻܪ , ଶߢ   ൌ െ ሻܾכ௩ሺଵሻሺ݇ଶܪሻܽכ௩ሺଶሻሺ݇ଶܪሻܾכ௩ሺଶሻሺ݇ଶܪሻܽכ௩ሺଵሻሺ݇ଶܪ (4)

2D1-3
Proceedings of ISAP2012, Nagoya, Japan

379



     ଵܶଶ ൌ 1 ൅ ܴଵଵ ,  ଶܶଵ ൌ 1 ൅ ܴଶଶ (5)       ܴଵଵ ൌ െ logԢܪ௩ሺଶሻሺ݇ଶܽכሻ െ ܼ௦logԢܪ௩ሺଶሻሺ݇ଵܽሻlogԢܪ௩ሺଶሻሺ݇ଶܽכሻ െ ܼ௦logԢܪ௩ሺଵሻሺ݇ଵܽሻ , ܴଶଶ ൌ െ logԢܪ௩ሺଵሻሺ݇ଶܽכሻ െ ܼ௦logԢܪ௩ሺଵሻሺ݇ଵܽሻlogԢܪ௩ሺଶሻሺ݇ଶܽכሻ െ ܼ௦logԢܪ௩ሺଵሻሺ݇ଵܽሻ (6)

  
Here ܪ௩ሺଵሻሺ·ሻ  and ܪ௩ሺଶሻሺ·ሻ  denote the Hankel functions of the first and the second kinds [5], 
respectively, and the prime ( Ԣ ) on the functions denotes the derivative with respect to the argument. ݇ଵ ൌ ߱ሺߝଵߤ଴ሻଵ/ଶ ሺ݇ଶכ ൌ ߱ሺߝଶߤכ଴ሻଵ/ଶሻ and ܼଵ ൌ ሺߤ଴/ߝଵሻଵ/ଶ (ܼଶ ൌ ሺߤ଴/ߝଶכሻଵ/ଶ) are the wavenumber 
and the characteristic impedance of the medium 1 (the medium 2). Notation ߝଶכ denotes the complex 
dielectric constant of the material 2 and is defined by ߝଶכ ൌ ଶߝ ൅  .ଶ is the conductivityߪ ଶ/߱ whereߪ݅
Notation ݌ሺൌ 1, 2,····ሻ in (2) and (3) denotes the number of reflection on the conducting cylinder ߩ ൌ ܾ. The time convention expሺെ݅߱ݐሻ is adopted and suppressed here. 
 
3. Asymptotic Solutions Including Scattering Phenomena inside Coating 

Medium 
 

Figure 2 shows the shadow boundary SB ሺൌ GB௣ୀ଴ሻ and the once (݌ ൌ 1) reflected geometrical 
boundary GB௣ୀଵ (GBଵ) where ݌ denotes the number of reflection on the conducting cylinder ሺߩ ൌ ܾሻ. 
The surrounding medium 1 is divided into the lit and the shadow region by the GBଵ. When the 
observation point is located in the lit region away from the GBଵ, the once reflected-geometrical ray ሺRGO௣ୀଵሻ  ( RGOଵ ) is observed. While, we observe the once reflected-surface diffracted ray ሺRSD௣ୀଵሻ ሺRSDଵሻ when the observation point is located in the shadow region far away from the GBଵ. 
In this section, we will derive the asymptotic solutions including the scattering phenomena inside a 
coating medium 2. 
3.1 Extended UTD Solution for Reflected-Surface Diffracted Ray 

In this section, from the integral ܧ௭,ଷ௣  in (3), we will derive the extended UTD solution for the ݌ 
th reflected-surface diffracted ray ሺRSD௣ሻ applicable uniformly in the transition region near the GB௣ 
and in the deep shadow region far away from the GB௣. 

In the shadow region, the main contribution to the integral ܧ௭,ଷ௣  in (3) arises from the portion of 
the integration path near ݒ ൌ ݇ଵܽ in the complex ݒ-plane. In this case, one may replace the functions ܪ௩ሺଵሻ,.ሺଶሻሺ݇ଵܽሻ and ܪ௩ሺଵሻ,.ሺଶሻᇱሺ݇ଵܽሻ by their Airy approximations [5] and the function ܪ௩ሺଵሻሺ݇ଵݔሻ, ݔ ൌߩԢ  or ݔ ൌ ߩ , by the Debye’s approximation [5], respectively, with the transformation from the 
complex ݒ-plane to the complex ߬-plane via ݒ ൌ ݇ଵܽ ൅ ,߬ܯ ܯ ൌ ሺ݇ଵܽ 2⁄ ሻଵ/ଷ. Then by performing 
the straightforward manipulation, one may obtain the following extended UTD solution [4].        ܧ௭,.ଷ௣ ௧ܮכଵሻexpሺ݅݇ଶܮሺ݇ଵܩ ~ ൅ ݅݇ଵℓሻሺܴଶሻ௣ܫሺߦሻܩሺ݇ଵܮଶሻ (7)      ܩ൫݇ଵܮଵ,.ଶ൯ ൌ 4݅ ඨ ଵ,.ଶܮଵ݇ߨ2 expሺ݅݇ଵܮଵ,.ଶ െ ݅ ߨ 4⁄ ሻ (8)

ሻߦሺܫ       ൌ ௦ܼߨଶܯ8݅ cosߠ௖ න exp ቈቊ݅߬ߦ ൅ ݅ ቆ ଵ஼ഓܮଶ2݇ଵܯ ൅ ଶܮଶ2݇ଵܯ ൅ ሺ2݌ሻܯଶ2݇ଶܽכcosߠ௖ െ ሺ2݌ሻܯଶ2݇ଶܾכcosߠ௜ቇ ߬ଶቋ  

                  · ൛െ൫ݓଵᇱሺ߬ሻ ൅ ଵᇱሺ߬ሻݓଵሺ߬ሻ൯ൟ௣ିଵ൫ݓሺ߬ሻݍ െ ଵሺ߬ሻ൯௣ାଵݓሺ߬ሻݍ ൩ ݀߬ , … ሺ߬ሻݍ ൌ ܯ݅ ඥሺ݇ଶܽכሻଶ െ ܽכଶ݇ଶݒ 1ܼ௦ 
 
(9)

ܯ       ൌ ሺ݇ଵܽ 2⁄ ሻଵ/ଷ , . ܴଶ ൌ െ1 ,   ߦ ൌ ߠሼܯ െ ሺ2݌ሻ߰ሽ, . ܼ௦ ൌ ܼଶ/ܼଵ, ߠ      (10)  ൌ |߶ െ ߶ᇱ| െ cosିଵሺܽ ⁄Ԣߩ  ሻെcosିଵሺܽ ⁄ߩ ሻ, . . ߰ ൌ cosିଵሺ݇ଵ ݇ଶכ⁄ ሻ െ cosିଵሺ݇ଵܽ ݇ଶכ⁄ bሻ (11)       ܮଵ ൌ ඥߩԢଶ െ ܽଶ,   ܮଶ ൌ  ඥߩଶ െ ܽଶ, ℓ ൌ ܽሺߠ െ ሺ2݌ሻ߰ሻ, ௧ܮ ൌ ሺ2݌ሻሺܽcosߠ௖ െ ܾcosߠ௜ሻ (12) 
where notations ݓ௦ሺൌ  ௖ denote respectively the incident angle and the refraction angleߠ 2ሻ and/ߨ
on the surface ߩ ൌ ܽ, and ߠ௜ is the incident angle to the conducting cylinder ߩ ൌ ܾ (see Fig.2). 

We have also shown in Fig.2 the propagation path of the once reflected-surface diffracted ray ܧ௭,ଷଵ  with ݌ ൌ 1 in (7)-(12). Notations ܮଵ, ܮ௧, ℓ and ܮଶ  may be interpreted as follows. ܮଵሺൌ Q ՜
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Qଵሻ denotes the propagation distance (path) of the incident cylindrical wave which illuminates the 
surface diffraction point Qଵ from the source point Q, ܮ௧ሺൌ Qଵ ՜ Qଶ ՜ Qଷሻ denotes the propagation 
distance (path), where Qଶ denotes the reflection point on the conducting cylinder ߩ ൌ ܾ, passing 
through the medium 2, ℓሺൌ Qଷ ց Qସሻ the propagation distance (path) of the creeping wave along 
on the convex surface ߩ ൌ  ܽ, and ܮଶሺQସ ՜ Pଶሻ the propagation distance (path) from the diffraction 
point Qସ  to the observation point Pଶ . Notation ܩ൫݇ଵܮଵ,.ଶ൯ in (8) is the 2-dimensional free space 
Green’s function and the integral ܫሺߦሻ in (9) may be interpreted as the term including the effect of 
scattering phenomena that occurs on the propagation path from the point Qଵ to the point Qସ. 
3.2 Reflected-Geometrical Ray Solution 

In this section, from the integral ܧ௭,ଷ௣  in (3), we will derive in the ݌ th reflected-geometrical ray ሺRGO௣ሻ solution applicable in the deep lit region far away from the GB௣. 
In the deep lit region, the main contribution to the integral ܧ௭,ଷ௣  in (3) arises from the portion of 

the integration path near ݒ ൌ ݇ଵܽ in the complex ݒ -plane. One may replace all the Hankel functions 
in (3) by the Debye’s approximation [5] with the transformation from the complex ݒ -plane to the 
complex ݓ -plane via ݒ ൌ ݇ଵܽsinݓ . Then by applying the saddle point technique [6], one may 
obtain the ݌ th reflected-geometrical ray ሺRGO௣ሻ solution [4]. The reader may be obtain the explicit RGO௣ solution in [4]. 
 
4. Numerical Results and Discussions 
 

In order to confirm the validity and the applicability of the asymptotic solutions derived in 
Section 3, we have calculated the scattered fields by a coated conducting cylinder illuminated by the 
incident electric-type cylindrical wave. 

Figure 3 shows the scattered field strength vs. |߶ െ ߶ᇱ| curves. The shadow boundary SB ሺൌGB଴ሻ is located at |߶ െ ߶ᇱ| ൌ 95.7°, and the region in which the ݌ th reflected-surface diffracted ray RSD௣ can be observed is shown by the notation……., in the figure. The asymptotic solution ( ooo : 
open circles) is obtained by using the direct ray, the reflected ray on the surface ߩ ൌ ܽ, and up to 3 
times reflected-geometrical ray RGO௣ୀଷ on the conducting cylinder ߩ ൌ ܾ. The asymptotic solution 
( ••• : closed circles) is obtained by using both the extended UTD solution for the surface diffracted 
ray ሺ݌ ൌ 0ሻ along the surface ߩ ൌ ܽ and the extended UTD solution series for the RSD௣ in (2). It is 
observed that the asymptotic solutions ( ooo  and ••• ) agree excellently with the exact solution 
(       : solid curve) in each region. 

Also shown in Fig.3 is the conventional GO solution [3] (the direct ray and the reflected ray on 
the surface ߩ ൌ ܽ) (       : dashed curve) for the lit region and the conventional extended UTD solu- 
tion [3] (       : dashed curve) for the region ሺ46.0° ൑ |߶ െ ߶ᇱ| ൑ 180.0°ሻ. The conventional GO 
solution agrees well in the lit region. However, the conventional extended UTD solution becomes 
inaccurate in the region ሺ46.0° ൑ |߶ െ ߶ᇱ| ൑ 180.0°ሻ. It is clarified that the conventional extended 
UTD solution produces the large errors in the transition and the shadow region. 
 
5. Conclusion 
 

We have derived the extended UTD solution for the reflected-surface diffracted ray and the 
reflected-geometrical ray solution taken into account the effect of the scattering phenomena inside 
the coating medium of a coated conducting cylinder. The accuracy of the asymptotic solutions 
derived here has been confirmed by comparing with the exact solution. 
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Fig.3  Scattered fields by a coated conducting cylinder calculated from the asymptotic solutions and 
exact solution. The numerical parameters used in the calculation: ܽ ൌ 5.0, ݇ଵܽ ൌ 100, ݐ ൌ2.0ߣ, ଵߝ  ൌ ,଴ߝ כଶߝ ൌ ,ଶ௥ߝ଴ߝ ଶ௥ߝ ൌ 3 ൅ ݅0.1 , source point: ሺߩᇱ, ߶ᇱሻ ൌ ሺ7.0,0.0°ሻ  and observation 
point: ሺߩ, ߶ሻ ൌ ሺ8.0, ߶ሻ . ooo : asymptotic solution including RGO௣ , ••• : asymptotic solution 
including RSD௣,         : exact solution,         : conventional asymptotic solutions. 

Fig.1  Coated conducting cylinder, and
coordinate systems ሺݔ, ,ݕ ,ߩሻ and ሺݖ ߶ሻ.Q: electric line source, P: observation
point. 

Fig.2 Direct ray, once reflected-geometrical ray RGOଵ , and once reflected-surface diffracted ray RSDଵ. Also shown are the transition regions near the SB ሺൌ GB଴ሻ and GBଵ. 
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