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I. Introduction 

In the microwave field, the application of metamaterials has extensively been studied these 5 
years, especially after Pendry proposed the idea to substantiate both negative permeability and 
permittivity [1]. The notion of metamaterials basically includes all kind of artificial materials such as 
chiral media, artificial dielectrics, bianisotropic media and double-negative materials. Artificial 
dielectrics, paraphrased as double-positive materials, are as promising as double-negative counterpart, 
contrary to the least number of involved researchers. 

A long-studied artificial dielectric was also applied for the microwave devices. Some 
applications for this material were proposed and investigated by many researchers with the intention 
for a plane wave or TEM wave incidence, such as antenna, wave absorber, polarizer and phase shifter 
[2]-[3]. In fact, one of the concepts for application of artificial dielectric was proposed over a half 
century ago when Kock suggested to make a dielectric lens lighter in weight by replacing the 
refractive material by a mixture of metal disks in a matrix [4]. From the concept, a microwave 
rectangular resonator using artificial dielectrics has been proposed for the first time [5]-[6], 
considering that the artificial dielectric should make a resonator if it is worthy of the name. 

In this paper, the resonant frequency of artificial dielectric circular resonators for the TE mode 
and its coupling coefficient including their parametric properties, e.g. novel anisotropic permittivity 
and separation of higher modes (mode control), are analyzed theoretically. Then a numerical method 
of simulation by HFSS® version 8.0 is carried out for a comparison. Actually, the resonant frequency 
and the coupling coefficient of dielectric resonators encapsulated in a circular waveguide were 
investigated theoretically and experimentally more than 20 years ago [7]. But the investigated results 
are only for the dielectric resonator with isotropic permittivity. Since one of our research focuses is to 
control a wanted resonance mode avoiding the unwanted mode as far as possible, the artificial 
dielectric circular resonator with a novel anisotropic permittivity is expected to have that property. 
 
II. Analytical method for TE mode resonance and its coupling coefficient in a circular waveguide 

Figure 1(a) illustrates a cylindrical waveguide with a circular cross section a radius a. In 
view of cylindrical geometry involved, cylindrical coordinates are most appropriate for the analysis to 
be carried out. The electromagnetic field distribution of several resonant modes of a circular 
waveguide is shown in Fig. 1(b). From the figure, it is seem that the TE01δ and TM01δ have a simple 
field distribution since they have no variation of electric field and magnetic field in angular direction, 
respectively. 

The resonant frequency of anisotropic artificial dielectric resonator for the TE mode in a 
circular waveguide shown in Fig. 2(a) is formulated. The formulation derived in this paper begins with 
the assumption that the resonator is homogeneous and follows the standard analysis for an isotropic 
resonator. The permittivity and the permeability of resonator are given by 
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where εr, εφ, εz are the relative permittivity to the r, φ and z directions, respectively, ε0 and µ0 are 
permittivity and permeability in free space, respectively. 

The field in a resonator shown in Fig. 2(a) is assumed to propagate as exp(jωt-jβz). By 
substituting equation (1) into the Maxwell equations, and then solving it with respect to Hz for the TE 
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mode, the following equation can be derived, 
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The solution of equation (2) is given by 
)()( φΦ= rARH z . (3) 

Substituting the solution into equation (2), the following relation can be obtained, 
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The left-hand side is a function of r only, whereas the right-hand side depends on φ only. As a result, 
equation (4) is seen to separate into the following two equations, 
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Equation (5) is Bessel’s differential equation and has two independent solutions, but since the 
second solution becomes infinite at r = 0, only the first solution is acceptable for the problem under 
investigation. As a consequence, an appropriate solution for Hz as may thus be expressed as, 
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with the requirement that Eφ must vanish when r = a, so  
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where m is integer (0, 1, 2, …). 
The relation for the field outside resonator can be found by replacing εr, εφ, and εz in equation 

(1) with 1 and β in equation (2) with (-jα). Then, calculating the input impedance corresponding to the 
short or open termination at the center of the resonator (d/2), the following relation can be obtained, 
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Fig. 1 The circular cylindrical waveguide and
its electromagnetic field distribution 

Fig. 2 Illustration of analytical method for
artificial dielectric resonator in a 
circular waveguide 
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(a) Resonant frequency for several TE modes

(b) Coupling coefficient for a TE10δ mode 
Fig. 3 Theoretical result of resonant frequency

and coupling coefficient 

(a) Resonant frequency for a TE10δ mode 

(b) Coupling coefficient for a TE10δ mode 
Fig. 4 Theoretical and HFSS simulation results of 

resonant frequency and coupling coefficient
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where s is integer (0, 1, 2, …). 
Moreover, to analyze the coupling coefficient of TE mode resonance between two resonators 

with a distance D, the formulation is derived by calculating the resonance frequencies corresponding 
to the short or open termination between two resonators as shown in Fig. 2(b). The resonant frequency 
corresponding to the short and open termination can be obtained by solving the following equations, 
respectively. 
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Substituting equations (8)-(9) into equations (10)-(11), the resonant frequency for the TE mode 
resonance with shorted termination (fo) and open termination (fe) can be obtained. Thence the coupling 
coefficient for a distance D can be calculated by using the following relation. 
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III. Analysis result 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

To show a potential of the artificial dielectric resonator in a circular waveguide with a novel 
anisotropic permittivity, we analyzed theoretically the resonant frequency of the higher order modes 
for both artificial dielectric resonator and natural dielectric resonator. The relative permittivity of the 
artificial dielectric resonator is taken as 10, 20 and 2.17 for εr, εφ, and εz respectively; while for the 
natural dielectric resonator it is 20 being isotropic. The resonator thickness (d) is set from 1 mm to 20 
mm and the diameter of resonator is 32.54 mm, where the cut-off frequency is around 5.39 GHz. Then, 
the resonant frequency for TE01δ, TE11δ and TE21δ modes is calculated. The result of resonant frequency 
as a function of resonator thickness (d) is shown in Fig. 3(a) that is obtained by use of equations 
(8)-(9) for the artificial dielectric resonator and for the natural dielectric resonator replacing εr, εφ and 
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εz by 1. From the results, it can be seen that the resonant frequencies of artificial dielectric resonator 
with anisotropic permittivity for TE21δ and TE01δ modes are higher than the dielectric resonator with 
isotropic permittivity, while for the TE11δ modes are not different much. 

Then, to investigate the characteristic of artificial dielectric resonator in a circular waveguide 
comparing with the natural dielectric resonator, the analysis of coupling coefficient between two 
resonators is performed by using equations (10)-(12). In the analysis, for calculating the dependence of 
coupling coefficient on the distance (D), the resonator thicknesses (d) are taken as 1 mm and 5 mm, 
while the relative permittivity is assumed to be same with the resonant frequency analysis. The 
calculated result of coupling coefficient as a function of the distance (D) for the artificial dielectric 
resonator and the natural one are plotted in Fig. 3(b). From the figure, it can be understood that for the 
shorter D the coupling is stronger as well as for the thinner d, because the overlapping integral of 
evanescent waves from both resonators is bigger than for the longer D or thicker d. 

Moreover, to confirm the theoretical analysis, by use of commercial software HFSS® we 
have calculated the resonant frequency and the coupling coefficient for a structure shown in the insert 
of Fig. 4(a). The structure is assigned for exciting TE01δ mode in a circular waveguide and it has 32.54 
mm of diameter (a), 0.5 mm of substrate thickness (t) and 2.17 of relative permittivity (εr), with 1 mm 
of strip width (w), 100µm of gap between strips (g), and 6 of strip number (N). From the simulation 
result of resonant frequency shown in Fig. 4(a), we calculated the relative permittivity εφ of resonator 
by employing equations (8)-(9), then averaging all the results. We plotted the theoretical result for 29.8 
of εφ as a function of thickness d as depicted in the same figure comparing with the simulation result. 
While the theoretical and simulation results of coupling coefficient are shown in Fig. 4(b). 
 
IV. Conclusion 

The properties of artificial dielectric circular resonators with a novel anisotropic permittivity 
have been analyzed and compared to the natural one. It was shown that the anisotropy improves the 
spurious property of resonator, so it can be used for a resonance mode selection. Hence, from the 
analysis result of coupling coefficient, it should be noted that the coupling coefficient is the same for 
both isotropic and anisotropic cases. Furthermore, to confirm the theoretical analysis, a numerical 
analysis for a TE01δ mode by use of commercial software was also demonstrated and the result agrees 
with the theoretical result. More realistic study to fabricate a prototype of resonator is underway by 
using a PCB where the more reliable property and the possibility of material usage for a microwave 
application will be shown very soon. 
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