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1. Introduction

This paper is a sequel to [1], which describes the moment method impedance matrix element Zm,n

(composed of gm−1, n−1, gm−1, n, gm, n−1, and gm, n, all involving triple integrals) used for obtaining the current

distribution along an arbitrarily shaped wire antenna printed on a dielectric substrate. To reduce the

computational difficulty of Zm, n, this paper presents a new impedance matrix element ZNEW
m,n, consisting

of single-, double-, and triple-integral terms.

2. Basic integral equation for a printed wire

Consider an arbitrarily shaped wire printed on a dielectric substrate of relative permittivity εr and

thickness B. The wire is assumed to be thin and perfectly conducting. The current I (s’) along the wire is

obtained by solving the integral equation [１]:
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where s (= s (x, y, z)) and s’ (= s’(x’, y’, z’ = B)) are the distances measured from the wire origin to an

observation point with coordinates (x, y, z) and a source point with coordinates (x’, y’, z’ = B) along the

wire, respectively; ŝ  and ŝ ’ are the tangential unit vectors at the observation and source points,

respectively; k0
2 = ω2µ0ε0; Ei

tan (s) is the tangential component of an electric field impressed at the

observation point; and Π s (s (x, y, z), s’(x’, y’, B)) and Π (s (x, y, z), s’(x’, y’, B)) are Green’s functions defined

as
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where q = −j/(4πωε0); J0 (ρλ) is a Bessel function of the first kind of order zero with ρ2 = (x − x’)2 + (y

− y’)2; De (λ) = u0 + ue coth ue B and Dm (λ) = u0εr + ue tanh ue B with u0 = (λ2 − k0
2 )1/2 and ue = (λ2

− εrk0
2 )1/2 .
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   Π s and Π are expressed as

             Π s = ψ s + ∆ψ s                   (4)

and          Π = ψ + ∆ψ                      (5)

where ψ s = q lim z→B
Rkj 0e− / R and ψ = τψ s  with R2 = ρ2 + (z−B)2 and τ = (εr −1)/(εr +1), and
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Using Eqs. (4) and (5), the left side of Eq. (1) is decomposed into four terms: Εψ s  +  ∆ Εψ s + Εψ  + ∆ Εψ

= − Ei
tan (s), where
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wire

)s(I {–
ss ′∂
∂

∂
∂

ψ s + 2
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Eq. (8) corresponds to the term obtained for an arbitrarily shaped wire in free space. The effect of the

dielectric substrate appears in Eqs. (10) and (11). In fact, when εr = 1, Eqs. (10) and (11) vanish. Note

that Eq. (9) for εr = 1shows the effect of the ground plane.

   Let the current be expanded as I(s’)= Σn In Jn(s’) with Jn(s’) being piecewise sinusoidal functions.

Then, Eq. (8) for the nth piecewise sinusoidal expansion function, which is defined in a region from s’=

sn −1 to sn + 1, is given as

  

              Εψ s = − In dksin
30j

0

[(
1-n

1n

ρ
−P

 +
n

n

ρ
P
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where  an equidistant-spacing d (sn − sn −1 = sn+ 1 − sn = d) is adopted; ρj (j = n −1, n) is the radial distance

from the jth wire segment axis to the observation point specified by coordinates (x, y, z); and Pn −1, Pn,

Sn − 1, and Sn are vector quantities. Note that Pn-1 is expressed in closed form [1]:

.Pn-1 = [( 1nˆ −σ • nR̂ ) n0Rkje−  cos k0d  − ( 1nˆ −σ • 1nR̂ − ) 1n0Rkje −−  − j n0Rkje−  sin k0d ] 1nˆ −ρ    (13)

where Rj (j = n −1, n) is the distance from the wire segment end point specified by distance s’= sj to the



observation point; jR̂ and jρ̂ are the unit vectors in the Rj and ρj directions, respectively; and jσ̂ is the

unit vector parallel to the jth wire segment axis. The remaining vector quantities Pn, Sn−1, and Sn, which

are not presented due to space limitations, are also expressed in closed form.

3. Impedance matrix element ZNEW
m,n

   After the current I(s’) in Eqs. (9)-(11) are expanded using the nth piecewise sinusoidal expansion

function, the mth piecewise sinusoidal weighting function Wm(s) = Jm(s) is applied to Eqs. (9)-(11) and

Eq. (12) to obtain an impedance matrix element ZNEW
m,n:

          ZNEW
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m,n + ∆ Zm,n                                     (14)

where

Zψs
m,n = 

dksin
1

0
∫
d

0

 Εψ s  sin k0σm−1 dσm−1 + dksin
1

0
∫
d

0

Εψ s  sin k0(d − σm) dσm        (15)

        Zψ
m,n = 2

0

0 )
dksin

k
( (g ψm−1, n−1 + g ψm−1, n  + g ψm, n−1 + g ψm, n )                               (16)

              ∆ Zm,n = 2

0

0 )
dksin

k
( (∆gm−1, n−1 +∆gm−1, n  + ∆gm, n−1 + ∆gm, n )                  (17)

in which
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where new variables σm−1 and σm are defined as σm−1 = s − sm−1 and σm = s − sm, respectively. Similarly, a
new variable σ 'n−1 is defined as σ 'n−1 = s’ − sn −1. The subscripts of ψ m−1, n−1, ∆ ψ m−1, n−1, and ∆ ψ s

m−1, n−1

show that these are functions of σm−1 and σ 'n−1. The remaining terms gψ
i, j and ∆g i, j (i = m −1, m: j = n −1,

n), which are not presented due to space limitations, take forms similar to gψ
m −1, n−1 and ∆g m −1, n−1,

respectively.

   Zψs
m,n in Eq. (15) and Zψ

m,n in Eq. (16)  involve single and double integrals, respectively. ∆Zm,n in Eq.

(17) involves triple integrals, because ∆g i, j  (i = m−1, m: j = n−1, n) includes Sommerfeld-type integrals

in  ∆ψ s
i, j and ∆ψ i, j. Therefore, it can be said that ZNEW

m,n is simpler than the conventional Zm,n, which is

composed of gm−1, n−1, gm−1, n, gm, n−1, and gm, n [1], all involving triple integrals.

   Using the impedance matrix element ZNEW
m,n, a grid array antenna printed on a dielectric substrate



(see Fig. 1) is analyzed. The computational time using ZNEW
m,n, where interpolation techniques are

applied to ∆ ψ i,j and ∆ ψ s
i,j, is decreased by a factor of 60, compared with that using the conventional

Zm,n. The current distribution is shown in Fig. 2.

4. Conclusions

A moment method solution to an integral equation for a printed wire is discussed. The tangential electric

field along the printed wire is decomposed into four terms:  Εψ s,  ∆ Εψ s,  Εψ , and ∆ Εψ .   When

piecewise sinusoidal functions are used as expansion functions (basis functions), the first term Εψ s  has a

closed form. The weighting (testing) process using the same piecewise sinusoidal functions leads to a

new impedance matrix element ZNEW
m,n, which is composed of single-, double-, and triple- integral terms.

The computational time using ZNEW
m,n is significantly decreased, compared with that using the

conventional Zm,n.
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Fig. 1 Configuration of a grid array antenna
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Fig. 2 Current distribution

x

| I
 | 

(m
A

)

I = Ir + jIi

| I | = (Ir
2 + Ii

2)1/2

z


