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Introduction

The method of mode-matching is a
fundamental technique for solving nu-
zmerically the boundary value problems
for the Helmholtz equation. In the ap-
plications to acatterers of arbitrary
shapes, this method has the basia in
the Rayleigh hypothesis. There have
appeared recently several papers” on
the legitimacy of "the Rayleigh hypoth-
esis and the method of mode-meatching®,
and most of them have derived the dis-
advantageous conclusions for the hy-
pothesis and the method.

In the exterior or interior problem,
the Rayleigh hypothesis closely relates
with the completeness of the modal ex-
pansion. In this paper, a new approach
to the concept of the modal expansion
and the modified Rayleigh hypothesis is
presented. Instead of the "infinite"
series of modal functions, a sequence
whose elements are "finite" aseries of
them is constructed so that it con-
verges to the true field in the whole
exterior or interior domain. This ap-
proach may be explained by the "corre-
spondence principle” between the wave
theory and the function theory. The
algorithm of the mode-matching method
and the improved point-matching method
are presented.

For bdrevity, the argument is re-
stricted to the Dirichlet problem for
the twd dimensional scalar fields in an
exterior domain. The results of numer-
ical analyses for a cylinder with an
arbitrary geometrical cross section is
shown as examples of the new method.
It is assumed that the time dependence
is the usual form exp(Jjwt).

The_correspondenge principl

The Helmholtgz equation, with the

wave number k, is
(3%/5x243%/35%)9(P) + KPy(P) = 0

where P denotes a point with cartesian
coordinates (x, y) or cylindrical coor-
dinates (p, 6), and the origin is set
inside the scatterer. The wave func-
tion ¥(P) satisfies the radiation con-
dition at the infinity.

Lot B, (kp) denote the Hankel
function of the second kind, then a
system of modal functions of the wave
theory can be defined by

0,(8) = 1 (2 (1o
(n=0.tloi2. e )

The correspondence principle states

that the gradients of modal functions
{ve,(P))

play the same roles aall/Zn+llof the
function theory, where Z is x+iy. By
analogy with Runge's theorem in the
function theory, any wave function
can be uniformly approximated, in the
exterior domain, by a finite series of
the form

N
Ag(P) = e by (Ko, (P) (1)
and Y is precisely represented as the
limiting wave function of the sequence
(M4}, 1In Eq.(1), the coefficients

{b,(N)} depend on the truncated number

N.
These arguments show a modification

of the Rayleigh hypothesis and a new
concept for the completeness of nodal
expansions.?3/4)

The mode-matching method
In the application to the boundary
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value problem, the coefficients {b,(N)}
in Ay can be obtained from the mode-
matching technique on the boundary.

We consider the Dirichlet problem:
to find a wave function which satisfies
the boundary condition

¥(Q) = £(Q), Qeb

where Q denotes a point on the boundary
L. The mode-matching method is.formu-

lated in the following procedure. Let

the normalized mean square error be de-
fined by

2 2
2y = ILMN(Q)-f(QN d% JLlf(Q)]( c;s.
2

Minimizing 1y, we can obtain the suit-
able set of coefficients {bn(N)}. For
the computer-aided calculation, the

" boundary is divided into 2M+1(22N+1)
subsections and the integral of Eq.(2)
is approximated by the summation of
(2M+1§ terms, that is,

M
L Iny(es)-£(qy) [Pasy
(N, u) = =X

'Z If(Qi)‘%Asi

p )

where Asi is the length of the i-th
subsection. The minimization of

R(N, M) is obtained by means of least.
square. When M is equal to N, we get
the point-matching method, but this
method generally leads to defective so-
lutions. If M is larger than 2N, we
have practically acceptable solutions
for the sufficiently large N. This
Procedure may improve the point-match-
ing method.

Ezample

Numerical results are shown for the
scattering of a ecylinder with a geomet—~
rical cross section

P' = a{1+5cos3p’)

The incident wave is a pPlane wave
polarized parrallel to the generator of
cylinder and its direction of propaga-
tion is denoted by the angle ¢,. In
this example, if M is larger than 2N,
we have favorable results for a suffi-
cient large N. Eopt indicates the

error of the numerical result for the
optical theorem, which states the rela-
tion between the total cross section
and the forward scattering amplitude.
In Fig. 2, the curves of Q(N, 2N) and
Eopt(N, 2N) show the results of the im-
proved point-matching, and Eopt(N, N)
is calculated by the usual point-match-
ing method.
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