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Abstract—We present analytical closed-form expressions for
the radiation patterns of 2D line sources and 3D point dipoles
embedded in a general multi-layered configuration. While the
former are simplified model sources, used as a preliminary
analytical step to reduce derivation complexity, the latter have
been shown experimentally to reproduce the electromagnetic
behaviour of elementary (molecular) optical sources. By decom-
posing the sources to current elements generating pure transverse
electric (TE) or transverse magnetic (TM) polarized radiation,
we arrive at a unified format for the radiation pattern expression
for all sources. Analyzing the common 1D Green’s function, we
show that the normalized TE-polarized emission of the model 2D
electric line sources reproduces exactly the TE-polarized radiation
of molecular (3D) dipoles, and discuss the relations between
the TM-polarized emission of the two species. These results
specify the precise relations between the 2D and 3D models,
thus providing intuition as well as guidelines for proper usage of
simplified 2D results for analysis of realistic 3D optical systems.

I. INTRODUCTION

Impulsive 2D (line) sources are used routinely in analyses
of electromagnetic configurations with an invariant cross-
section along one or more axes [1], [2]. Conducting such
analyses is beneficial, as they allow to probe the response of a
complex system to a localized excitation, while simplifying the
formal derivation thanks to the reduced number of dimensions.
However, the capability of 2D sources to model realistic
sources in physical scenarios is not obvious. While in the
radio or microwave frequencies it may be possible to construct
coherent current oscillations over distances much larger than
the wavelength, in the optical regime, radiation usually orig-
inates from excited molecular dipoles, which generally span
over no more than tenth the wavelength and are very hard to
correlate. Thus, in general, optical sources cannot be treated
as line sources.

In fact, as far as electromagnetic fields are considered,
these elementary sources, known as excitons, were shown to
be modelled well by (3D) electric point dipoles aligned in
the direction of the molecular dipoles [3]. More recently, in
the frame of the extensive research of organic light-emitting
diodes (OLEDs), this 3D model for elementary optical sources
has been utilized and verified repeatedly for plane-stratified
configurations [4], [5]. In recent work, in order to provide
insight for optical optimization of these novel devices, we
have derived closed-form analytical expressions for the op-
tical emission of prototypical plane-parallel OLEDs [6]. This
allowed the identification of dominant optical processes, as

well as the establishment of efficient analytical engineering
tools, e.g. to recover the electrical properties of the device
from its radiation pattern [7]. In accordance with common
practice, in order to reduce the formulation complexity while
retaining the principal physical intuition, we have used 2D
electric and magnetic line sources to model the excitons, rather
than the more realistic 3D model of electric point dipoles. Such
methodology, however, raises questions regarding the validity
of the results to the physical scenario.

In this paper we demonstrate the close relations between
the radiation of 2D (line) and 3D (point) sources embedded in
stratified media, originating in a common 1D Green’s function.
By decomposing the point dipoles into current elements gen-
erating either transverse electric (TE) or transverse magnetic
(TM) fields [8], [9] we formulate exact relations between
the polarized emission of the 2D and 3D sources. These, in
turn, shed light on the physical role of the two classes of
sources, as well as establish a path for quantitative analysis
of 3D systems using 2D sources, which allow simplified
mathematical derivation. Importantly, these relations indicate
that, by considering the incoherent nature of optical sources
and their random in-plane alignment, properly interpreted 2D
models are capable of exactly reproducing measured results,
as we have already observed in previous work [7].

II. THEORY
A. Formulation

We consider a plane-stratified structure of M + N + 2
layers, with a 2D (line) or 3D (point) source embedded at
a certain plane z = 2/, sandwiched between layer (—1) and
(4+1) (Fig. 1). The interpretation of the various parameters
is conventional, and is given in great detail in [6]. For
completeness we note that all sources are assumed to be time-
harmonic, with time dependence of elwt: the wavenumber
and wave impedance of the n-th layer are defined as k,, =
w\/unen [1—jo,/(we,)] and Z, = wyn/k, = (Yn)_l,
where the radiation condition requires 3 {k,} < 0. The
observation point is denoted by 7, where for the 3D model
7= pcos e+ psiney+ 22, with (p, ¢, z) being the cylindri-
cal coordinate system, and for the 2D model 7 = p;p; + 22,
with the transverse coordinate varying due to the different
orientation of the 2D electric (“o; = y) and magnetic ("'p; = x)
line sources [6]. In both 2D and 3D cases, the angle between
the z-axis and 7 is 6, and the source vector is 7/ = 2’2.
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Fig. 1. Physical configuration of general stratified media with 2D electric

(green solid arrow) and magnetic (magenta striped arrow) line sources,
carrying currents of ¢Io and "I, respectively, and 3D electric vertical (red
hollow arrow) and horizontal (blue hollow arrow) point dipoles, with dipole

moments efd-l and eI(‘)ll, respectively. See [6] for detailed description.

As has been shown by many authors before (e.g., [1], [2],
[10]) the electric and magnetic line sources (ELS and MLS),
denoted here by e and m left superscripts, generate only
pure TE or TM fields with respect to the z-axis, respectively;
the vertical electric dipole (VED), denoted by L superscript,
generates pure TM fields, denoted by M left superscripts; and
the horizontal electric dipole (HED), denoted by || superscript,
generates both TE and TM fields, denoted by F and M
left superscripts, respectively. To allow clear observation of
these two HED contributions, we utilize, relying on the proof
by Lindell [8], a decomposition of the HED current source,
JI = —¢13163 (7 — @) 2, to two parts, EZJ1 and MJI, each
induces only TE or TM fields with respect to the z-axis, as
suggested by Sokolik et al. [9].

The current distributions of the various sources, correspond-
ing to Fig. 1, are summarized in Table I. It is worth noting that
as every arbitrarily oriented electric dipole can be represented
by a combination of VED and HED according to its projection
on the z-axis [10], our independent treatment of the VED
and HED actually covers all possible dipole orientations.
As for the HED current elements, one can readily verify
that JI = EJIl + M ] and confirm, upon substitution of the
following integral identities [11] in the definitions of Table I,

U2 — [ koo (kep) dhe, 2 = [0y (kep) diy (1)

that indeed EE! =0 and MH! = 0, as required. In (1), J,, (Q2)
is the vth order Bessel function of the first kind, and u (p) is
the Heaviside unit step function.

B. Green’s functions

Extending previous work [6], [9], we express the trans-
verse electromagnetic fields of the 2D and 3D cases by
the 2D and 3D Green’s functions, Gz (7,7') and Gs (7,7'),
satisfying the 2D and 3D Helmholtz (wave) equation in
each layer, respectively (Table I). The 1D Green’s function,
g(z,72'), in turn, is defined via the spectral representation
of these Green’s functions, corresponding to the Fourier or

Hankel transforms. These definitions imply that g(z, z’) sat-
isfies the 1D Helmholtz equation at the nth layer, namely,
(0%/02% + BZ) gn(z,2') = =0 (2 — 2'), where k, is the trans-
verse wavenumber and 3, = /k2 — k7 is the wavenumber
in the propagation direction; g, (z, z’) denotes g(z, z’) in the
nth layer.

While the transverse fields for the ELS, MLS and VED in
Table I are expressed in a familiar transmission-line notion,
the expressions for the HED contain the operators I and M.
These operators act on an arbitrary function f (p), and defined
as If (p) = f (p), Mf (p) = f (p) — 2 [3 Af (P) dp [9].

Applying the continuity, source and radiation conditions on
the 1D Green’s function, we derive recursive relations for
9(z,2') in the various layers [2], [6]. As a matter of fact,
the latter takes the same form for all sources discussed herein.
For z > 2/, orn >0

ejﬂlzl

gn(27) = 2jB,
1—§_1(kt) e—2iBw | . .

. — T (k 3Brz _ R (k) €9Pn?
Rk EF) lH o a] [e (ky) €75]

p=2

2

where R,(k:) and T,(k;) are the total reflection and total trans-
mission coefficients, respectively, in the forward direction, i.e.,
for n > 0 [6]. These coefficients are recursively defined via

Rp(ky)=qT (k)L[I—Fi(kt)]RnH(kt)€2jﬁ”+ldn =27 Brcln
T ST (o) Ry () €251

14T, 1(k; )] el BrBn-1)dna
Tn(kt)_[ Tln 1( t)}@ 3

n 1 —‘an,l(k/’t)Rn(kt) 62].’8"{1"*1

where T',(k;) is the forward local reflection coefficient
of the n-th interface, given by the Fresnel formula,
Iy, = (1=, /(14 ~,). The differences between the 1D
Green’s functions of the various sources stem from these local
reflection coefficients, derived from the different continuity
conditions. These are expressed by the definitions of the
generalized impedance ratio, -,

+1
e A = kn+16n Zn+1 J\LYL — m,y
i knﬁn—&-l Zn ’ " "

from which simple relations between the local reflection
coefficients of the 2D and 3D models can be inferred

Bl = o)™ @

MY =T, PI) =T, Il =-"T, (5

The analogous expressions for the reflection and transmis-
sion coefficients in the reversed direction, R,(k:), Tp(k:),
etc., for n < 0, can be readily derived using very simple
substitutions in (3)-(5), as detailed in [6].

C. Radiation pattern

The radiation pattern is defined by the projection of the
Poynting vector on the radial direction at a distant observation
point,

Sr(8,0) = lim

r—00

SEEm <A Ee] e ©
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TABLE I
2D AND 3D CURRENT SOURCES, GREEN’S FUNCTIONS AND TRANSVERSE FIELDS IN THE nTH LAYER

2D Sources 3D Sources
eIy (ELS) ™[0 (MLS) °I+1 (VED) 1]l (HED)
5 cos (p)
C t > N - L pcoscp[l:Fl)(S(p):l:u
wrren fn‘] 'm1062 (T _‘I) 5 A/[JJ_ = _elé_l53 (F_ F,) 2 ]E\/‘fﬂ‘ _%EI(‘)‘Z% a (
Source —psing [(1 +1)6(p) F
W
e (V2 4+ K2) Gy (7,7) = =62 (7 — 7') (V2 +k2) Gy (7,7) = =6 (7 — ")
Equation
Spectral 7 ; T
y G (7,7) = 5 /g(z, 2') eFtPt dley Gs (7, 7') = & [ keJo(kep) g(z,2") dh
Integral
oo 0
erly M = ]kilZ eIchosg@ I:FM d 1¢1G3
— e — _my, 9 = -0
Transverse Ba = jk:ZnaloGz Ba = . IO?,fGQ Ee ]klyl azap G MEw =+3 ]kilZneIHlsmcp I+M a 1;1 G3
Fields Hy = ~To5: G2 | Hy = jkn¥nIoG2 | {1, = J"?"Y"Jklyl 57 G EH, = —LeIlising (I + M)*G
H;C:Ey:O H?,‘:Ey:() H —FE,—=0 M P F)
L ¢ MHQ,,:f— glcosap(l¥M)0@G

which can be expressed by products of Green’s functions and
their spatial derivatives (Table I). Consequently, we apply the
steepest-descent-path method on the spectral integrals of Table
I in order to obtain closed-form expressions for the far-field
radiation patterns [1], [2]. The saddle point contribution to the
2D spectral integral yields

c N1 |1 2
mor (0) = Torr [27Bn119N8+41 (2, 2)] 1y s sin g Q)
where | P, =k, (Zn)il € Io|* /8 is the power radiated by

the electric or magnetic line source per unit length in an
unbounded homogeneous medium of the nth layer material
[1].

For the 3D case we substitute the Bessel functions by their
integral representation, Jo (kip) = [ diped®tPcos¥ [11], and
perform successive saddle point evaluation of the resultant
double integrals, resulting in the 3D radiation pattern,

3E1\4§ ePN+1 . 2
ﬁSr(Gwp):T T2 ‘[235N+19N+1 (Z’Z/)]kt:k]m sing| (8
where °P,, = Z,, |eIOI<;nl|2 / (127) is the power radiated by an

electric dipole in an unbounded homogeneous medium of the
nth layer material [1] and the orientation factor, &, is given by

9

in consistency with [10]. For molecular optical sources, it is
generally assumed that there is no in-plane directional prefer-
ence for the molecule orientation, i.e., the horizontal dipoles
are distributed uniformly in ¢ [5], [10]. Incoherent averaging
of (8) upon the in-plane dipole orientation transforms (9) into

(i) —e (), 3. () ~jesto o
© ¥

IIT. RESULTS AND DISCUSSION

Mel — gin?9, F¢ll =sin? g Mell = ¢os? 6 cos? ¢

Equations (7) and (8) express the great similarity between
the radiation patterns of the 2D and 3D sources. The heart
of all radiation patterns is the 1D Green’s function in the

observation region, gn41 (2, 2’), evaluated at the saddle point
kit = knysind. This is analogous to solving the problem
in the geometrical optics (GO) approximation, according to
which the 1D Green’s function accounts for all possible
multiple reflections between the layer interfaces of rays which
originate at the source and arrive at the observation point
following Snell’s law (Fermat’s principle). Conforming to GO
rules, the reflection and transmission coefficients correspond
to the polarization of the electromagnetic waves approximated
by the rays [1], [2], and vary with the sources according to
(4) and (5). This GO picture of (7) and (8) is complemented
by the identification of the nominal power radiated by the
source in unbounded homogeneous medium, accompanied by
the divergence factor, proportional to the surface area of a
sphere (3D) or the perimeter of a cylinder (2D) of radius r, and
the orientation factor, which takes into account the anisotropic
nature of the source radiation (the intrinsic radiation pattern,
e.g., no radiation in the direction to which the dipole points).

These observations emphasize that the differences in the
angular distribution of the power radiated by the sources, given
the unified format (2) of the 1D Green’s function, may arise
only from the local reflection coefficients (5) or the orientation
factors, given by (10) for molecular optical sources. Indeed, in
the context of our investigation, these two equations constitute
the main result. They imply that as far as the TE-polarized
radiation is concerned, the ELS radiation pattern is identical
to the radiation pattern produced by the optical point dipole,
if both are normalized to their maximum. In other words,
normalized TE-polarized measurements of realistic devices,
containing a combination of HEDs and VEDs, should match
theoretical radiation patterns derived for 2D ELSs, as was
already observed by us [7].

For the TM-polarized radiation, the relation between the 2D
and 3D results is less trivial. However, its analysis is useful,
as it highlights the different nature of the two origins of this
emission. The VED produces pure TM-polarized emission; in
that sense its response is identical to that of the 2D MLS (see
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Fig. 2. Images induced by the 2D and 3D sources when placed in front of
a perfect electric conductor (PEC). The sources are denoted by solid arrow
outlines, and the images by dotted arrow outlines. While the MLS (magenta)
and VED (red) induce images aligned parallel to the sources, the ELS (green)
and HED (blue) induce antiparallel images.

(5)), with the exception that the intrinsic dipole radiation pat-
tern, proportional to sin® #, must be taken into consideration.
On the other hand, the TM-polarized emission originating in
the HED is modified with respect to the MLS radiation due to
the difference in the orientation of their images: although the
local reflection coefficients (5) in both cases follow the TM
Fresnel formula (e.g. may exhibit Brewster’s angle reflection
or coupling to surface plasmons), when images of the MLS
are aligned parallel to the source, images of the HED, in the
same geometry, would be antiparallel (Fig. 2). Therefore, M Fﬂb
bears a minus sign in (5). The orientation factor in this case is
proportional to cos? @, in consistency with the 7/2 orientation
shift with respect to the VED.

It is worth noting that the image relations discussed in the
previous paragraph may offer a path to directly relate also
the TM-polarized 2D results to experimental measurements of
arbitrarily oriented dipoles (i.e., modelled by a combination
of HEDs and VEDs). As was noted by Flammich et al. [12],
the antisymmetry in image alignment of the HEDs and VEDs
indicates that when placed in front of a highly reflecting metal-
lic surface, e.g. the cathode in OLEDs, distances which induce
constructive interference for the one specie yield destructive
interference for the other. This allows, in principle, to design
configurations which promote the radiation of only one of the
species, based on the location of the sources. This, in turn,
would yield TM-polarized radiation dominated by either HED
or VED, which can be consequently interpreted in terms of
the 2D model, requiring only the consideration of the suitable
orientation factor and reflection coefficient.

IV. CONCLUSION

We have presented a comparison between the radiation
patterns produced by 2D electric and magnetic line sources,

acting as simplified model sources, and electric 3D point
dipoles, representing realistic elementary optical sources, em-
bedded in stratified media. Utilizing a TE/TM decomposition
of the horizontal dipole, we were able to show that assuming
random in-plane orientation of the incoherent dipoles, the
normalized radiation patterns of the 2D electric line source
are identical to the TE-polarized emission expected to be mea-
sured for the optical sources. For the TM-polarized radiation
of the realistic 3D scenario, we have shown that it can be
interpreted as originating from a 2D magnetic line source only
for the vertical dipole, while for the horizontal dipole, the
difference in image orientation should be taken into account. In
both cases (vertical and horizontal TM-polarized emission) an
orientation factor proportional to the intrinsic radiation pattern
of the dipole must be considered.

These results offer an original insight to the contributions
of the various realistic 3D sources to the overall radiation,
by interpreting them as a combination of modified 2D line
sources, generating either pure TE- or pure TM- polarized
emission. Furthermore, the exact relations we have derived
herein, presenting a unified analytical format for all radiation
patterns, indicate in which cases the 2D model is capable of
reproducing experimental measurements of physical 3D con-
figurations, and list the necessary modifications, thus enabling
a simplified analytical approach to layered media problems.
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