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Abstract—Exact absorbing boundary conditions (EACs) for 

highly-accurate modeling of transient electromagnetic waves 
interaction on 3-D diffraction gratings are rigorously derived. 
EACs when enforced together with periodic boundary conditions 
permit the truncation of the infinite physical domain of the 
gratings to a bounded computation domain without introducing 
any additional errors. Numerical results demonstrate that 
discretization error of the EACs matches the error of the method 
used of discretizing the Maxwell equations, and therefore suggest 
that EAC-based truncation might result in more accurate or 
efficient simulations when compared to PML-based truncation. 

I. INTRODUCTION 
Increasing geometrical complexity of modern electronic 

and optical devices has rendered simulation tools, which are 
capable of accurately computing electromagnetic interactions 
on three-dimensional (3-D) geometric models, indispensible. 
Simulation tools specifically developed for diffraction 
gratings are no different. Classical mathematical models of 
diffraction gratings, which have been developed within the 
last forty years, are mostly two-dimensional (2-D) models and 
do not account for field variations in all three dimensions [1], 
[2]. Additionally, time domain models/simulation tools are 
often preferred over their frequency-domain counterparts. 
This is mostly motivated by the fact that time domain 
simulators allow for real-time observation of physical 
phenomena, can account for nonlinear medium components or 
medium parameters, and provide broadband results with a 
single code execution. As a result, 3-D differential equation 
based time domain methods, including finite difference time 
domain (FDTD) method and finite element methods (FEM) 
have become popular in simulation of transient 
electromagnetic interactions on diffraction gratings. 

It is well known that application of a differential equation 
based method in a problem with an unbounded physical 
domain requires the domain to be truncated. The most 
widespread truncation method is to wrap the domain of 
interest with layers of specially designed absorbing/lossy 
material, so called perfectly matched layers (PMLs) [3], [4]. 
Although PML truncation is easy to formulate/implement and 
error-controllable up to certain degree, it might induce non-

negligible errors in the solution especially during the 
simulation of long-duration processes [5].  

In this work, derivation of a set of exact absorbing 
boundary conditions (EACs) for accurately truncating 
unbounded physical domains is provided. The presented 
EACs rigorously derived from the radiation conditions for 
outgoing waves [2], [5]–[8]. These EACs, when enforced 
together with periodic boundary conditions, permit highly 
accurate characterization of transient electromagnetic 
interactions on 3-D diffraction gratings. The EACs are 
implemented within a higher order time domain discontinuous 
Galerkin finite element (TD-DG-FEM) framework [4], [5], [9]. 

Numerical results demonstrate that discretization error of 
the EACs matches the error of TD-DG-FEM for various 
orders of interpolation functions used in the discretization, and 
therefore suggest that EAC-based truncation might result in 
more accurate or efficient simulations when compared to 
PML-based truncation. 

II. PROBLEM FORMULATION 
Let Ω  represent domain of the unit cell of the 3-D 

diffraction grating. Ω  is assumed to extend to infinity along 
the z  direction while it is terminated at xx l=  and yy l=  
(Fig.1). The (unbounded) domain of the diffraction grating is 
generated by replicating Ω  with periods xl  and yl  in x  and 
y  directions, respectively. The grating profile is determined 

by material parameters, namely, relative permittivity ( )rε  
and relative permeability ( )rμ , 3( , , )x y z= ∈r . As 
expected, the same assumption of periodicity applies to ( )rε  
and ( )rμ :  

 
( , , ) ( , , )

( , , ) ( , , )
x y

x y

x l y l z x y z

x l y l z x y z

+ + =

+ + =

ε ε
μ μ

 (1) 

For simplicity of description of the formulation, it is assumed 
that the grating is excited by a normally incident plane wave. 
Under this assumption, time-dependent electric and magnetic 
fields, ( , )tE r  and ( , )tH r , posses the same periodic 
properties as ( )rε  and ( )rμ : 
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In this work, it is assumed that ( , )tE r  and ( , )tH r  are 
governed by the unit-free normalized Maxwell equations [4], 
[5], [9]. To find the fields ( , )tE r  and ( , )tH r  on the grating 
numerically, the unbounded physical domain should be 
truncated to a bounded computation domain. Truncations in x  
and y  directions and z  direction are achieved by imposing 
the periodic boundary conditions (2) on the side walls of Ω  
and EACs on the virtual boundaries AL  and BL , respectively 
(Fig. 1). This operation reduces the physical domain 3 to the 
computation domain denoted by LΩ (Fig.1). Note this 
truncation is mathematically rigorous and does not involve 
any approximations as detailed in the next section. 

III. EXACT ABSORBING BOUNDARY CONDITIONS 
The derivation of EACs enforced on the virtual boundaries 

AL  and BL  follows the standard mathematical steps 
described in [2], [6]–[8]. Since the derivation of EAC on BL  
is same as that on AL , only the derivation of the EAC on AL  
is provided in what follows. In the homogeneous external 
region A  (Fig. 1), fields ( , )tE r  and ( , )tH r satisfy the 
homogeneous wave equation: 

 
2 2 2 2

0

( ) ( ) ( ) ( ), , , , , 0

,( ) ( ) 00 , .t t

t x y zt t t t t

t
=

∂ = ∂ + ∂

=

+ >

= ∂

∂U r U r U r U r

U r U r
 (3)  

Here, A∈r A L∪ , ( , ) { ( , ), ( , )}t t t∈U r E r H r . Solution of (3),
,( )tU r , is expanded in terms of modes using the separation of 

variables: 

 , ( , ) ( ,( .) )nm nmn m
t z t x y∞ ∞

=−∞ =−∞
=∑ ∑U r u ψ    (4) 

Here, ( , )nm z tu  are unknown spatio-temporal amplitudes; 
( , )n m x yψ  are transverse eigenfunctions. Orthogonality of the 

eigenfunctions yields a relation between ( , )nm z tu  and ,( )tU r : 

 
0 0

( , ) , () , .( )x yl l

nm nmz t t x y dxdy= ∫ ∫u U r ψ   (5) 

The transverse eigenfunctions ( , )n m x yψ and the 
corresponding eigenvalues nmλ  are non-trivial solutions of the 
homogeneous problem 
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The problem (6) can be easily solved: 

 

2 2 2

1/2

1/2

1/2

1/2

2 ,  2 , ;

0, 0 : ( , ) ( ) cos( ) cos( ),

0, 0 : ( , ) ( ) cos( )sin( ),

0, 0 : ( , ) ( ) sin( )cos( ),

0, 0 : ( , ) ( ) sin( )

n x m y nm n m

nm x y n m

nm x y n m

nm x y n m

nm x y n

n l m l

n m x y l l x y

n m x y l l x y

n m x y l l x y

n m x y l l x

−

−

−

−

= = = +

≥ ≥ =

≥ < =

< ≥ =

< < =

α π β π λ α β

ψ α β

ψ α β

ψ α β

ψ α sin( ),

0 ,  0 .
m

x y

y

x l y l≤ < ≤ <

β

  

The amplitudes ( , )nm z tu  are solutions of the initial value 
problem 

   A
2

0
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Initial value problem (7) can be solved analytically in the 
spectral domain. Applying cosine Fourier transform with 
respect to z to (7) yields:  
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Here, ( , )nm tu ω  is the cosine Fourier transform of ( , )nm z tu . 
Equation (8) describes a generalized Cauchy problem for 

( , )nm tu ω  [6]–[8]. The fundamental solution of the operator in 
left-hand side of (8) is given by ( ) ( ) ( )F t t G t= χ ,where 

2 2 1/2 2 2 1/2( ) ( ) sin[ ( ) ]nm nmG t t−= + +λ ω λ ω and ( )tχ  is the 
Heaviside step function [6]–[8]. Then, the solution of (8) is 
obtained by convolving ( )F t  with its right-hand side:  

A

1/ 2

0
, ( ) , , ( 0.) (2 ) ( )

t

nm z nm z l
t tzG t d

=
= − − ∂ ≥∫u uω τπ τ τ  (9) 

Applying the inverse cosine Fourier transform to (9) and 
evaluating the resulting expression at Az l=  yields: 

 [ ]
A

A 00
( ), ( ) ( , ) .

t

nm nm z nm z l
t J t z dl

=
= − − ∂∫u uτ λ τ τ    (10) 

where 0 (.)J  is the zeroth order Bessel function. 
Differentiating (10) with respect to t, taking the Laplace 
transform of the resulting equation followed by several 
rearrangements in the Laplace domain, and finally applying 
the inverse Laplace transform, one can obtain [6], [8]:  
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Fig. 1. Unit cell, Ω, of 3-D diffraction grating 
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where 1( ) ( )nmK t J t t= − λ and 1(.)J  is the first order Bessel 
function. Using (4) and (5) in (11), yields a relation between 

,( )tU r  and its spatial and temporal derivatives evaluated on 
the virtual boundary AL :  

    A
A

A0 0 0
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τ ψ τ
   (12) 

Here, A A( , , )x y l=r  and A A( , , )x y l=r  are points on the 
virtual boundary AL ; 0 xx l≤ < , 0 yy l≤ < , and 0t ≥ . 
Following the same mathematical steps, one can obtain the 
EAC enforced for ,( )tU r  on the virtual boundary BL : 
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Here, B B( , , )x y l=r  and B B( , , )x y l=r  are points on the 
virtual boundary BL ; 0 xx l≤ <  , 0 yy l≤ < , and 0t ≥ .  

Equations (12) and (13) establish the relations between the 
electromagnetic fields ( , )tE r  and ( , )tH r  and their temporal 
and spatial derivatives evaluated on the virtual boundaries AL  
and BL  . Thus, they can be used as EACs: ( , )tE r  and 

( , )tH r , which originate in LΩ  and arrive onto AL  and BL  
are neither deformed nor reflected back into LΩ ; they act as if 
they are being absorbed by the regions A  and B  (or by the 
virtual boundaries AL  and BL ). If EACs are discretized using 
a scheme that has the same accuracy of the method used for 
discretizing Maxwell equations in LΩ , they do not introduce 
any additional errors into numerical solution. It should be 
noted here that the EACs (12) and (13) are more suitable to be 
discretized within TD-DG-FEM [5]. Through mathematical 
manipulation [6]-[8], this form of the EACs can be converted 
into a form that can be easily discretized by FDTD [7].  

IV. NUMERICAL RESULTS 
The EACs derived in Section III are implemented in a high-

order TD-DG-FEM [4], [5], [9]. The accuracy of the EAC 
implementation is demonstrated by numerical simulation of a 
reflective grating that is excited by a normally incident plane 
wave. The error of EAC domain truncation is compared with 
the errors of the PML [4] and the first-order ABC [5] 
truncations implemented within the same TD-DG-FEM. 

The grating profile of the unit cell is a perfect electrically 
conducting (PEC) truncated pyramid centered on a plane 
substrate (Fig 2). The lengths of pyramid’s edges at the 
bottom and the top bases, and its height are a = 0.42 and 
b = 0.28, and  h = 0.5, respectively. The grating’s period in x 
and y directions is the same: lx = ly = 0.5. The computation 
domain in the case of EAC truncation is 

[0 ; 0.5] [0 ; 0.5] [0 ; 2]LΩ = × ×  and the virtual boundary AL  
with EAC (12) is located at A 2l = . LΩ is discretized using a 
tetrahedral mesh with an average element size of 0.1. This 

discretization results in 3357 elements. The number of 
harmonics used in expansion (4) is 5: , 0,  1,  2n m = ± ± . The 
first-order ABC truncation is applied in the same computation 
domain used by the EAC truncation, i.e., it is enforced at 

A 2z l= = . PML truncation is located beyond 2z = ; two 
PML truncations with thickness 0.25 and 0.5 are tested. 

The excitation is introduced using total field/scattered field 
(TF/SF) technique [4], [5]. The TF/SF boundary is located at 
z = 1.5, the non-zero components of incident plane wave are  

2 2
0( ) 4in in

0( , , 1.5, ) ( , , 1.5, ) cos( ( ))t t
x yH x y t E x y t e t t− −− = − = −α κ , 

where t0 = 1.5 is the delay, 0.18=α  is the measure of 
duration, and 15=κ  is the modulation frequency. The total 
duration of simulation is 7.5, which is long enough to allow 
the incident wave to be reflected by the grating and then pass 
through the virtual boundary with absorbing condition. 

As a measure of accuracy the global relative L2-error is 
used: 

2 2

rel ( ) ( , ) ( , ) ( , )
err err

ref ref
y y yerr t E t E t d E t d

Ω Ω
= −∫ ∫r r r r r . 

Here, errΩ  coincides with the EAC-truncated computation 
domain LΩ  and ( , )ref

yE tr  and ( , )yE tr  are obtained by the 
TD-DG-FEM using PEC boundary condition and EAC, ABC, 
or PML truncations, respectively. During the computation of 

( , )ref
yE tr  the PEC boundary condition is enforced at 6z = , 

i.e, the reference computation domain 
[0 ; 0.5] [0 ; 0.5] [0 ; 6]refΩ = × × . Note that refΩ  is large 

enough to prevent reflections coming back into the domain of 
interest errΩ within the duration of simulation. This definition 
of accuracy takes into account only the error caused by the 
domain truncation and is independent of the error of the 
method used for discretizing the Maxwell equations.  

Fig. 3 plots errors computed at the end of the simulations, 
rel (7.5)err , against the order of interpolation polynomials, p, 

used in the TD-DG-FEM discretization as well as the 
discretization of the EAC and the ABC. It is clearly seen that 
error of the EAC truncation decreases with the growing 
polynomial order, while the errors of the ABC and the PML 
truncations remain virtually the same for any polynomial 
order. This clearly indicates that the accuracy of the EAC 
truncation naturally matches the overall accuracy of numerical 
method (set by the polynomial order, p). The overall accuracy 
of simulations with the ABC or PML truncations is limited by 
the accuracy of truncating equation and increasing the 
polynomial order does not result in more accurate results. 

x
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a 
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b b

Fig. 2. Geometry of the pyramidal grating.
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V. CONCLUSION 
The paper details the mathematical derivation of EACs that 

are used together with periodic boundary conditions to 
truncate the physical domains in time domain simulations of 
3-D diffraction gratings. It is demonstrated that EACs, when 
properly discretized, does not introduce any additional errors 
to the solution and are superior to more widespread domain 
truncation techniques making use of PML and ABCs in terms 
of accuracy especially when a higher order scheme is used to 
discretize the Maxwell equations. 
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