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Abstract— Coupled electromagnetic TE-TM wave propagation
in a nonlinear dielectric layer filled with lossless, nonmagnetic,
and isotropic medium is considered. The layer is located between
two half-spaces with constant permittivities. The permittivity in
the layer is described by Kerr law. The problem is reduced to
the nonlinear two-parameter eigenvalue problem. We look for
coupled eigenvalues of the problem and reduce the question to the
analysis of the corresponding system of two dispersion equations.
It is shown that the new waveguide regime for coupled TE and
TM wave exists in a layer with Kerr nonlinearity.

I. INTRODUCTION

Problems of electromagnetic wave propagation in nonlinear
waveguide structures are intensively investigated during sev-
eral decades. Propagation of electromagnetic waves in a layer
and a circle cylindrical waveguide are among such problems.

Here we consider simultaneous electromagnetic TE-TM
wave propagation in a layer with Kerr nonlinearity. It is well
known that in a linear case two types of waves (TE and
TM) propagate independently and do not affect each other.
It turns out that in a layer with Kerr nonlinearity the situation
is different. TE and TM waves can propagate in the layer
with Kerr nonlinearity each with its own propagation constant
(ve and ~yjs respectively) and affect each other. However this
nonlinear interaction between TE and TM waves does not
destroy the waves and they continue to propagate. It should be
noticed that this electromagnetic problem can be formulated
as a nonlinear two-parameter eigenvalue problem. It is known
that coupled TE-TM wave propagation in a Kerr layer can be
considered (see [1] where physical treatment of the problem
is given). However in [1] there are neither strict mathematical
statement of the problem no strict mathematical results about
coupled TE-TM wave existence.

There are a lot of studies where problems of propagation TE
and TM waves in nonlinear layers are investigated separately.
For TE waves and Kerr nonlinearity see, for example, [3], [4],
[6]; general method for TE waves and arbitrary nonlinearity
see in [6]; for TM waves and Kerr nonlinearity see, for
example [6]; general method for TM waves and arbitrary
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nonlinearity see in [6], [8]. It has been shown that there are
new eigenmodes in each of TE [6], [7] and TM [6], [5] cases
and Kerr nonlinearity.

II. STATEMENT OF THE PROBLEM

Let us consider electromagnetic waves propagating through
a nonlinear homogeneous isotropic nonmagnetic dielectric
layer. The permittivity inside the layer is described by Kerr
law. The layer is located between two half-spaces: x < —h
and x > h in Cartesian coordinate system Oxyz. The half-
spaces are filled with isotropic nonmagnetic media without
any sources and characterized by permittivities €; > o and
€3 > €, respectively, where ¢ is the permittivity of free
space. Everywhere below p = pg is the permeability of free
space.

The electromagnetic field depends on time harmonically [2]

E(z,y,2,t) = B4 (z,y, 2) coswt + E_(z,y, 2) sinwt,

H(z,y,z,t) =Hi(z,y,2)coswt + H_(z,y, ) sinwt,

where w is the circular frequency; E,, E_, H,, H_ are real
functions.

Form complex amplitudes of the electromagnetic field [2]:

E=E,+/E_, H=H,+:H_,

where E = (E,,E,,E.,)T, H = (H;,H,,H,)"; ( - )T
denotes the operation of transposition; and each component
of the field is a function of three spatial variables.

Complex amplitudes E, H satisfy Maxwell’s equations

{ rot H = —iweE )

rot E = jwuH,

the continuity condition for the tangential field components
on the media interfaces * = —h, * = h and the radiation
condition at infinity: the electromagnetic field exponentially
decays as |z| — oo in the domains x < —h, > h.
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The permittivity has the form

€3, x>h
e=Se+alE?, -h<ax<h
€1, r < 7h,

where €1, €2, €3, and « are arbitrary real constants.

Solutions to Maxwell’s equations are sought for in the entire
space.

Let us give short background about purely TE and T™M
waves.

Complex amplitudes E, H can be written in the following
form

E = (0,E,07T + (E.;,0,E)T
H = (H,0,H) + (0,H,07" .
e N————
TE waves TM waves

Let us consider TE and TM waves separately.

For TE waves propagating in the structure (Fig. 1) we have
E=(0,E,,07, H=(H,,0,H,)", where E, = E,(z,y, 2),
H,=H,(z,y,2), H, = H.(z,y, 2).

In this case it can be proved that the components E,, H,,
H, do not depend on y. In addition, waves propagating along
the boundaries z depend harmonically on z. So we obtain that
the components have the form

Ey = Ey(l‘)eiV}EZ7 H, = Hm(m)ei’YEz, H, = Hz(m)ei'yEz,

where v is the spectral parameter of the problem (propagation
constant).

The same conclusion can be made for TM case. Indeed
for TM waves propagating in the structure (Fig. 1) we have
E=(E,,0,E,)",H=(0,H,,0)T, where E, = E,(x,y, 2),
E.=E.(x,y,2), H = Hy(z,y,2).

In this case it can be proved that the components E,, E,,
H,, do not depend on y. In addition, waves propagating along
the boundaries z depend harmonically on z. So we obtain that
the components have the form

E, =E,(z)e"* E, =E,(z)e"™* H, =H,(z)e"™?,

where ) is the spectral parameter of the problem (propaga-
tion constant).

It is supposed that Im yg = 0 and Im 5, = 0. This implies
that |E| does not depend on z.

For each problem we look for surface waves propagating
along boundaries of the layer. From mathematical standpoint
the problem is to determine values of the propagation con-
stant, which correspond to the surface waves (until now we
considered TE and TM cases separately).

Keeping all the conclusions for the TE and TM cases
we consider simultaneous TE-TM wave propagation in the
nonlinear layer. There is no coupled regime if the permittivity
in the layer is a constant. However the nonlinear permittivity
leads to couple both types of waves.

Taking into account what we obtained for TE and TM cases
consider electromagnetic field

E=(E, E,E.)", H=(H, H,,H.)", (2

T VE YM
1 [
L o
TE 1 11 T™ 1 11
€3 L [
h Vv Vv
€
0 z
€1 —h

Fig. 1. Geometry of the problem

where
E, = E,(2)e"* E, =E,(v)e"** E, =E,(x)e"*
H, =H,(x)e"** H, = H,(z)e"™* H, =H,(r)e"=.
(3)

It should be noticed that we consider vg # . Indeed,
if we substitute fields (2) into Maxwell’s equations (1) we
can split the system into two subsystems and each subsystem
depends only on yg or 7y, respectively.

Thereby the problem is to determine coupled propagation
constants (yg,var) and corresponding functions, which de-
scribe electromagnetic field (2) in the waveguide shown in
Fig. 1. It is supposed that fields (2) satisfy Maxwell’s equations
(1), transmission conditions at the interfaces + = —h and
x = h, and the radiation condition at infinity. The components
of fields (2) have form (3).

II1. DIFFERENTIAL EQUATIONS OF THE PROBLEM
Denote by (- )’ = d/0x. Substituting fields (2) into system
(1) we obtain

(iwp) = (73 Br — ymrEL) = weE,
(iwu)*i(ﬂ%Ey + Ey) = iweE, ©)

(iwp) " (iymEL — EY) = —iweE,.
Normalizing system (4) according to the formulae = = kqx,

d _ d ~ _ 2 5. — 2 so— 8 5 =
4z = Fogz. VB = 35, M = 5. & = o), &= ), where

k% = w?ep we obtain
’?Mk/’g(’?M(’LEz) - E;) = wQ/LEO{::(’L'EI)
YakiE, — k%Ez;’ = w?peoéE, )
AmkE(iEL) — k3B = w?peoéE,.
Introduce the notation F, = X, E, =Y, E, = Z and
omitting the tilde we obtain

Tm(ymX = Z') =eX
V&Y —Y" =¢eY (6)
X' — 2" =eZ,

where
€1, x < —h
e=S¢e+a(X?+Y2+27?%), —h<z<h
£3, x > h.
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System (6) is the basic system, which we study.

Introduce the notation k%, = 7%
ki =3 — €1 ki =73 — e

System (6) for the half-spaces * < —h and =z > h is
linear. Its solutions have the form (according to the condition
at infinity)

2 2
—¢1, kgs = v — €3,

for x < —h:
X(x) = Cf‘h)e(mh)km
Y(z) = C(*h)e(m-i-h)kEl o
Z(x) = 73} kan O etk
for z > h:
X(z) = CMe—(@=hkars
Y(z) = C(h) —(z—h)kgs ®

Z(w) = = ks O e (@b,
where Cf_h), 02(—}1)’ C{h), and C’éh) are constants of integra-
tion (for further details see the next section).

Inside the layer —h < x < h system (6) takes the form

(X —Z') = (g2 + a(X?2+ Y2 + Z?))X,
V2Y —Y" = (e2 + (X2 + Y2 + Z?))Y, 9)
X' = Z" = (e2 +a(X?+Y? + Z?))Z.

IV. TRANSMISSION CONDITIONS AND
MATHEMATICAL FORMULATION OF THE PROBLEM

Tangential components of electromagnetic field are known
to be continuous at the interfaces. In the case tangential
components are F,, E,, H,, and H.. It is easy to see
from system (9) that continuity of H, implies continuity of

7' — ym X at the interfaces. It follows from above that the

transmission conditions for the functions X, Y, Y’, Z have
the form
2" =y X,y =0, [Z" —ymX]|,—), =0,
Y]l,—_, =0, Y,—p, =0,
z = (10)
[Y']|,—_y =0, Y',p =0,
[Z]|=—p, =0, (Z]|,= =0,
where [f]|$:% - z—1>1zl?—0 f(z) = z—lg)lJrof(x)'

It should be noticed that the constants C’fh), Cz(h) are
supposed to be known (initial conditions). In this way we
have 8 unknowns quantities: 2 constants Cf_h), C’é_h) in the
half-space « < —h; 4 constants inside the layer (constants
of integration of system (9)) and 2 propagation constants vg,
~n - Transmission conditions (10) contain 8 equations also.

Definition 1: The pair (yg,var) is called coupled eigenval-
ues if nontrivial functions X, Y, 7 exist that are described by
formulae (7), (8) in the half-spaces h < —h and = > h, re-
spectively; inside the layer they are solutions to equations (6);
they also satisfy transmission conditions (10). The functions
X,Y, Z are called eigenfunctions.

The main problem (problem P) is to prove existence of
coupled eigenvalues.

Denote boundary values of the functions X,Y,Y’, Z inside
the layer by

X_n :ZX(—h—‘rO), Xn _X(h—O)
Y_p = Y(—h +0), Y,:= Y(h - 0),
Y, = Y'(—h+0), Y] :=Y'(h—0)
Zop=Z(~h+0), Zy:=Z(h—0).

For the boundary values of the functions X, Y, Y’, Z in
the half-spaces © < —h, x > h we obtain

X(=h—-0)=c" X(h+0)=c™,
Y(=h— 0)=c< h) Y(h+0) =M,

Y'(—h —0) = kmc( ) Y'(h+0) = —kgsCS",
Z(—h—-0)= k/’MlC Z(h+0) = —7;41/</’Mscfh)

From the transmission conditions and the latter formulae we
obtain

Yo=CM, Y, =kmCS, 2oy = yitkan M,

Y = O3, Y, = —kpsCY,  Zy = —71741/%1305(}11)1)

V. DISPERSION EQUATIONS

It can be proved that the DEs can be written in the form

W, (n _ Qe(h,yE, M) 12
Cy " ge(h,vE) T inokeh (12)
() L _ Qu(h,ym,ve) 13
Cy kngn (b, ) a—siDQkJMh ) (13)
where
ge(h,ve) =

= (kQE — kElkEg) sin 2]{3Eh — kE (qu + kEg) COS QkEh,

gm(hyvar) =
= (e1e3k3;
— eakns (e1kars + eskarr) cos 2karh,

— Egk]\/jlk]\/jg) sin 2]61\/[}17

and

QE(hvnyv’yIW) =

h
= (kg1 cos2kgh — kg sin 2kgh) / fy(x)coskg(x + h)dz—
Zh
h
— kg1 /fy(x) cos kg (x — h)dz,
“h
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Qri(h, vy, VE) =

= fx(h —0)sin 2/<;Mh51kM sin 2karh — g2k cos 2kah

(=273)7"
+ kM’)/]u(ElkM sin2kprh — e9kprq cOS 2I<:Mh)><

h
/ [sinkps(z + h) _ cosku(z +h)
“h

-1 fz(z) — fx(z)_ dz—

Y ]

X
L 1

— 2’)/]%[52]61\/[1‘]0)((*}1 + 0) sin 2]{51\/[}1 + EQ]C]\/H]CI\/[’}/M X

/h Fsinkag(z — h)

_ cos ka(z —h)

fx (30)-

X—h - kJTj f2(x) 71?11 - o
where
fx(x) = (X2(x) + Y?(2) + Z°%(2)) X (2),
fy(@) = (X*(2) + Y3 (2) + Z2%(2))Y (2),
fz(x) = (X3 (2) + Y(2) + Z%(2)) Z (2).

If we chose o = 0 we obtain equations gg(h,vg) = 0 and
gnm (hyyar) = 0 for linear TE and TM cases respectively.

Then the following theorem can be proved [9], [10].

Theorem 1: Let a pair (g, ) be a solution of equations
ge(h,vg) = 0 and gpr(h,yar) = 0. It is possible to choose
sufficiently small « such that in the vicinity of (Yg,7a) a
pair (Yg, %) exists and this pair is a solution of problem P.

Estimation for the value « is given in [9], [10].

Let us explain briefly in what way formulae (12), (13) were
obtained. System (9) can be rewritten as

X =k (wWZ +a(X2+Y2+2%)X),
V" + kLY = —afi,
7"+ k3, Z = —afs.

(14)

We are going to invert linear parts of the second2 and the
third equations in (14). Let Ly = L5 + k%, Ly = <L, + k2,
We construct Green’s functions for the boundary problems

LGy =—6(x—s),
azG1|$:_h =0,
azG1|$:h = 0;

LGy = =6 (z —s),
Gal,__, =0,
Gal|,_, =0.

and

It can be proved that the Green functions have the forms

__coskg(z+h)coskgr(s—h)

. r<s<h
_ kg sin2kgh ’ —
G1 (:L', 5) = coskE(zE—b}ILI)lcosEkE(s-ﬁ-h) < <h: (15)
- kg sin2kph PSS TS
sin kas (z+h) sin kpr (s—h)
Go(2,8) =3 gypo ism2kuh yT<sZh (16)
__sin M (x—h)sinka (s+ ), S<:Z?§h.

k]\/[ sin ijy[h

Then we can rewrite system (14) as a system of integral
equations (nonlinear). Then we rewrite it as an operator
equation. For this operator equation we can prove that it
has unique solution for sufficiently small «. This solution is
continuous w.r.t. both vg and ;. Then using conditions (10)
we obtain DEs (12), (13).

VI. CONCLUSION

Results of the propagation of linear/nonlinear purely TE or
TM waves in a layer are well known. For linear waves in the
layer it is known that any electromagnetic guided wave can
be represent as a superposition of TE and TM waves. It is
also well known that in the linear case there is no interaction
between TE and TM waves in the layer. As we know [1], [6]
nonlinear purely TE or TM waves propagate in a layer with
Kerr nonlinearity. However in this case there is senseless to
consider a superposition of nonlinear waves (solutions to the
Maxwell equations) in order to represent other nonlinear wave
(other solution to the Maxwell equations).

After all, it is possible to look for new solutions to the
Maxwell equations and new propagation regimes in nonlinear
media. One of such regimes is coupled TE-TM wave propaga-
tion [1]. It should be noticed that coupled TE-TM waves exist
in nonlinear media only. In this work we prove that coupled
TE-TM wave exists in a layer with Kerr nonlinearity.
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