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Abstract—A set consisting of subsets of sequences is called as
a complementary sequence sets, if the sum of autocorrelation
functions of the sequences in a subset is zero except for the
zero-shift, and the sum of the cross-correlation functions of the
corresponding sequences in these two subsets is zero everywhere.
This paper formulates and investigates the logic functions of the
generalized polyphase complementary sequence sets of /N subsets
of N sequences of length N including biphase and quadriphase
ones, which have been proposed by Suehiro.

I. INTRODUCTION

Complementary sequences are a pair of bi-phase sequences
having an ideal impulse property in which the sum of a
periodic autofunctions of two two-phase sequences is zero
except for the zero-phase shift [1]. Many have been discussed,
such as their extensions and related sequences, codes [2]-
[4], and logic functions generating them [5]-[7]. Furthermore
complementary sets of sequences has been discussed [8]- [9],
such that the sum of autocorrelation functions of the sequences
in a subset is zero except for the zero-shift. and the sum of the
cross-correlation functions of the corresponding sequences in
these two subsets is zero any shift. Teng and Liu have shown
the construction method of complementary sets of bi-phase se-
quences, and Suehiro has given that for complementary sets of
K = N subsets (or maites) of M = N polyphase sequences of
length L = N' expressed as CS(L = N\, K = N,M = K).
They will be applied for radar and synchronization sequences,
spreading sequences for CDMA, digital watermarks, and so
on [10].

In this paper, the complementary sets of polyphase se-
quences proposed by Suehiro are discussed, and their logic
functions mapping integers to integer rings are derived. In
section 2, the basic matters required in this paper such as
vectors and the Hadamard matrix are explained, and com-
plementary sets are defined. In section 3, first the Suehiro’s
construction method of the complementary sets are outlined,
and it is represented by matrices. Next their logic functions
are derived and extended to the complementary sets of g-phase
sequences with N = ¢". In section 4, as an example, several
complementary sets are discussed.

II. DEFINITIONS

First, a vector over finite ring and an unitary matrix of
elements with unit magunitude called a complex Hadamard
matrix are introduced. Next a complementary sequence set is
defined.
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A. A compelex Hadamard matrix

Let Z, be the ring of integers modulo ¢. Let = be a vector
of order n on Z, written as

x = (20,21, -+ ,Tn-1) €V, (1)

which is a coefficient vector of integer (0 < z < ¢" — 1),
denoted by

r=20¢" +21¢" + -+ Tpo1g" )

The complex Sylvester-type Hadamard matrix of order N =
™ is given as

H = [hy zlo<zy<n = [wg"'y}m,yevq" 3
satsfying
HH*=H"H = NE, 4)

where x - y denotes the inner product of vectors x and y,
wy = exp(j2n/q), and E the unit matrix of order N,where
j =+/—1.If ¢ and y are integer = and y, and N = ¢, Eq. (6)
denotes the well-known Fourier transform matrix . In general,
a complex Hadamard matrix is corresponding to a unitary
matrix and even if each row or each column is replaced, it
is also one.

Let a be polyphase sequences of length N = ¢™ written as

— fa ()
a = (CLO,CLl, Qg 7aN—1)aaaL = Wq (5)
b= (bo,br, by, v bNo1),bz €C
where f,(-) is an adequate generating (logic) function. The

Hadamard transform is defined by

Z azwy”, 6)

where 0 < v < N. Note that in the case of N = ¢, the
above equation denotes the well-known Fourier transform. The
Hadamard transform is expressed by

1
b \/]VH a, @)
where b and b mean vertical vectors in the sequence of Eq.
(5). If |by| =1 for all v, f,(-) is called a bent function, or a
is collectively called bent.
In the future, to discuss the property of bent, a complex
Hadamard matrix based on the Sylvester-type Hadamard ma-
trix will be used here.
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B. Complementary sets

Let A be a set of K subsets A* of M complex sequences
ay with length L defined as

— 0 K-1
A - {Aa"'7AZ7 7A }a
A = {aa...,a;’...)a?wil}’ (8)
z — z z z
a’y - (ay,O"“ ’ay,am"' 7ay,L—1)a
where ag , denotes an complex element with the unit mag-

nitude, e.g., |a
between a® and a”

1. The aperiodic correlation function
is defined by

yr'

Caz7az’(7') =
L—1—7
Z az’x(a;@“"")* (0 <7< L— 1))
=0
N ©)
Ay or(aye)” (1-L<7<0),
=0
! (Ir| > N),

where * denotes complex conjugate or complex conjugate
transpose of a matrix described later. The periodic correlation
function can be defined by

L-1

!
z z *
§ ay,x(ay,z-i-T mod L)

=0
= Caz,az’ (T) + Caz.,az/ (T - L) (10)

Raz a”® = (T) =
,y/

Consider the aperiodic correlation function between the
subsets of A% and A* defined by

(2,2, 7) Z (1)

If the set A possesses the correlation properties
ML (r=0,z=2),
Ca(z,2',7) = 0 (r1=0,2#2"), (12)
0 (r#0),
it is called a complementary sequence set which is expressed
by CS(L, K, M).
Note that a set of binary sequence pairs, A' and A2, is well
known as a perfect binary complementary pairs.

III. CONSTRUCTION OF COMPLEMENTARY SETS

In this section the construction method of generalized com-
plementary sequence sets CS(L = N, K = N,M = N)
presented by Suehiro [9] are outlined, and their logic functions
mapping from V" to Z; or R, are formulated.

A. Suehiro’s construction method
Let B be a complex Hadamard matrix of order NV as
B = [byz)o<y,z<n = HG, (13)

where H is the Sylvester-type Hadamard matrix of order NV
of (3), and G is a diagonal matrix whose diagonal elements
are absolute values.
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Let b be a sequence of length N2 given by arranging each
row of the matrix B in order, written as

8 = (b07' : b.L7"' 76N2—1)a } (14)

bi = b$1N+fE0 = bzl,xo

where 2 = 21N + 29 (0< 3 < N2,0< 20,21 < N). It is
called an N-shift orthogonal sequence, because the aperiodic
autocorrelation takes zero at N times shift, i.e, Rl;j)(kN )=0
for 1 <k < N.

Let C' be a complex Hadamard matrix of order N written
as

C= [Cyr]Ogy,z<N~ (15)

A set D of N mates of order IV, whose aperiodic crosscorrela-
tion function takes zero for any N times shifts, is represented
as an N x N2 matrix.

D = [dy$]0§y<N,0§£<Z\[27
dyf = dy»fﬂlN+900 = Cy11b$1N+fbov (16)
= cyl’lbl’ll’o‘

Similarly, let £ be a complex Hadamard matrix of order N
written as

E = [eym}ogy,m<Na a7

Then, a complementary sets C'S(L = N>, K = N,M = N)
can be expressed as

F - {Foa"'ana"'aFNilh

F* = {}T'OZ7 ’Fyz’... ’Fﬁf—l}a 18
Fz — ( z z fz z ) ( )
vy y,00 Jy, 1 v y& »Jy,N2-1/

yz,i = f;,I1N+I0 :ezwodyi-

Next, an N-shift orthogonal sequence in which the sequence
length is expanded by NV times is given as

z z z
( gy,O? gy,l? ) gy,N—l
z z 4
z _ 9y nN» 9y, N+1> s 9yanN-—1
Gz = W yN+ vAN-L (19)
© DY 5 g/L‘/ 7. ..
z z z
gy,N3—N’ gy,N3—N+1’ ) gy7N3_1)7
and
z _ z _
yar = fy,sz-i—wl - 827w1d$0,I2N+I1 (20)

by interleaving in order from the head element of F§ to Fi5;_;
for all z, where &' = &N +xg = 29 N?4+x,N+2x0 and y = 2.
Let P be a complex Hadamard matrix of order N given as

P = [pyalo<yacn- 1)

Similar to (18), a commplementary set C'S(N3, N, N) is given
as

z i z z z
A5 = (A, AR AR,

z — 4 z z z
Ay = (050,050,505 050505 s ), (22)
a;x’ =  DPzaxoYGyzx'-

By repeating in order from Eq. (17), a complementary set
of extended length, C'S(N™, N, N), can be generated.
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IV. FORMALIZATION OF COMPLEMENTARY SETS

First the logic functions of polyphase complementary sets
CS(N™, N, N) are formalized, and ones of ¢ or more phase
elements in the case of N = ¢ are derived.
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B. Derivation of logic functions

Here is a simple example represented by 0 < ¢ < N as the
above matrix expression in the form of a logical function. The
logic functions of (23) - (30) can be respectively expressed as

A. Representation of complementary sets hB(yo, z0) = yxo+ gB(HCo), (32)
The Hadamard matrix of (13) is expressed as hB(i“) _ hB(leO% 33)
B = [y = wél ©o, 23 c c
hB(y,x) = z-y+g°(=), 23) h= (Yo, o) = yzo + g~ (T0), (34)
where gZ () is corresponding to the diagonal elements of G. BP (o, &) = hB( )+ hc(y, 1)
The sequence b of (14) can be expressed by 1B ( )+ ,C ( )
= T1,To Y,T1
I _ hB(a: ,Z0)
bomaiNbag = wg 1 24 = o+ g% (o) + y1 + g% (1), (39)
As described above, if a scalar z and a vector x clearly
correspond to each other, the vector will also be expressed RE (y, x0) = yxo + WP (20), (36)
as the scalar, that is, h?(y, z) = hB(y, z).
. The Hadamard matrices of (15), (17) and (21) are respec- R (z,y, &) = hP(y,x1) + hP(z,20)
tively expressed as — 2120 + Y21 + 270
Cc [Cye = W J")] 25) +95 (o) + g% (z1) + g7 (20), (37
h(y,z) = a -y + g% (), and
x G / _ F Ao
E = [eyz — Wq (y )]7 (26) h (y,l’ ) h (yvx()ax)v
hP(y,z) =2y + " (), = @owi + woTs + 211
and 197 (1) + g% (22) + g"(x1),  (38)
P=[py. = w(}} (v, a:)] 27 where & = 21N + z¢ and 2’ = TN + zg.
P (y,z) =z -y + g" (). beTh:iiingsthe logic function of C'S(N?, N, N) of (31) can
w
The set D of (16) can be written as hA( ) hG( N hP( )
2,Y,T) = Y,z ) + 2,20
- hP (y,)
}?D N Eldw = Wy 2 ] } (28) = 2ox1 + Tomo + 221 + Y11 (39)
W) = ) 0 ), +0P0) + 9 (e) 4 95(m1) + 9 o),
where ' = 1N + xo. . ] )
The set F' of (18) is given as By repeating from (36) the logic function of CS(N3 N, N)
is given as
Ey = [f=wi (z’”)] A N _ G N pE
|7 - & ! ’ (29) h (Z7y,$):h (Z,II?(),(E)'Fh z(y»x())
W (z,y,8) = h%(y,x1) +hP(21,20) + hE (2, 20), a4 2 + 2120 4 22+ y2 “0)
where z indicates each subset. c 5 P B
Similarly the set G of (19) is written as 97 (x3) + g7 (2) + 97 (1) + 97 (20).
v o= g = h (v, )} Similarly, CS(N*, N, N) is given by
hG(yax/) = hE(y,ml) +hc($0,$2N+l’1) (30) hA(Z7y,:L‘//) - hA(Z,.’Eo,LI:/) +h3p(yax0)
= Ry @) + A7 (20, 22N + 21) = T4T3 + TaT2 + TaT1 + 2T3 + ToT1 (4D

+hB($2,1'1)7

where =’ = 2o N2 + 21N + z.
Therefore the complementary set C'S(N3, N, N) of (22)
can be expressed as
iy - G,
hA(z,y,2') = (z xo) —i—hG(y,x’)
= hP(z,20) + WP (y, z1)
+hc($07 zolN + :L‘l) + hB({,CQ, 1‘1).

By changing D to A and repeating the equation (29), the
complementary set C'S(N', N, N) is given.
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+ yowo + g°(x3) + ¢°(x2) + 9" (21) + ¢° (o).

Repeating this in order gives the following theorem.

[Theorem 1] A complementary
CS(N™, N, N) is generated by

sequence set of

h'(2,y,%) = Tp—2Tn—1 + Tp_1Tn_3+
+ Tn3Tn—a+ Tpn—aTn_5+ -
+ yxn_z + 220 + ¢" (@n_1) + 9"
+ -4 g (21) + ¢°(20),

+ 2120

42
2z _2) (42)

106



IEICE

e;dqunterﬁ (J’rfn,e I**mnl
Copyright: https://www. ieice. org/eng/copyright/.

RS2-2

where
=T, N" 14z, oN" 2 4...
T = (anxlv e 71’”_1).

+JU1N+$0, } (43)

If ¢ = p™, the logic function is given by replacing =) =

(xk ok ... xk ... 2k as a vector and the product as an

»m

inner product, where each of z¥’s is a different element of .

Note that Theorem 1 can be rigorously proved using induction.

C. Examaples

Logic functions of complementary sequence sets in Theo-
rem 1 are illustrated with examples.

Example 1 Consider a bi-phase complementary set
CS(2%,2,2) generated by a logic function given as

h(z,y, @) = waws + w311 + 1130 + Y2 + 220 (44)
with ¢g*(z1) = 0 and ¢°(x() = 0. The truth table is given as

TABLE I
TRUTH TABLE OF EQ.(44).
x (z,9)
xz | @3 | 2 | 1 | @o | (0,0) | (0,1) | (1,0) | (1,1)
0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0
3 0 0 1 1 0 0 0 0
4 0 1 0 0 0 1 0 1
5 0 1 0 1 0 1 0 1
6 0 1 1 0 0 1 0 1
7 0 1 1 1 0 1 0 1
8 1 0 0 0 0 0 1 1
9 1 0 0 1 0 0 1 1
10 1 0 1 0 1 1 0 0
11 1 0 1 1 1 1 0 0
12 1 1 0 0 0 1 1 0
13 1 1 0 1 0 1 1 0
14 1 1 1 0 1 0 0 1
15 1 1 1 1 1 0 0 1

Therefore the binary complementary set is written as

A = {A% A%}
yo. ay = (0001000100101101),

- a = (0001111000100010), (45)
i al = (0100010001111000),

- a} = (0100101101110111),

Note that this set denotes well-discussed binary complemen-
tary pairs [1].In fact, all elements of the vector & can be
interchangeable. For examaple

h*(2,y, ) = z129 + 2273 + T320 + YT1 + 270, (46)

Note that if g'(z1) = x1/2 or g°(x¢) = z0/2, it indecates a
quadriphase complementary set.

Example 2  Consider a quadriphase complementary sets
CS(42,4,4) generated by
2
h(y, z,x) = 120 + yx1 + 2T0- 47
Copyr 15ht(()2019 IEICE. Permission request for reproduction:Service Department,
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The truth table is written as where 0, 1, 2, and 3 1, denotes
1, 5, —1 and —j, respectively. Therefore the quadriphase
complementary set is given as

A = {AY Al A% A3}

ao = (0000012302020321)
A0 — = (0000123020203210)
o = (0000230102022103)
a5 = (0000301220201032)
aO = (0123020203210000)
Al — at = (0123131321033333)
o a’ = (0123202003212222)

ai = (0123313121031111) (48)
a? = (0202032100000123)
£ - a? = (0202103222223012)
- a? = (0202210300002301)
a? = (0202321022221230)
ag = (0321000001230202)
A3 ai{' = (0321111123013131)
o = (0321222201232020)
a3 = (0321333323011313)

Example 3 Consider a bi-phase complementary set

CS(24,4,4). Let g = (0, 2)), 1 = (2, 2%), 2z = (2, 2})
and y = (y{,y})- Substituting them into (47) gives the logic
function

Rz, y,x) = mo'zy’ 4 1’25’
+y1 w3’ + yo'we' + 21wy + 20" w0 .(49)
TABLE 11
TRUTH TABLE OF EQ.(47).

z A" (z=0y) [ AT (z=1y)
x r1 | o | wox1 | O | 1| 2301|213
0 0 0 0 0O]0]0[O0O[O0O]O0O|O0]|O0
1 0 1 0 O1l0]0|0]1 1 1 1
2 0 2 0 OO0 ][O0 |02 2]2]2
3 0 3 0 O|0]O0]O0 33|33
4 1 0 0 0|1 213101 213
5 1 1 1 1 2 3101213 0 1
6 1 2 2 213 0 1 0 1 2 3
7 1 3 3 3101 212131011
8 2 0 0 O(2102]02]0]|2
9 2 1 2 2101210 3 1 3 1
10 2 2 0 o210 (2210210
11 2 3 2 2101210 1 3 1 3
12 3 0 0 O3 1]2]|1 O3 ]2|1
13 3 1 3 312 1 0103 |2]1
14 3 2 2 2 1 0|3 0|3 2 1
15 3 3 1 1 O3 ]2 0|3 |2]1
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The bi-phase complementary set A is written as [12] P.V.Kumar, “On Bent Sequences and Generalized Bent Functions,” Ph.
i D. Dissertation, University of Southern California, 1983.
A = {AO, Al, AQ, As} [13] S. Matsufuji, and K. Imamura, "Balanced quadriphase sequences with
ad = (00000101001 10110) optimal correlation properties constructed by real valued Bent functions”,
0= IEEE Trans. Information Theory, vol. 39, no. 1, pp.305-310, Jan.1993.
0 a9 = (0000101011001001)
AT = a9 = (0000010111001001)
ad = (0000101011000110)
ag = (0101000001100011)
o al = (0101111101101100)
a} = (0101000010011100)
ai = (0101111110010011) (50)
a2 = (0011011000000101)
42 _ ) ai=(0011100100001010)
a2 = (0011011011111010)
a2 = (0011100111110101)
a3 = (0110001101010000)
B a$ = (0110110001011111)
a‘g’ (0110001110101111)
a3 = (0110110010100000)

where a superscript and a subscript of aj means z = 2o + 212
and y = yo + y12, respectively.

As in Example 1, all elements of the vector &’ seem to be
interchangeable.

V. CONCLUSIONS

The logic functions of complementary sets of polyphase
sequences proposed by Suehiro have been formulated. Actu-
ally, it has been confirmed that there are cases where new
complementary sets can be generated even if the variables
of the given logic function are replaced. This means that
Suehiro’s construction method can be further generalized.

ACKNOWLEDGMENT
This research is funded by JSPS Research Fund 18K04145.

REFERENCES

[1] M.JE. Golay, Complementary series, IRE Trans. Inform. Theory,
vol.IT7,1961, pp.82-87.

[2] R. Turyn, “Ambiguity functions of complementary sequences,” IEEE
Trans. Inform. Theory (Corresp.), vol. IT-9, pp. 46-47, Jan. 1963.

[3] G.R. Welti, “Quaternary codes for pulsed radar,” IEEE Trans. Inform.
Theory, vol. IT-6, pp. 400-408, June 1960.

[4] Y.Taki, H.Miyakawa, M.Hatori, and S.Namba,”Even-shift Orthogonal
Sequences”, IEEE Trans., IT-15, pp.295-300, 1969.

[5] S.Matsufuji, N. Suehiro, "On Functions of Even-Shift Orthogonal Se-
quences,” Report of IEICE, SST96-63, Dec. 1996.

[6] J. A. Davis, and J. Jedwab, “Peak-to-mean power control for OFDM
transmission using Golay sequences and Reed-Muller codes,” Electron.
Letters, vol. 33, pp. 267-268, 1997.

[7]1 S. Matsufuji, T. Matsumoto, "Logic Functions of Complementary Ar-
rays,” International Journal of Applied Mathematics and Informatics,
Issue 1, Volume 4, pp.9-16, 2010.

[8] C.-C. Tseng, C.L. Liu, “Complementary Sets of Sequences”, IEEE
Trans., IT-18, pp.644-652, 1972.

[9] N.Suehiro, “Complete Complementary Code Composed of N-Multiple-
Shift Orthogonal Sequences”,Report of IEICE, pp.1247-1253, 1982.
[10] T.Kojima,”Complete Complementary Codes and Its Applications”, Re-

port of IEICE,vol.115,n0.37,IT2015-16,pp.87-92, 2015

[11] O.S. Rothaus, “On bent functions,” J. Combin. Theory A, vol. 20, pp.

300-305, 1976.

(“opyrlg,ht (¢)2019 IEICE.Permission request for reproduction:Service Department,
IEICE Headquarters Office, E-mail: service@ieice.org. IEICE Provisions on
Copyright: https://www. ieice. org/eng/copyright/. 108



