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of equivalence are discussed in connectio
applications of the homogenization concept. It
uniqueness of the equivalent homogeneous m
the final objective of the homogenization pro
specific metamaterial behavior to be mimicked

I. INTRODUCTION 
The continuous interest on metamaterials

a decade ago, has in parallel inspired a lot o
modeling, and the most proper and effi
analysis and design [1]-[2]. The developmen
accurate approach for the modeling of th
behavior of artificial materials is a key poi
their potential. Considerable effort has been 
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described by a set of equivalent constitutive p
This approach may reveal very useful i
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in fact, different techniques can be used 
metamaterial characteristics and on th
homogenization process. In this framework
can be set up relying on the definit
“homogenization equivalences”.  
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known and is indicated with differen
depending on the application, as for in
Selective Surfaces (FSS) [8], Partially Re
(PRS) and, more recently, with the new exoti
MetaSurfaces [9]. This class of volumetric
particularly interesting due to the ease of fa
wide variety of realizable electromagnetic 
work we describe a general approach for th
of these artificial materials, and we show how
to satisfy different homogenization equivalen

ytical Models for Metam
Homogenization 

anni M. Sardi, Enrica Martini, Stefano Maci 
of Information Engineering and Mathematical Sciences

University of Siena 
Siena, Italy 

macis@ing.unisi.it 
 
 

alytical approach to 
realized by the 

faces. It is based on 
atrix for the single 
loch theory for the 
t transmission line 

eoretical definitions 
on with practical 
t is shown that the 

medium depends on 
ocedure, i.e. on the 
d.  

, started more than 
of work about their 
cient methods of 

nt of a reliable and 
he electromagnetic 
nt to fully exploit 
made to represent 

mogeneous media, 
parameters [3]-[7]. 
in the design of 
procedure for the 

univocally defined; 
depending on the 

he goal of the 
k, different models 
tion of different 

ed by cascading  a 
atch- or slot-type 
surfaces is widely 
nt denominations 

nstance Frequency 
eflecting Surfaces 
ic denomination of 
c metamaterials is 
abrication, and the 
behaviors. In this 

he homogenization 
w it can be applied 
nces.  

Fig. 1. Geometry for the mult

II. DEFINITION OF TH

The definition of “homoge
depends on the final objec
procedure, since this latter dete
the artificial media must be a
homogeneous medium. In mos
the equivalent parameters is ba
some other cases, the effect
required to match the d
metamaterial. Moreover, the ca
model to correctly represent 
fields could also be important. 

Starting from these consid
different homogenization equiv

• External Equivalence: s
material and of the equi
possess the same scattering
function of frequency and w
• Dispersion Equivalenc
material and the equivalen
the same solutions of the d
dominant eigenmodes. 
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modes supported by the eq
matches the one of the tw
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In the following, a general 
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presented. 

material 
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III. HOMOGENIZATION PROCE

The class of artificial media describe
conveniently analyzed resorting to an equiv
loaded transmission line model, in whic
modeled via the equivalent admittance [10]
the Bloch theory for periodic structures [11
define an equivalent uniform transmission lin
both the External equivalence and the Disper

 

 
(a) 

Fig. 2. (a) Equivalent transmission line model of th
material; (b) eigenmode transmission line for th
homogenization equivalences. 

A. External Equivalence 
The “External Equivalence” approac

definition of a set of equivalent constit
capable of providing the correct prediction
from a metamaterial slab consisting of an ar
periodic layers [6]. The Bloch theory provid
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uniform transmission line with the same scat
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IV. CONCLUSIONS 
A quasi-analytical homogenization procedure has been 

presented for volumetric metamaterials consisting of planar 
periodic layers. Different approaches to the definition of 
equivalent constitutive parameters can be applied depending 
on which characteristics of the metamaterial must be also 
exhibited by the effective homogeneous medium. A first 
methodology defines an equivalent medium by matching the 
scattering properties of an artificial medium slab. A second 
one obtains the equivalent parameters by matching the 
solutions of the dispersion equation for the two dominant 
eigenmodes (Bloch modes). A third approach also considers 
the average longitudinal field and uses this information to 
identify a unique couple of equivalent tensors that match the 
fields of the two dominant Bloch modes. 
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