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Abstract—We propose to use an effective bandwidth in
describing the broadband nature of the chaos, which sums
up only those discrete spectral segments of the chaos power
spectrum accounting for 80% of the total power. Compared
to the conventional definitions that tend to overestimate
the effective bandwidths of the chaotic signals, the pro-
posed effective bandwidth measures only the bandwidths
that possess significant amount of power in the chaos spec-
tra. Using the effective bandwidth proposed, the broadband
chaos states can be clearly distinguished from the narrow-
band periodic oscillation states based on just the values of
the effective bandwidths measured without looking into the
details of the time series and the spectra. In this study, the
bandwidths of the dynamical states generated with an op-
tically injected semiconductor laser under different band-
width definitions are compared. To demonstrate the use-
fulness of the proposed definition in applications such as
ranging using chaos, the relations between the chaos band-
widths and the peak to sidelobe levels (PSL) are also inves-
tigated.

1. Introduction

Chaotic signals have been explored for applications such
as fast random-bit generation [1], secured communica-
tion [2], and ranging [3]. In these applications, chaos sig-
nals with broader spectra are generally preferred which of-
fer the advantages of higher bit-rate and better detection
resolution, respectively. While the performances of these
applications are directly correlated with the bandwidths of
the chaos signals use, an universal definition of the band-
width for the broadband chaotic signals has not yet been
established.

Due to the chaotic and broadband nature of the chaotic
signals, the conventional 3 dB bandwidth is not suitable
to describe their spectral bandwidths. To the best of our
knowledge, an alternative definition of the chaotic signals
is first proposed as the frequency span from DC to the fre-
quency where 80% of the total power is contained within
in their power spectra [4], which has been adopted in many
later works [5]. However, the bandwidths with this defi-
nition are usually overestimated which includes those low
frequency regions with insufficient power presented. To
measure only the spectral regions with significant power,
a modified definition measuring only the central portion
of the spectrum (near the resonance peak) which contains
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Fig. 1 Schematic setup of an optical injection system. The
dynamics of the slave laser (LD2) can be controlled by
varying the injection strength ξ and the detuning frequency
∆ν from the master laser (LD1).
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Fig. 2 Time series and power spectra of the chaotic sig-
nals generated by an optical injection system under (a)-(b)
(ξ , ∆ν) = (0.05, 2.3) and (c)-(d) (ξ , ∆ν) = (0.065, 2.3),
respectively.

80% of the total power is later proposed and used [6]. Even
though the modified definition can better describe the ef-
fective bandwidth of the chaotic signals, the fictitious large
bandwidths could be mistakenly given for those narrow-
band periodic oscillation states surrounding the broadband
chaos states [7].

Hence, we propose an effective bandwidth for the chaos
signals which sums up only those discrete spectral seg-
ments of the chaos power spectrum accounting for 80% of
the total power. With this definition, the broadband chaos
states can be clearly determined based on the values of the
effective bandwidths measured. In this study, the band-
widths of different dynamical states generated with an op-
tically injected semiconductor laser under different band-
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Fig. 3 Bandwidths (BW) (in GHz) of the chaos states
shown in Figs. 2(b) and (d) calculated under three different
definitions: (a)-(b) the frequency span from DC to the fre-
quency where 80% of the total power is contained within,
(c)-(d) the central portion of the frequency span where 80%
of the total power is contained within, and (e)-(f) the effec-
tive bandwidths which sum up only those discrete spectral
segments accounting for 80% of the total power, respec-
tively. The shaded areas denote the spectral spans that have
been counted toward the bandwidths given.

width definitions are compared. To demonstrate the useful-
ness of the proposed definition in applications such as rang-
ing using chaos, the relation between the peak to sidelobe
levels (PSL) of the autocorrelations and the bandwidths are
also investigated [8].

2. Simulation model

Figure 1 shows the schematic setup of an optical injec-
tion laser system. The dynamics of the slave laser (LD2)
can be modeled by the following coupled rate equations
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Fig. 4 (a)-(c) Mappings of the bandwidths of different dy-
namical states in the injection parameter space under the
definitions as given in Figs. 3(a)-(b), 3(c)-(d), and 3(e)-(f),
respectively. S: stable locking, CO: chaos oscillation, P1:
period-one oscillation, and P2: period-two oscillation. The
color bars denote the bandwidths of the dynamical states in
GHz.

[3]:

da
dt

=
1
2

[
γcγn

γsJ̃
ñ− γp(2a+a2)

]
(1+a)

+ξ γc cos(2π∆νt +ϕ) (1)

dϕ
dt

=−b
2

[
γcγn

γsJ̃
ñ− γp(2a+a2)

]
− ξ γc

1+a
sin(2π∆νt +ϕ) (2)

dñ
dt

=−γsñ− γn(1+a)2ñ− γsJ̃(2a+a2)

+
γsγp

γc
J̃(2a+a2)(1+a)2 (3)

where a is the normalized optical field, ϕ is the optical
phase difference, ñ is the normalized carrier density, J̃ is the
normalized bias current, γc is the cavity decay rate, γn is the
differential carrier relaxation rate, γp is the nonlinear carrier
relaxation rate, γs is the spontaneous carrier relaxation rate,
and b is the linewidth enhancement factor. The intrinsic
parameters used for the slave laser are b = 4, γn = 1.334×
109s−1, γp = 2.4×109s−1, γs = 1.458×109s−1, γc = 2.4×
1011s−1, and J̃ = 0.666 [6].

3. Results and Discussions

Figures 2 shows the time series and the power spectra
of two typical chaos states obtained with (a)-(b) (ξ ,∆ν) =
(0.050,2.3) and (c)-(d) (ξ ,∆ν) = (0.065,2.3) from an op-
tically injected semiconductor laser, respectively. These
states will be used as the examples to compared the validity
of different bandwidth definitions.

We compare three different definitions of the chaos
bandwidths in our investigation, which include (1) the fre-
quency span from DC to the frequency where 80% of the
total power is contained within, (2) the central portion of
the frequency span where 80% of the total power is con-
tained within, and (3) the proposed effective bandwidth
which sums up only those discrete spectral segments ac-
counting for 80% of the total power. Figures 3(a), (c), and
(e) and Figs. 3(b), (d), and (f) calculate and compare the
bandwidths of the chaos spectra shown in Figs. 2(b) and (d)
under these three respective definitions, where the shaded
areas in the spectra denote the spectral spans that have been
counted toward the bandwidths (BW) given.

As shown in Figs. 3(a) and (b), the bandwidths calcu-
lated under the first definition are significantly influenced
by the frequency of the resonance peak. In these cases, the
effective bandwidths are tend to be overestimated since that
the low frequency regions (< 2 GHz) with relatively small
magnitudes have been counted toward the chaos band-
widths. To correct the bandwidth with insufficient power at
the low frequency region, the second definition measuring
only the center portion of the frequency span containing
80% of the total power is also used. However, as can be
seen in Fig. 3(d), the bandwidth is mostly determined by
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Fig. 5 The time series and the power spectra of the states
that have the largest bandwidths under each definition from
the mappings shown in Figs. 4(a)-(c). The injection param-
eters for these states are (ξ ,∆ν) = (0.1,10), (0.083,5.9),
and (0.036,4.6), respectively. The shaded areas denote the
spectral spans that have been counted toward the band-
widths given.

the frequency difference between the resonance peak and
the second highest peak. Inevitably, the magnitudes of the
spectral components between and outside these two peaks
are not going to substantially affect the chaos bandwidth
calculated under this definition.

To take into account only those spectral segments that
have sufficient powers, the proposed effective bandwidth
which sums up only those discrete segments accounting for
80% of the total power in the power spectrum is instead
used and the results are shown in Figs. 3(e) and (f). Under
this definition, the bandwidths obtained present precisely
the effective bandwidths that can be efficiently used.

Figures 4(a)-(c) show the mappings of the bandwidths
for different dynamical states [7, 8] in the injection param-
eter space under the three respective definitions as given
in Figs. 3(a)-(b), 3(c)-(d), and 3(e)-(f). The marked re-
gions of each dynamical states are carefully determined
from their time series, power spectra, and phase portraits.
Under the first definition, as can be seen in Fig. 4(a), the
period-one (P1) oscillation states that have a distinct peak
of the oscillation frequency in their power spectra (please
see Figs. 5(a)-(b) for the characteristics of a P1 oscillation
state) have larger bandwidths compared to the chaos oscil-
lation (CO) states and other dynamical states. While larger
injection strength and detuning frequency may seem to lead
to a greater bandwidth under this conventional definition
(as have been reported previously [4]- [6]), the narrowband
periodic states have to be carefully excluded from the real
broadband chaos states as mentioned previously to avoid
ambiguity.

While the P1 states can be better distinguished from
the broadband chaos states under the second definition, as
shown in Fig. 4(b), the narrowband period-two (P2) os-
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Fig. 6 The time series and the power spectra of the prede-
termiend chaos states that have the largest bandwidths un-
der each definition from the mappings shown in Figs. 4(a)-
(c). The injection parameters for these states are (ξ ,∆ν) =
(0.0685,2.5), (0.0685,2.5), and (0.036,4.6), respectively.
The shaded areas denote the spectral spans that have been
counted toward the bandwidths given.

cillation states that have two distinct peaks corresponding
to the oscillation frequency and its subharmonic (please
see Figs. 5(c)-(d) for the characteristics of a P2 oscil-
lation state) still mistakenly determined to have the rel-
atively larger bandwidths (reddish regions in Fig. 4(b)).
Under these definitions that are commonly used for the
chaotic signals, the bandwidths calculated may fail to faith-
fully represent the effective bandwidths of the dynami-
cal states. As can be seen in Fig. 4(c), the bandwidths
for the broadband chaos states are clearly distinguished
from the narrowband periodic states, where the periodic
states have extremely small bandwidths under this defini-
tion (bluish region). Therefore, with the proposed defini-
tion, the mapping of the bandwidths faithfully correlates
with the dynamical states and can be better used as a guid-
ance when generating chaotic signals for broadband ap-
plications. From the mappings shown in Figs. 4(a)-(c),
the states with the largest bandwidths under each defini-
tion are obtained at (ξ ,∆ν) = (0.1,10), (0.083,5.9), and
(0.036,4.6), respectively. The time series and the power
spectra of these states are shown in Figs. 5(a)-(b), (c)-(d),
and (e)-(f), respectively. As can be seen, while a P1 and
a P2 states are mistakenly determined to have the largest
bandwidths under the first and the second definitions, only
the broadband chaos state shown in Figs. 5(e)-(f) deter-
mined with the proposed definition has a chaotic time series
and an effective broad spectrum. Results obtained by only
choosing the states with the largest bandwidths from the
predetermined chaos regions in the mappings of Figs. 4(a)-
(c) are also given. The time series and the power spectra of
the chaos states obtained are shown in Figs. 6(a)-(b), (c)-
(d), and 6(e)-(f) with (ξ ,∆ν) = (0.0685,2.5), (0.0685,2.5),
and (0.036,4.6), respectively. Compared with the chaos
states selected under the first and the second definitions,
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Fig. 7 (a)-(c) The PSLs (green) and the calculated band-
widths (red) using the three respective definitions for those
dynamical states obtained in Figs. 4(a)-(c) with ∆ν =
2.5 GHz under different injection strengths, respectively.
(d)-(f) The replotted PSLs sorted by the respective band-
widths shown in (a)-(c), where ρ are the calculated corre-
lation coefficients.

the chaos state shown in Figs. 6(e)-(f) determined with the
proposed definition apparently has a broader effective spec-
trum.

To further show the usefulness of the effective bandwidth
proposed, the PSL of the autocorrelations of the dynamical
signals under different injection parameters are calculated.
Figures 7(a)-(c) show the PSLs and the calculated band-
widths using the three respective definitions for those dy-
namical states obtained in Figs. 4(a)-(c) with ∆ν = 2.5 GHz
under different injection strengths, respectively. The PSLs
sorted by the respective bandwidths shown in Figs. 7(a)-
(c) are replotted in Figs. 7(d)-(f), where their correlation
coefficients ρ are also calculated. As can be seen, while
no clear correlation between the PSLs and the bandwidths
is found under the conventional definitions, the PSL is in-
versely proportional to the proposed effective bandwidth
with a ρ = −0.99 as shown in Figs. 7(c) and (f). As the
results, from the value of the effective bandwidth, not only
the spectral width of a signal but also its periodicity and
ambiguity level when used in ranging can be evaluated di-
rectly.

4. Conclusions

In conclusion, we have investigated the bandwidths of
different dynamical states generated by an optical injection
system under three different definitions. The proposed ef-
fective bandwidth is shown to better describe the broad-
band nature of the broadband chaos. From the bandwidths
calculated, the broadband chaos states can be clearly dis-
tinguished from the narrowband periodic oscillation states
without looking into the details of the time series, power
spectrum, or phase portrait of each individual state. While
the peak oscillation frequency of the chaotic signal is some-

time also important and need to be explicitly expressed in
applications such as fast random-bit generation and chaotic
communications, the usefulness of the effective bandwidth
proposed has been demonstrated in applications such as
ranging using chaos where the PSLs of the autocorrelations
are shown to directly correlate with the effective band-
widths of the chaotic signals.
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