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1.Summary

Whistler waves have been studied for a few decades. Through studies of whistler waves, the ionosphere
and the magnetosphere are better understood. However many problems about whistler wave propagation
still remain .!!! It is believed by many people that whistlers are trapped in geomagnetic field-aligned
ducts in the ionosphere and the magnetosphere. One problem is when the whistler penetrates through
the ionosphere and arriving at a receiver of another hemisphere, the observation shows the arriving
direction of the whistler waves have an arriving direction different from the traping cone of the whistlers
in the ionosphere. For understanding this problem, the detailed physical processes of propagation of
whistlers must be studied. In this study of whistler wave propagation, we assumed that the structure of
the ionosphere is constant and it gives a constant pattern of received whistler amplitude.

2.The power spectrum of the amplitude of Auctuation of whistler waves
Throughout this paper it is assumed that the earth is flat and the scattering ionospheric layer is horizontal.
A Cartesian coordinate with z axis vertically downwards is used. The x-z plane is the magnetic meridian
plane. In north hemisphere the magnetic field By point downwards with an angle © with z axis. Hereafter
we use letters in bold face denote vectors except with other explanation. Now suppose that a plane wave
is obliquely incident on the layer, with its wave normal in a direction given by polar angles ¢, ¢:

E; = Ega; exp{—iki(zcosf + zsinfcos ¢+ ysinfsing)} (1)

where a; the normalized characteristic polarization of incident wave. The scattered wave field E, is

V%V x (B +E,) - k{K(E; + E,)=0 (2)
K=I-XM-AXM (3)
I is the unit tensor, ko = ¥,
1-Y? Y Y Y ~Y Y, —iY,
M= |-Y,Y,-iY, 1-Y? ~Y,Y, +1Y, (4)
-Y, Y, +i¥, -Y, Y. Y, 1-Y?
Y= ‘;":, X = fheos Nis the number density, AX is due to the Auctuation of electron density and ion

density. Since the fuctuations are weak, the scattered field £, is much smaller than the incident wave
field. We have approximately

V%V x E, - k(I - XM)E, = ~k}AXME; (5)

Following D.M. Simonich and K.C. Yeh/?!, we have the scattered feld at r; as
E,(r;) = —k§ f AX(r)L -M - E;dro (6)

where V is the volume containing scatterers, rp = rp — r, [ is the Green dyadic tensor. According to M.
J. Lighthill®/, the asymptotitc expression of Green dyadic tensor is
eika(ro—r)

1 d,a,a,”
e 7
& zk sec a,+/|C.| Iro—r| ™
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where a, is the normalized characteristic polarization corresponding the the wave mode s with wave vector
k,, cosa, = k, ‘Fy, k and F; are unit vectors, C, is the Gaussian curvature of the surface evaluated
at the stationary point and d, is a constant that is (a) £ if C, < 0 and Vi (k* — k2) is in the direction
+r2, (b)£1 if the C, > 0 and the surface is convex to £V, (k? — kZ). If k; is the incident wave vector,
the incident wave normal through the origin meets the ground at the point z tan#f cos ¢, z tan # sin ¢ and
2. We consider the field on the ground near this point. Thus let

Xi=z—ztanflcos¢ Y;=y— ztanfsing (8)

Xo =20 — zgtanfcosd Yy =yg— zotanfsing (9)

The Xp and ¥p are small horizontal distance of the scattering point from the wave normal through the
origin. The incident wave at the scattering point and the received wave field are as follows

E, = Eoa; exp (—1k;(z9 secf + Xgsinf cosd + Ypsinf sing) (10)
Ei, = Eoa; exp|—1ki(zsecl + X sinf cos ¢ + ¥ sinf sin )| (11)
Therefore we have the received field E,, due to scattering as

el d,a.alE;
O4r — kyseca,/C,

Erl (r) i _‘1

<[ (12)

The integral in equation (12) can be evaluated approximately, We have

_k d.a,al
= M E;
E. Z k, sec o, ir
: . . . AX('O) ik,Hcosa,
x | exp[—s(k; — k,cosa,)(zgsecl + Xgsinfcosd + ¥ysinfsing)| ————= dXodYpdzg
v (z — zp) sec?
(13)
where

H= (X; - xolj +(¥; - Yg)z — sin? FI(X_-, - Xo) cosg + (¥; — Yo) sinﬂ (14)

2(z — 2p) sech
Corresponding spectrum of the received electric field is

F(ky,x2) = -‘l'koz 'k—'iz-—;,‘ﬁ&! E;,

5 f c[—i{h—l. €08 a, ) (50 5ec #+Xosln #cos ¢+ Youlafaln ‘}+i[t;X¢+nYaJ|Ax(m) sin!a(z _ 30)}d10dyod43
v

(15)
where

- sec8(x] + x3 + tan® (x1 cos ¢ + x2 sin ¢)?) (16)
2k, cos a,

By using of (15), the autocorrelation function of E,, is

d.,a,a’ .
=0l s 4 R
lF(sh“’)I’ — % kO (‘_:, t‘ seca, ’_!G‘_U[ El)

* / exp{i(k; — ks cosa,)[(z0 — 25)sinf cos ¢ + (yo — yo) sinfsin ¢}
v

x exp{(z0 — #)[sec — tanf sin# sin ¢(cos ¢ — sin ¢)|}AX (ro)AX (rh) sin|a(z — z)] sin[a(z — 25)]drodrp

(17)
where the scattered wave vector k, and k) are assumed equal. For calculating the spectrum of the
Auctuated scattered wave field, we have to know the statistical characteristic property of the fluctuated
medium.
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3.The Power Spectrum of Scattered waves by elongated Irregularities

Equation (17) gives the power spectrum for single scattering iayer. We assumed the deviations of the
AX are given by
AX = X(20)X (20,40, 20) (18)

where X is the stochastic function which is stochastically homogeneous and stationary with respect zo,
Yo, 20, and has a mean value zero and unity variance. The autocorrelation function p is defined by

p&,my¢) =< Xy(zo,y0,20)X 1(20 + & 00 + M, 20 +¢) > (19)
o=20+& Yo=Votm z=z2+¢ (20)
And the Fourier transformation of p is

p(&,n,¢) = _U P(0),03,03)expli(01€ + o9n + o3¢)|doydaydos (21)

1
4r?

Equation (17) becomes

ff p(Eym, ¢ e ortton) dgdn = ijdx,trz,ﬂa)c“’"dds (22)

dea.al M-B.-,)sz X(20) X (5P (), s, %)

secay /O, ™

S(r1,x2) = 4Wirk$ (Z p
P 4

% exp{—1¢[(ki — ks cos a,)(secf — tanf sinf sin ¢(cos § — sin ¢) — a5 — tanf(xy cos § + Kz sin @)}
x sina(z — z9)] sin|a(z — 2)|dzdzgdosg (23)
where the limits of integration of zg, yo have been set at :!:%, W a constant and

K} = k1 +sinf cos p(k; — k, cosa,) (24)

Ky = Ko + sinfsin é(k; — k, cosa,) (25)
If we make the assumption about the profile function X(z) as a Gaussian function, we therefore have
2
X(20) = X exp(~ 25 (29)

where L is a measure of the thickness of the scattering layer. If we insert (26) into (28), the integration
with respect to z and z can be done. It leads to

f P(K}, %3, 09){cosh|(os + A)aL?] - cos(2az)} EXP{-;_[(GS +8)? + 0?|L%}dos (27)

where
B = tanf(x cos ¢ + kg sin @) — (k; — k, cos a,)(sec® — tan f sin & sinf(cos § — sin 4)) (28)

It is believed that the irregularities in the ionosphere are elongated in the direction of the earth’s magnetic
field*l. For studying the scattered waves, we use the description introduced by K.G. Budden!®!. It is
assumed the geomagnetic field is in the x-z plane at an angle © to the vertical. We assumed that the
autocorrelation function p(€,n.¢) is a function only of u, where the surface u=constant are ellipsoids
of revolution about the direction of the earth’s magnetic field, with an axis ratio b. The displacements
€,n,¢ may be treated as a column matrix or vector |. Then u is the length of a vector u given by

u=qQ-I (29)
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where Q is the matrix

0 1/b 0
sin® 0 cos©

(cose/b 0 —sinefb]
(30)

The three quantities 1,032,035 may also be regarded as a vector o. The inverse Fourier transform of (22)
is
P(01,02,09) = o [[[ st0) exp(-ieQ ")t a1)

8xd

The factor 6% is the Jacobian of the transformation from £,n,¢ to the components of u, as variables of
the integration. It is easy to show that P(o,,02,03) depends only on the length # of the vector

1=0Q!
and that
¢ = k42 (b cos® © +sin” ©) + b2 Ky ? + o} (b° sin® © + cos’ ©) + 2k 05 sin O cos O(1 — b%) (32)
Next we assume following forms for the function P and p,

P =8x iR exp(—%ﬂ’l’) (38)

2
p = exp(- ;—;7) (34)

Thus R is the measure of the size of the irregularities for the directions parallel to the earth’s magnetic
field and bR is the measure for the two directions perpendicular to it. If (38) and (34) are inserted into
(27), the integration may be done. Hence, we have following result.

d,a,al )’ 2
———M - E, X
ko seca,/Co o

SL" L3BSRI ﬁ - )
[m’(m) cosh( B?R? :_(ng1 ) = cos(!az)]

1 5.9 BRIL*(-9)°

S(ky,Kg) = 32W 2% ¥k (E
a

KR %szz("” i ';L:) i 2(B?R? +3L%) (35)
where
B? = cos’© + b’ sin’ © (36)
o x} 5in © cos O(1 — 4%)
7= (87)

B2
This is the power spectrum of the wave scattered by the elongated irregularities in an anisotropis
ionoshere. It can be used for studying the propagation of the whistler waves in the ionosphere.For
multiple scattered wave in random medium, much work has been donel®. However, for the multiple
scattering of vector waves, problems still remain . It is also the future work we are going to pursue.
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