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1. Introduction

The problems of a Gaussian beam that is incident on a plane dielectric interface from a denser
medium to a rarer one have been the important research subjects studied by many researchers [1]-
[5]. By applying the Fresnel approximation to the integral representation for the reflection of the
beam at the interface, Horowitz and Tamir [3], [4] have derived the solution for the lateral
displacement of the beam for incident angles that are close to the critical angle of the total reflection.
Later on, Kozaki and Sakurai [5] have derived the approximate result for the arbitrary incident
angles and compared with the exact values calculated numerically from the integral representation.

In this work, we shall derive a novel uniform asymptotic solution for the lateral displacement of
a Gaussian beam at the plane dielectric interface. By comparing with the exact numerical solution,
we will confirm the validity of the uniform solution proposed in the present study.

2. Formulation and Integral Representation for Scattering of Beam

Fig.1 shows the scattering of the Gaussian beam by the plane dielectric interface, the coordinate
system (x, y, z), and the beam coordinate systems (x;, z;) and (x,, z,). The Gaussian beam is incident
from the upper medium 1 with a dielectric constant & to the lower medium 2 with the dielectric

constant &. The refractive index n defined by 5 =, /go /& is assumed tobe n<1.
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Fig 1. Schematic figure for scattering of beam by the plane dielectric interface, the coordinate
system (x, y, z), and the beam coordinate systems (x;, z;) and (x,, z,). O; (0, 0): origin of (x;, z;), O; (0,
0): origin of (x,, z,).

We assume the incident Gaussian beam polarized in y direction as follows
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i 1 2
E (xi,yl.)—mexp{—(xi /Wy (1)
where 2 denotes the beam width of the Gaussian beam. Then the reflected and the scattered field
by the dielectric interface can be represented by the following integral[3], [5], [6]-[8]
L
27 JCy

E/ =

; F(H)exp{iklrlq(ﬁ)}exp{—(lesin(H—0,,)/2)2}cos(@—@b)dﬁ @)

where the function /77(6 ) corresponding to the reflection coefficient and the phase function ¢(6)
are defined by

meos@—\n" —sin” @ £ I (electric type)
5 n= [—, m = clectric type (33)
mcost9+\/n2 —sin2 0 &

q(0) =cos(6—-6,) (3b)

reo) =

and k; and r(={x* + (h+zp)2}1/ %) denote, respectively, the wavenumber in the upper medium 1 and
the distance between the image point O, and the observation point P(x, -z,) (see Fig.1). In Fig.2, the
integration contour Cy and the branch point singularities &6 associated with the branch cuts are
shown in the complex & - plane.
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Fig.2. Integration contour Cy and the branch Fig.3. Steepest descent path(SDP) passing
points =& (S=sin"'n) associated with the through the saddle point 6 determined from
branch cuts in the complex - plane. q(6)=0.

3. Uniform Asymptotic Solutions for Scattering of Beam

When the original integration contour Cy in (2) is deformed into the steepest desent path(SDP)
passing through the saddle point #; determined from dq(H)/ df=0, the integral E, can be
represented as follows

Eyr:EySDP'i‘U(es_é‘)EyB’ 5=Sil’171n (4)

where Ey*" and EyB denote, respectively, the integral along the SDP and the integral around the
branch cut (see Fig.3). Ey*”" and E,” can be obtained from eq.(2) by replacing the integration
contour Cy with the SDP and the Cj respectively, where the Cpdenotes the integration contour
around the branch cut as shown in Fig.3. In (4), U(x) denotes the unit step function defined by U(x)
=1 for x > 0 and U(x) = 0 for x < 0. Note that the branch cut contribution EyB arises only when the
saddle point 8, corresponding to the incident or the reflection angle of the reflected ray O,—R—P

(see Fig.1), is lager than the critical angle ¢ i.e., when the condition 8> ¢ is satisfied.
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When the high-frequency condition ky71>>1 is satisfied, the integral Ey**" can be evaluated

asymptotically by applying the saddle point technique which is applicable uniformly as 8, — o [7],
[8]. While the integral E)® around the branch cut Czcan also be evaluated asymptotically by
deforming the integration contour Cp (see Fig.3) into the new steepest descent path and assuming
60, — 0 [6]-[8]. Due to the limitation of the space, here we will give the final result:

ES=Ef +U(6,-6)E,(Cp)+E, " %)

where Ey** denotes the geometrically reflected beam and E,(Cg) denotes the laterally shifted beam.
The last term Ey™, defined as the “transition term”, plays an important role only in the transition
region near the critical angle (i.e., 8, =¢ ). Far away from the trasitional region, the last term

vanishes as the value |6?S -0 | increases. Ey*, E,(Cg), and Ey"" are defined as follows:

£% = (k) T(8,)B(0,.6,) ©
Ak )= {kl /27[1’1}1/2 exp (ki —iz/4) (6a)

B(¢9¢9):ex_—kl—W' 6,-0,)| -
s°>Yb p B Sll’l( s b) COS(QS 9[7) (6b)

_sinzé‘ 47y n o)
E,(Cp)=A(k : :

y( B) ( 1’”1) sin? 0, exp(ikiry) 27rm(rcosé'j

-exp(iklﬁcosa+inz/2)w B(8.6,), a=6,-6 (7
(kyr cosar)

£, 70 — (k) 77 (0,)n—sind, Dip(n=in) B(6,.9,) (8)

. .2
21/4771/26 m/8en7 /2

2 (,) —2mcos Gy /n +sin b, (8a)

m? cos® G, + (sin2 G, — nz)

)=

n =12k sind;as for 0, <5, n=\l2kn sin052_5 for 0, > & (8b)

When the observation point is located far away from the transition resion, 77 defined by (8b)
takes the large values (i.e., 7 >>1). Then the parabolic cylinder function D;, (17 — in) [7]-[9] is
approximated by

. .2

Therefore the terms inside the parentheses { } in (8) approach zero as the value of 7 increases.
This is the reason why £y in (5) and (8) is defined as the “transition term”.

4. Numerical Results and Discussions

In Fig.4(a), we have calculated the beams reflected on the dielectric interface for two beam
angles ¢, =30° and 6, =70" (see Fig.1). The numerical parameters used in the calculations are

shown in the figure. The critical angle ¢ is §=60"(J = sin”' n, n =0.866). The solid curves (—)

are calculated numerically from (2) and serve as the reference solutions. The open circles ( oco ) for
0, =30° andg, = 70° in Fig.4(a) are calculated from E)* in (6). The solutions ( oco ) calculated by

using only the geometrical term Ey* in (5) agree very well with the reference solutions (—). It is
clarified that when the beam angle 6, (see Fig.1) is not close to the critical angle § = 60°, the beam
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Fig.4 Numerical calculations of Gaussian beams scattered at the dielectric interface.

reflected on the dielectric interface can be obtained only from Ey* derived in (6) ~ (6b).

The scattered beam for the beam angle &, which is equal to the critical angle 60° is calculated in
Fig.4(b). Now the beam calculated from Ey*° (ooo ) in (6) shows the large deviation from the
reference solution (——) near the beam axis where x, /4= 0. While, the beam calculated from (5)
shown by the closed circles ( eee ) agrees very well with the reference solution. It is observed that
the beam is shifted to the + x, direction. This phenomenon is well known as the Goos-Hénchen
shift[1]-[5].

5. Conclusion

We have derived the uniform asymptotic solution for the Gaussian beam scattered at the plane
dielectric interface. We have shown that the asymptotic solution, which uses the parabolic cylinder
functions, agrees very well with the reference solution calculated numerically. Also shown is the
Goos-Hénchen shift appeared for the beam angle 6, close to the critical angle o.
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