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Abstract 

BISPECTRUM ANALYSIS OF NONLINEAR INTERACTIONS 
BETWEEN VLF TRANSKITTER SIGNALS ANO ELF EMISSIONS 

SATORU OHNAMI and MASASHI HA YAKAWA 

The University of Electro~Communications 
1~5~1 Chofugaoka, Chofu~c i ty, Tokyo 182, Japan 

No nlinear interaction between signals fro m a ground-based VLF transmit­
ter and ELF emissions in the auroral ionosphere i s studied by means of the 
bispectrum analys i s. A bicoherencc analysis has Indicated thllt the si deband 
str uct ure around the SipLe transmitter s i gnal received onboard the IS IS 
salelllle is due to the nonli near interaction between the Si pl e \ILl" sigllil l 
illld the pre-existing ELF emis sio n. 

1. Introduction 
A spectral analysis of the second order (powe r spect rum) l oses the phase 

information among the different Fourier components .whlle the bi spcc trum 
(th ird orde r ) and /or the bicohere nce (normalIz ed bl s pec trum ) retai n this 
information. 

Th e us e of bicoherence analysis has appeared to be very successful in 
t he st udies of nonlInear wave-wave Interaction (and turbulent) phenomena in 
d i ff e rent fields. such as harmonic generation o f ocean surface gravity 
waves (Elgar and Guza , 1985), brain wave emissions (Huber et FlI..197l). 
nonlinear t ransfer of ellergy in turbul ent flows (Lii et a1., ]976;Van tHta, 
1979). and nonlinear interaction bet we en de nsi ty f1uctuat[011 rno (ics ill 
labora tory plasmas (Kim and Powers , 1979). The higher-order spectral analy­
s i s appears to be unique In attempts to answer the question of the presence 
of mu lti -wave interactIon processes. because the phase information is not 
l ost in it. 

The nonlinear wave-wave interactIon process has been proposed to ex­
pl ain the generation mechanisms of some kinds of space plasma waves and 
recently there have been published the first evidence on this in the field 
of spac e plasma waves (Tanaka et al., 1987 ; Lagoutte et al. , 1989). In 
order to extend this study , we carried out the collaborative work on the 
ISIS sate l l ite reception of Siple VLF transmitter signals in t he auroral 
ionosphere in coope ratIon with Stanford Un lversity{USA) and ComlRuniclltioll S 
Research Laboratory(Tokyo). The expe r iment was ca rri ed in the winter of the 
year 1987/88 . and the purpose of th is paper is to apply the bjcollcrenec 
nnalysis to the wave data obtained from this campaign in order to hav e 
further evidence of the presence of nonlinear wave-wave interaction in the 
auror al ionos phere. 

2 ,Definitions of bispectrum and bicoherence 
Let x(t) be a real and stationary signal with zero mean value and X(f) 

its Fourier t ran sform. Hereafter, Xk, the Fourier COlllponent at the frequen-
cy fk is noted as T 

X = fa x(IJexp(-2,jj,IJdl (1) 

TIle definitions of the thi rd momen t of the t ime series arc conccrrlcd 
witll the autocorrelation and power spectrum. The th ird moment f or tile 
reco rd (1) at the time lags < I and <2 is defined by 
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1 rT 
R(T], T,) ~ E{T Jo x"'(I )""'(1 + r,)x"' (1 + r,)dt} 12) 

where the average E{ } is takfn over i=1 . ... N successive data records. By 
definition. the blspectrua at .he frequencies fk and fl is the two-dimen­
s lonnl Fourier transfon of R( t I' t" 2): 

[T T 
B( k, I) ~ BU., J,) ~ .I-T j T R( r], r,) exp( -2;; j (1< T] + I, r,) )dr, dr, 13) 

~OW. the blspectruIG can be ( ; fined as a product of three Fourier compo­
nen ts (Kim and Powers. 1979): 

B(k I) - I' I E{ v i ') v i') v ,o).} 
, - T~'.!" r / \k ,,,-/ '''-1;:+1 (4) 

where Xk+!-Ls the complex co nJlgate of Xk+l' But this definition is only 
valid If the su~ of the freque nci es o f the three Fourier compon en t s i s 
zero, which means 

lUI ~ I. ± J, 

wher e fk!:} I s the frequ ency of t he product wave in 
The bicoherence spectrum i s a nOI mali zed bispectrum: 

where B is the lIIodulus of B; and )~b( k,l)~l. 

15) 

the case of coupling. 
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The bispectrum and blcohererce are important tools to investigate the 
phase cohe ren ce between three Fcurler components of frequenc ies fk,fl,and 
fk+l' If the third wave at the f requency fk+l=fk+f j is spontaneously emit­
ted, the phas e of the FourIer cJmponent X~+l wil be Indep ende nt of the 
phnse of the two others,Xk and <I' and the values of bispectrum (4) and 
bicoherence (6) wil l be zero. 01 1 the other hand, if t he wave at the fre­
Quen cy fk+ l Is phase coh erent "ith the two other waves, the values of 
bispectrull and bicoherence wIll he nonzero. 

3.Application of bispectrum to th,) satellite VLF data 
The data used In this paper Wl ~re based on the wide-band measurement ob­

served onboard the I SIS satell ite in which the Siple VLF transmitter was in 
operation on 28 December, 1987 . Fig.1 illustrates an example of the part of 
the spectrogra~ for which we have performed the bispectral analysis. 

Power spectral densities were computed by means of sampling the data 
record of the wldeband signals at 1024 points with frequency resolution of 
46.875I1 z, and were averaged over li4 data records. Fig.2 indi cates the power 
spectral density in a relative unit. which indicates that sideband struc­
tures are obviously seen around the Siple transmitter signal(f=2 .34kllz). 
This kind of spectral broadenIng with sidebands and ELF emission is called 
Type 2 in Tanaka et 81. (1987) , while the spectral broadening without any 
association wIth ELF emission Is called "Type 1"1n Tanaka et a1. (1987). 

The blcoherence was computed by means of sampling the data record at 
512 points wIth a frequency resolution of 97.6Hz, and was averaged over 64 
data reco rds of the transmitte r pulse. The application of the bicohercnce 
analysis to the spectral broadening of Type 1 has yielded that the computed 
value of bicoherence was always too small to identify any mode coupling . 
though Titova et a!. (l984) have suggested that even Type 1 spectral broad­
enIng Is due to the nonlinear wave-wave interaction. On the contrary. we 
have found a signIficant value for the bicoherence for the spectral broad­
ening of Type 2 as in Flg.3. Flg.3 is the result of the blcohercnce analy-
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64 DATA RECO RDS 

512 SA"JPLES PER REeOHO 

RESOLUTION 93.7& Hz 

b'(k.l ) = O. iS8 Dcc.28, 1987 
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Fjg.3 ;\ typical result of the bl coher ence computat ion for electric 
fIeld data with a frequency ref;olu tion o f 93, 75!iz 1n the case 
of spectral broadening of Type 2. Bicohcrcnce resultf; to show 
the upper and lower sideband componen t being cau sed by a no­
nlinear process between the tranSIII!tter pulse (f l

D 2.34kllz) 
and ELF cmisslon(f\s=0 .47kll z) because of a s ignificant bicoh­
erence value of O.7~8. 

sis for the VLF data In Fig.l in which the $Ideballd structure is notice­
abl e . It. is seen froll the figure t ha t the UPPtJl" and lower SIdeband compo­
nents arc ca used by a nonlinear in teraction between the VLF tra nsmitte r 
puls e and an ELF emission on the basI s of the obtained signif icant blcoher ­
ence value of 0.758. 

4.Conclusion 
The s pectral broadening phenomc'n a have been di vid ed in to the cases of 

Type 1 and Type 2. In this paper. we studlpd the genera tJ on IIIcchanjsiII of 
Type 2 by means of blcoherence ana lys is. The rfsult of the bl coherence 
analysis jndicates a large bicohercnce value (b (k.l )=O.758) between the 
rLF transilitter signal and the ELF em ission, Vthich lead s us Lo concl ude 
that sidebands analyzed here were caused by the nonlinear wave- l\o'sve inter­
action. 
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Fig .l Spectrogram of the wideband electric field components on ISIS 
in December 28.1987. and we can identify the S iple transmJtt­
er pulses and their s pectral broadening about the car rIers. 
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Fig.2 Power spectral density of the wide band signal in relative 
unit for a typical case of the spectral broadening of Type 2. 
We find the sIdeband structures. 
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