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In the Minkowski formu-
lation of electromagnetism the
electric field E, the electric
displacement D, the magnetic
induction B are introduced as
field quantities. In the usual
linear treatments D and B are
assumed proportional to E and H,
respectively. In a dynamical
system composed of such linear
responses, which we call the
linear Minkowski subsystem(LMS),
the power flow density S, the
energy density W, the stress
tensor T, the momentum density G,
and the time rate of wave energy
dissipation Q in a unit volume
and time are defined for quasi-
monochromatic waves with the
real wave number k and the real
frequency w as the quadratic
quantities in LMS. They satisfy

the conservation relationslz

VeS + 3W/3t + Q =0 (1)
VT + 3G/3t + % Q=0 (2)
where
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Here h and a denote hermitian and
antihermitian parts of € and u.

The above relations are valid to
the first order in €2 and u@ even

for a medium in motion.
The energy-momentum tensor

TLMS for LMS is then given by
dw Xk ide

LMS dk o c dk

T = X (8)
iC":‘-w - W

where the relations
T=S5 (9)

G=W (10)
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have been used. This tensor is
not symmetric except for the case
where waves obey the following
Klein-Gordon type dispersion

02 = c2 k2 + 92

(11)
where 2 is a constant. Polariza-
bility of this medium must be

-eoﬂz/wz, which would be the case
when the polarizations are free
from restoring forces.

In an open system the power
flow density and the energy densi-
ty should be understocod merely as
potential functions which alto-
gether give amount of work that
would be done upon the externally
introduced currents. On the
other hand the stress tensor and
the momentum density form .
potential functions for the force
upon the external currents.

It has been proved2 that the
time rate of change in the
momentum density defined by (6),
for instance, is composed of the
time rate of change in the mo-
mentum density of electromagnetic
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fields (1/c2)ExH and latent

forces which would act on the
external currents at the expensg

of kinetic momentum of a mediuntl
(Here 'external' means the cur-
rents not included in €) All the
other elements of (8) include
contribution from kinetic motion
of a medium.

The interaction between the
kinetic motion of a medium and
the fields in the linear
response subsystem takes place
via deviation of a center of
oscillation of each harmonic
oscillator which constitutes
polarization from a center of
restoring force and via polar-
ization charges which would
appear upon introduction of the
external currents.

Quantities defined by (3)
through (7) acquire different
physical meanings if the medium
is in motion. The transformation
laws for S, W, and Q have already
beenderived by Musha and Agul.

In reference to these transfor-
mation laws and (9) and (10) we
can know how T and G vary under

a Lorentz transformation. Q,

for example, represents amount

of heat evolved per unit volume
and time when the medium is at
rest. However, if the medium is
moving at a velocity v, Q defined
in the laboratory frame of
reference is related to Q© de-
fined in the medium frame of
reference as

Q

o
Q=3 +yv-

Y (12)

o

1‘3 Q® +v 5 @°
w c

o (l-vz/cz) 1/2.and x°
and &° are wave number and fre-
quency in the medium frame. The
first term represents transfor-
mation of heat evolved®. During
heat evolution the dissipation
subsystem is accelerated as a
result of decrease in the wave
momentum and this rate of
increase in the kinetic energy
of the dissipation subsystem,
which is eventually transferred®
the kinetic motion of the medium
itself, is given by the second

where Y
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term of (12). The last term is
purely relativistic because it
represents energy increse of the
diggipation subsystem associated
with mass of the heat evolved.

Through the analysis on
what S, W, T, G, and Q stand for
in LMS of spatial and temporal
dispersion it has been found:
The kinetic subsystem of the
medium including translational
as well as rotational (for
anisotropic material) motion,
the dissipation subsystem, sub-
systems of nonlinear polarization
and magnetization (and fields),
and LMS altogether constitue
an entire closed system. Sum of
the energy-momentum tensors
for these subsystems forms a
symmetric tensor.
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