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1. Introduction 

Dielectric gratings have found applications in various areas such as integrated optics[1] and acousto-
optics, optical filters, and holography. Recently, the refractive index can easily be controlled to make 
the periodic structures such as fiber grating and photonic crystal waveguide by the development of 
manufacturing technology of optical devices. Thus, the scattering and guiding problems of the 
inhomogeneous gratings have been considerable interest, and many analytical and numerical methods 
which are applicable to the dielectric gratings having an arbitrarily periodic structures have been pro-
posed. In the multilayer method[2]~[5], as the inhomogeneous region is divided into an assembly of 
stratified thin layers with modulated index, the order of the matrix depends on the number of layers. 
However, in our approach, the order of characteristic matrix equation depends on the modal trunca-
tion number, but does not depend on the number of layers. Therefore the range of applicability to pe-
riodic structures is much wider[6] than that of other method, and our method can be applied easily to 
the guiding problems, such as planar slanted gratings[7],[8]. 

In this paper, the scattering of electromagnetic waves by dielectric gratings with elliptically layered 
media[9] are analyzed using the combination of improved Fourier series expansion method[10] and the 
multilayer method[11]. 

 Numerical results are given for the transmitted scattered characteristics for the case of incident an-
gle and frequency by dielectric gratings whose shape of grating is an elliptic cylinder, and whose inte-
rior distribution of permittivity is an elliptically layered medium for both TM and TE waves. The in-
fluences of the incident angle and frequency of the transmitted power are compared between circular 
cylinder and elliptic cylinder. 
2. Method of Analysis 

We consider the dielectric grating with elliptically layered media as shown in Fig.1(a). The grating 
is uniform in the y-direction and the permittivity ( , )x zε  is an arbitrary periodic function of z with 

                                               (a)                                                                             (b) 
Fig.1 Structure of the dielectric grating with elliptically layered media. (a) Coordinate system, 
(b) Approximated inhomogeneous layers. 
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period p. Fig.1(a) shows the configuration whose shape of the grating is an elliptic cylinder with the 
cross section of 2a d× , and whose interior distribution of permittivity ( , )x zε  is elliptically layered 
medium. The permeability is assumed to be 0µ . The time dependence is exp( )i tω−  and suppressed 
throughout. In the formulation, the TM (the magnetic field has only the y-component) case is dis-
cussed. For the TE (the electric field has only the y-component) case, only numerical results are pre-
sented. 

When the plane wave is assumed to be incident from 0>x  at the angle 0θ , the scattering fields in 
the regions 1 ( 0)S x ≥  and 3 ( )S x d≤ −  are expressed[6] as 
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where λ  is the wavelength in free space and )1(
nr  and )3(

nt  are unknown coefficients to be determined 
from boundary conditions. 

In inhomogeneous grating region 2S ( 0)d x− < < , the elliptic cylinder is divided into thin layers 
( )d d M∆ = , as shown in Fig.1(b). The dielectric distribution of thin layer is approximated to step 

index profile ( ) ( )[ (( 0.5) , ) ; 1~ ]l z l d z l Mε ε
∆

+ =@ . In each layer ( 1 ~ )l M= , the magnetic field can be 
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)()(2, ⋅= , where )(lh  is the propagation constant in the x-direction, and 
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Taking into account the Floquet's theorem, )()( zH l can be approximated by the finite Fourier series as 
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If ( ) ( )l zε  is decomposed as ( ) ( ) ( )( ) ( ) ( )l l lz f z g zε @ , for example ( )
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than that of reference[12] so that, substituting Eq.(5) into Eq.(4) and multiplying both sides by 
( ) ( ) 2( ) ( )l l i nz pg z f z e π−⋅ , and rearranging after integrating with respect to z in the interval pz <≤0 , 

we get the following eigenvalue equation in regard to )(lh [6] 
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However, ( ) ( )( ) or ( )l lf z g z  contain discontinuity such as the step function, ( )
,( ) l

n mn m η−  does not 
converge, because ( )

,
l

n mη  is (1 ; )O n m n m− ≠  as n m− → ∞  [ ( )
,| |l

n mη is less than | |K n m− , where K 
is independent of | |n m− ], so that the solution of the Eq.(6) also does not converge to the correct 
value. Therefore, the method cannot directly be applied to the grating with step distribution[10]. 

To solve this difficulty, the function containing the discontinuity is approximated by a Fourier se-



 

ries of fN  terms[10]. 
We have experienced that fNN 5.1=  is sufficient when fN  is related to the modal truncation 

number N[10]. 
The electromagnetic fields in each layer are expressed as 
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where )(lAν , )(lBν  are unknown coefficients to be determined by boundary conditions. 
From the boundary conditions at 0=x , ( 1 ~ 1)x l d l M∆= − ⋅ = − , and dx −= , we get the fol-

lowing homogeneous matrix equation in regard to )( MA  by matrix algebra[11]. 
( )M⋅ =W A F ,   ( ) 1
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where the elements of matrix W and F are obtained by reference[6],[9] 
The mode power transmission coefficients 2)( || TM

nT  is given by 

{ } ( )( ) 2 (3) (3) 2 (1)
1 3 0| | Re | |TM

n n nT k t kε ε@ ,      (10) 

where superscript (TM) indicates TM wave case. 
3. Numerical Analysis 

We consider the following structure of grating: 
(1) Grating shape ; elliptic cylinder 

2 2[( 2) ( 2)] ( ) 1x d d z a+ + =        (11) 
(2) Distribution of permittivity ( , )x zε ; elliptically layered media 
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For the above case, we put 1)()( =zg l  and ( ) ( ) ( , )lf z x zε= , and the values of parameters chosen are 
1 3 0ε ε ε= = , 2 0 3ε ε =  and 2 3d p = . For the TM wave, the results to check the validity of our 

method are computed with 9 ( 6)fN N= =  and 30M = . For the TE wave, the results are computed 
with 10=N  and 20=M . In this case, the relative error are less than about 0.1% and the energy 
error is less than about 310−  for both TM and TE waves[12]. 

Figures 2(a) and 2(b) show ( ) 2
0| |TMT  and ( ) 2

0| |TET  for various values of incident angle 0θ  at 
2 0.8,1.0 and 1.2a d =  for 1.0p λ = . The case of circular cylinder is 2 1.0a d = . From in Figs.2(a), 
the effect of grating shape is seen clearly at the minimum of coupling resonance ( ) 2| | 0TM

nT ≅ , and it 
moves toward larger 0θ  as 2a d  increases. On the other hand, for TE case, ( ) 2

0| |TET has a symmetric 
shape around 0 30θ = ° . Therefore, we note that the 0θ  dependence at coupling resonance is more sig-
nificant for the TE case than for the TM case. It is interest the peak of ( ) 2

0| |TET  at 2 1.0a d =  moves 
toward at 0 90θ ≅ ° . 

Figures 3(a) and 3(b) show 2)(
0 || TMT  and 2)(

0 || TET  for various values of normalized frequency 
( )p λ  at 0 30θ = °  with the same parameters as in Fig.2. Comparing the TM case with the TE case, 
we note that the characteristic tendencies for the effect of grating shape are approximately same at 

0.7p λ < , but for about 0.7p λ > , the effect of the grating shape is more significant for TE case.  
4. Conclusions 

In this paper, we have analyzed the scattering of electromagnetic waves by dielectric gratings with 
elliptically layered media using improved Fourier series expansion method and multilayer method. 
Numerical results are given for the transmitted scattered characteristics for the case of incident angle 
and frequency for both TM and TE cases. The influences of the incident angle, and the frequency on 
the transmitted power for grating shape are discussed. Finally, the authors would like to thank Mr. 
Ryuji Terada at graduate student of Nihon University for help with drawing graphics in this work. 
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      (a)                                                                           (b) 
Fig.2 Mode power transmission coefficients ( ) 2

0| |TMT  and ( ) 2
0| |TET  versus incident angle 0θ  for 

the case of [0]th-mode with elliptical layered media. (a) TM wave, (b) TE wave. 
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Fig.3 Mode power transmission coefficients ( ) 2

0| |TMT  and ( ) 2
0| |TET  versus a normalized frequency 

λp  for the case of [0]th-mode with elliptical layered media. (a) TM wave, (b) TE wave. 
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