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Abstract: High-resolution parameter estimation algorithms can significantly enhance path parameter resolution in 
multidimensional channel sounding. However, variance and reliability of the estimation results are not often clearly 
defined in practical environments. Especially, Direction-of-Arrival (DoA) resolution of multiple paths can be severely 
degraded by antenna array imperfections, mutual element coupling, and residual calibration errors. In this paper we 
describe the fundamental limits on the DoA resolution in terms of the Cramer-Rao-Lower-Bound (CRLB) which is 
calculated from the calibration data of the antenna array. The CRLB indicates the minimum achievable parameter 
variance which can not be outperformed by any parameter estimator. We compare the calculated CRLB to the em-
pirical variance taken from measurements using a Stacked Polarimetric Uniform Circular Patch Array (SPUCPA) with 
192 output ports. Since the result essentially depends on the constellation of the impinging waves, the most simple 
“single path scenario” and the “coherent two path scenario” are considered. Since the proposed method relies only 
on antenna beam pattern measurements, it can easily be applied to real antenna arrays. The results clearly indicate 
the performance limits to high-resolution DoA estimation. 
 
1 Introduction 
Various types of antenna array architectures have been used in real-time MIMO channel sounding [1]. Depending on 
their spatial shape these arrays allow estimation in azimuth and/or elevation with more or less complete angular 
coverage. With a suitable design of the antenna array elements, also the polarimetric channel response can be esti-
mated. Several high-resolution channel parameter estimation algorithms have been proposed for this application, 
mainly based on subspace [2] or maximum likelihood methods [3] [4] [5] [6] [7]. However, based on an empirical 
investigation of several arrays (see [8], [2]) we have shown that the resolution performance of these algorithms is 
severely influenced by the achieved characteristics of the realized antenna array and also depends on the angular 
and complex polarimetric path weight constellation of the impinging waves. Obviously, design parameters such as 
the effective array aperture (as seen from a specific DoA), the element distance, and the characteristics of the array 
elements have a strong influence. This relates also to any kind of mechanical and electrical tolerances, mutual ele-
ment coupling, and amplitude- and phase mismatch of the antenna elements. From experimental studies it became 
clear that the fact of closely spaced coherent paths cause severe degradation in variance and resolution. The DoA 
and path weight variance in terms of the CRLB [9] [10] of an unbiased DoA parameter estimator are derived in [11]. 
Since it is a fundamental limit on the achievable variance, the CRLB is independent on the intended parameter esti-
mation algorithm. A further advantage of our proposed procedure is that it completely relies on measured complex 
polarimetric antenna characteristics. Thus any realization degradation is included if only precise calibration meas-
urement data are available. The structure of the data model which is used to calculate the CRLB and also to estimate 
the channel parameter with a ML based algorithm [6] was described in [11]. Here we demonstrate experimental re-
sults. The measurements were taken with a SPUCPA [13] and the sounder [12] in an anechoic chamber. We com-
pare the calculated CRLBs with the empirical variances of the parameters estimated from a series of measurements 
for a “single path scenario” and “coherent two path scenario”.  
 
2 SPUCPA calibration measurement and data model  
In this section calibration measurement results are described which are taken from the SPUCPA shown in Fig. 1. 
This 5.2 GHz cylindrical array consists of 96 dual-polarized dielectric patch antenna elements which are arranged in 
4 stacked rings. The spacing between the rings was chosen to 0.5 of the wavelength at the upper frequency in the 
band thus satisfying the sampling theorem in space. The optimised radius is 1.75 of the wavelength at the upper 
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frequency. The goal of this optimisation is to minimize the probability of parameter estimation outliers throughout the 
SAGE iterations (see [8]). The measured beam patterns for vertical and horizontal polarized stimulation and the ef-
fective aperture distribution function (EADF) of one element are also depicted in Fig. 1. The EADF results from a 2D-
Fouriertransform of complex beam pattern and ends in a 2D-Fourier series expansion of the beam patterns. This 
allows a very effective handling of the calibration date from a numerical point of view [11]. The calibration measure-
ment was conducted in an anechoic chamber using a channel-sounder [12]. The sounder delivers instantaneous 
frequency responses at 5.2 GHz within a 120 MHz bandwidth. The beam patterns are calculated from the LOS 
maxima of the channel impulse responses, thus further reducing the remaining parasitic echoes. This single path 
LOS scenario is used as reference to construct the calibration data model as described in [11]. The complex beam 
patterns are recorded in the full 360 degree coverage azimuth domain and 180° in elevation. The transmit antenna 
was a dual polarized high gain horn with vertical/horizontal polarization matched to the vertical/horizontal polarization 
vector of the array. High polarization decoupling in the far field of this transmit antenna is of primary importance. 

The calibration data model is constructed by a discrete Fourier transform of the recorded complex beam pattern Fig. 
1 (b) to the EADF Fig. 1 (c): 
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This step, however, not only requires precise rotation of the array around a suitable defined pivot point located in the 
centre of the array, but also excellent phase stability throughout the whole measurement cycle. Even with synchro-
nized Tx and Rx there can be problems with phase stability as a result of thermal phase drift of cables and filters. 
Therefore, this phase drift has to be estimated and removed from the calibration data.  
 
3 Comparison of the array evaluation method with measurements 
The procedure for determining the CRLB is now applied using the EADF shown in Fig. 1(c). The CRLB represents 
the variances and co-variances of the estimated parameters dependent on a given signal-to-noise-ratio (SNR). We 
compare the calculated CRLB to the variance which was empirically achieved by measurements and parameter 
estimation in well defined reference scenarios. Since we are considering a SPUCPA, the variance of the azimuths, 
elevations and of the complex polarimetric path weights (separated into real- and imaginary parts) will be considered. 
Because of space limitations only the results for one of these parameters will be shown.  
“Single path scenario”:  At first the achievable accuracy of the investigated SPUCPA will be demonstrated assum-
ing a single source in the far field over the whole azimuth range and elevation range from 30° to 140°. This scenario 
is described by one LOS path. The measurement consists of 64 stationary observations per azimuth and elevation 
pair. All parameters of each observation are estimated by using a ML estimator (RIMAX algorithm, [6] [7]). The vari-
ances of each parameter from the 64 realizations were calculated. The estimated variance of the azimuth angle is 
shown (Fig. 2 (a)) vs. the true DoAs in azimuth and elevation. The CRLB-result of the azimuth angle ϕ1 (calculated 
with the estimated SNR (17…18 dB) of the measurement) are depicted in Fig. 2 (b). Because of the limited number 
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b) Bmv & Bmh 

-20 -10 0 10 20
-20

-15

-10

-5

0

5

10

15

20

µ2
µ

1 Na1

Na2

-20 -10 0 10 20
-20

-15

-10

-5

0

5

10

15

20

µ2
µ

1

-20 -10 0 10 20
-20

-15

-10

-5

0

5

10

15

20

µ2
µ

1 Na1

Na2

Na1

Na2

 
c) EADF Gm 

Fig. 1: (a) SPUCPA, (b) normalized magnitude of one beam in azimuth and elevation ( vertical & horizontal stimulation), (c) 
EADF with phase drift correction  
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of 64 realizations the ratio ( )
( )2

1

1

σ̂
CRLB

ϕ
ϕ=q  of the CRLB and the estimated variance Fig. 2 (c) has a variance of around 18 

%, which in fact matches the theoretically expected value.  

 “Coherent two path scenario”: Two paths are said to be coherent if their weights have the same frequency and if 
they have an almost constant phase difference during the available observation window. Because of the superposi-
tion of the two coherent wave-fronts, a static spatial pattern results with regions of constructive and destructive inter-
ference. This probably leads to an ill-posed parameter estimation problem since it can easily be observed that the 
resulting degradation depends on the phase difference between the path weights. This scenario has been described 
in [8], [2]. The two Tx antennas where located in the horizontal plane and at the same distance l to the SPUCPA (Rx) 
and a angular separation in azimuth and elevation of 5°. The distance of one transmit antenna was changed in steps 
of λ/8 from -λ to λ around the distance l. Thus introducing a specific phase difference between both paths. The 
transmit power of the both sources differed around 3 dB. The results are plotted vs. the relative Tx antenna position. 
In Fig. 3 (a) the calculated CRLB of the azimuth of source 2 is plotted and in (b) the related  ratio q(ϕ2) of the CRLB 
and the estimated variance from 32 observations. The different colours in the Fig. 3 (a & b) characterize the different 
azimuth positions of the Rx array. It is observable that the array behaves not homogeneous for all azimuth angles. 

It becomes obvious that the oscillating behaviour of the CRLB is independent on the azimuth of the Rx array. How-
ever it depends on the phase difference of the two waves (see Tx position) which causes an ill posed estimation 
problem for specific phase constellations.  
 
4 Conclusions 
We have shown that the recently introduced DoA resolution performance evaluation method of antenna arrays based 
on the CRLB [11] very well predicts the attainable estimation variance in specific impinging wave constellations. We 
have shown that a statistically efficient estimator can reach this CRLB. The comparison has been made with esti-
mated paths in both a single and a multiple path scenario. The proposed performance measure can be used to 
evaluate antenna arrays on a fair basis since it is not dependent on a specific parameter estimator. It solely requires 
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(c) distribution of q 

Fig. 2: Comparison of the CRLB of 1ϕ  (b) and estimated variances ( )2
1ˆ ϕσ  from the estimations of ϕ1 (b), distribution of the 

ratio q of both (c) 
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(a) CRLB of ϕ2  
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(b) q(ϕ2) 
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(c) distributions of q(ϕ1) & q(ϕ2)  

Fig. 3: (a) CRLB(ϕ2), (b) ratio of the CRLB(ϕ2) and estimated variances ( )2
2ˆ ϕσ  from the 32 estimations of ϕ2 , (c) distribution of 

q(ϕ1)  and q(ϕ2) 
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calibration measurement data, it can easily applied to any realizable antenna array and reflects all impairments  of 
the physical array. It can also be used to evaluate the array design if simulation data are available.  
Furthermore, the proposed method can be used to determine the reachable accuracy and resolution of radio channel 
parameter estimates calculated from channel measurements.  
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