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ABSTRACT

The fields of reflector antennas determined by integraltion of the cur-
rent on the illuminated surface of the reflector are identical to the fields
determined by aperture field integration with the Kottler-Franz formulas
over any surface S, that caps Lhe reflector. As a corollary to this equi-
valence theorem the fields predicted by integration of the physical optics
(PO) surface curreats and the Kottler-Franz inLegration of Lhe geometrical
optics (GO) aperture fields on S, agrze to within the locally plane-wave
approximatinon inherent in PO and GO. Moreover, within the region of accuracy
of the fields predicted by PO current or GO aperture field integration, the
far fields predicted by the Kottler-Franz apertare integration are closely
approximated by the far fields obtained from aperture integration of the
tangential electric or magnetic field alone. 1In particular, discrepancies
in symmetry between the far fields of offsel reflector antennas obtained
from PO current and GO aperture field integrations disappear when the aper-
ture of integration is chosen to cap (or nearly cap) the reflector.

ANALYS IS

Consider the illuminated surface Sy of a perfectly conducting reflector
capped in free space by the Imaginary aparture surface Sy. The surface
Sy + S, encloses Lhe free-space volume V. The feed sources of radiation il-
luminating the reflector are assumed to lie outside V. Applying the Kottler-
Franz formulas [l], [2] to the total electric and magnetic fields over the
closed surface Sp_+ S5, we get the following expressions for Lhe electric and
magnetic fields (E., H.) radiated by the curreat K on the illuminated side of
the reflector:
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Equations (la) and (1b) state that the electric and magnelic fields determined
by integration of the current on the illuminated surface Sy of the reflector
are identical to the fields determined by an aperture integration with the
Kottler—Franz formulas of the total tangential fields over any surface S,
that caps the reflector.




The Far fields, which are found from (1) by letting e approach Lnfinity,
can be computed by elther approximatiag the curreat over the surface S, or
the fields over the aperture S;.

THE PO CURRENT AND GO APERTURE FILELD APPROXIMATLION

Substitution of the physical optics (PO) current and geometrical optics
(GO) aperture fields into (2a) produces the following alternalive approximate
expressions for the far fields of the rafleclor
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Within an angle 8 of about 15° or 20° from boresight, ér and
n, are nearly parallel and the integrand in 5, of (2) reduces further
to the approximation
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Equation (2) states that to within the locally plane-wave approxima-—
tion used to estimate the surface currents and the aperture fields, the far
fields determined by the PO current integration and GO aperture integration
with the Kottler—-Franz formulas are equal, provided the aperture S, caps
the reflector surface S,. Moreover, (3) shows that the GO aperture inte-
with the Kottler-Franz formulas is closely approximated by the familiar
integration of the tangential electric (or magnetic) field for angles @
within about 20° of the main beam direction. If S, is chosen to be a
plane, then the aperture integration in (3) is identical to that obtained by
applying the Smythe formulas [3] to Eg, within S; and ignoring the con-
tribution from the flelds outside S; on the infinite plane of integration
required by the Smythe formulas. FEquations (1),(2), and (3) obtained
from the Kottler-Franz formulas show that integration outside S, is not
required Lo evaluate fields produced by the current on the front surface
of the reflector as long as the surface of integration S; caps the reflector.

ZXAMPLES

For conventional (nonoffset) reflectors both PO current and GO aperLure
integration have been applied with equal success [4]. Typlcally, hoth
methods predict far fields Lhalt agree closely with measured data within the
main beam and first few sidelobes. (Beyond the first few sidelobes, the



fields diffracted by the antenna struts, the feed, and the rest of the sup-
porting structure preclude usually a meaningful comparison between measured
data and the results of PO currenlL or GO aperture field integration,)

For offset reflectors PO current integration predicts a slightly asym-
metric far-field pattern in the plane of the offset that agrees slightly
better with measured data than GO aperture field integration, when the aper-
ture chosen for the field integration is the projected aperture plane normal
to the electrical boresight direction of the offset reflector, rather than
the plane that caps the reflector surface [5], [6]. Specifically, consider
the offset reflector studied by Rudge [5) and described in Fig. 1. Rudge
integrated the GO electric field over the projected aperture plane SP
and got the symmetric copolar far-field pattern shown in [5, Fig.Z(b?].
tlowever, the same figure shows that the measured pattern in this plane of
offset (xz plane) is slightly asymmetric. Recently Rahmat-Samii has shown
that this slight asymmetry is correctly predicted by PO curreat integratLion
over the surface S, of the reflector [6]. 1In accordance with the theoretical
results of the present communication, the same asymmetry would be predicted
by the aperture field integration merely by choosing the aperture plane S,
that caps (or nearly caps) the reflector instead of the projected aperture
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To verify this we could integrate numerically the GO electric field in
(3) over S,. However, a much simpler way is to note that the integral
over S, is related Lo Lhe integral over SP by
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The extra phase factor exp (ikx' tan a(l-cos 08 )) in the Sg integral
of (4) merely accounts for the difference in path length between the Sy and
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SP planes and the far field point. Since this integral over 5P 1a (4)
is the same one that Rudge [5] computed except for the extra phase factor,
the far fleld pattern in the offset plane is equal to Rudge's pattern shiftled
by
40=(1l-cos 0)tan a ~_2{_ tan a (5)
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This A8 shift in pattern, which depends on the angle A to the far field,
produces an asymmetric far-field pattern in the plane of the offset. Table
T lists the A% shift given in (5) as a function of angles A, Comparing
Table I with [6, Fig. 4(a)], one sees that the GO aperture field integration
over the capping plane S, predicts the same asymmetric pattern as the PO
curreat integration., Moreover, the aperture field integration over S, is
no more complicated than the aperture field integration over the projected
aperture Sg with the integrand nultiplied by a slowly varying phase factor
to account for the path length difference between S, and Sg. (This simple
conversion can be made whenever the feed lies at the focal point of a para-
bolic reflector.)

CONCLUDING REMARKS

_The PO current integration has the advantage of using the simple
2n x H ne approximation for the surface current, but the disadvantage
tage o% having to evaluate rather complicated integrals over the reflector
surface. Conversely, the GO aperture field integration has thce advantage of
an extremely simple double Fourier transform that can be evaluated effi-
ciently with fast Fourler transform subroutines, but the disadvantage of
having to ray trace from the reflector surface to the aperture plane (or

vice versa) in order Lo get the GO aperture fields.

Which method should one use, the PO current integration or the GO
aperture fileld integration Lo estimate the far fields of reflector antennas?
The answer Lo Lhis question depends more upon the predisposition of the
user and the particular antenna in question than a definite advantage of oune
method over Lhe other. However, the theoretical and numerical results of
this communication indicate that the accuracy ohtainable by bolLh methods is
comparable and thus accuracy need not be a consideration in deciding between
the two methods. 1Ideally, one would use both methods to gain confidence in
their mutual applicability and to confirm both computer programs.
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