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ABSTRACT

We investigate the relation between a speaker adaptation method
such as VFS (Vector Field Smoothing [5]) and a sound-morphing
method from a geometrical point of view. It is shown that topolog-
ical field theory yields the systematic treatment of these two meth-
ods by the fact that the chain complex (Witten’s complex) plays
a central role in their deformations of spectra. Witten’s complex
combines the local and the global information of a manifold (or
spectrum) algebraically. Consequently, it gives us numerical and
algebraic invariants of the manifold. Some of the examples and the
application to speech-spectra of classical mathematical ideas —
for example, Morse theory and generalized Poincarè’s conjecture
in higher dimensions — for topological field theory are discussed.

1. INTRODUCTION

The object of this note is to construct a nonlinear map
�

on a man-
ifold and to show that a sequence of the map

�
is a chain complex:���������

.
A sound-morphing method (see Osaka [4] and Shiraki [8])

and a speaker adaptation scheme [5] both use essentially spec-
tral deformation. One of the basic problems of these methods is
how to deform speech-spectra gradually while maintaining intelli-
gible speech as a specific individual. In this note, we consider the
problem above to be the study of differentiable manifolds (spec-
tra) and differentiable maps. Then, naturally, two manifolds are
considered equivalent if they are diffeomorphic: there exists a
differentiable map from one to the other with a differentiable in-
verse. So the problem turns out to be how to construct numerical
and algebraic invariants determined by the diffeomorphism class
of the manifold. We use Morse theory [3, 7] in order to extract
topological invariants of each given speech-spectrum from their
critical points, i.e., our focus is attention to the peaks and bot-
toms of speech-spectrum which are important characteristics of
the perceptual property of speech. Morse theory relates collections
of the local data around critical points and the global topological
structure of the manifold. In this theory, Witten’s complex plays
a central role in constructing invariants of the manifolds [1, 11].
The construction of Witten’s complex is numerical and algebraic,
and the construction actually connects critical points of the mani-
folds. Therefore, Witten’s complex gives constructive solutions to
the problems of speaker adaptation and the sound-morphing men-
tioned above.

In Sect.2, we briefly review parts of Morse theory that are nec-
essary preparations for describing deformations of speech-spectra,
and show that a chain complex plays an essential role in connecting
critical points. In Sect.3, we construct a nonlinear map (boundary
operator) and show in Theorem 2 that a sequence of the operator
is a chain complex.

2. PRELIMINARIES

In this section, let us briefly review the basic notions of algebraic
topology and Morse theory [1, 2, 3, 6]. Let � be an 	 -dimensional
compact smooth manifold, 
 ��� be a composite, 
�������� be
a real-valued smooth map on an 	 -dimensional manifold � .

Definition 2.1: A point ����� is said to be a critical point of 

if, in some coordinate neighborhood � ��� ������ ! � "�#�%$'& around � ,(*)(,+*- � �.& ���/�102�43 �! � � ��#	5&76
Definition 2.2: In a coordinate system � , a matrix 8�
�9 �
� (,:")(,+*-1(,+<; & is said to be the Hessian of 
 at a critical point � . The

number = � �.& of negative-eigenvalue of Hessian 8�
!9 is said to
be the Morse index of a critical point � . If 8�
�9 is nonsingular,
a point � is said to be a nondegenerate critical point. A Morse
function 
 on a smooth manifold � is a smooth function 
 such
that the Hessian of 
 is nonsingular at every critical point.
Definition 2.3: A sequence as shown below of maps from one
linear space to another linear is said to be a chain complex if�?>,@ � �A�?>��B�?�C3�D/E�D 	�& , denoted it by

�GFIH � � & or
FJH

.
FK>

is said to be a
E

-dimensional chain group and
�

is said to be a
boundary operator.

F $ (�L� F $ @ � ( LNMPO� 6!6"6N� FK> (!Q� FK>,@ � �R6!6�6S� F � ( O� F�T

2.1. Morse Theory and Witten’s complex

Let � be an 	 -dimensional closed orientable manifold and con-
sider a Morse function 
 on � . We consider the following ODE

U
USVSW � V & �4XZY�[N\^]1_ 
P� (1)

where W is a curve of W �`�a� . is not compact, so it seems natu-
ral that we consider the boundary condition to construct a solution
space of equation (1). For this purpose, we use critical points of the
Morse function. A set of critical points is given by the following
equation: FAbc� �d�e
%&�� �4f �����hg U 
 � �.& ���Ni 6 (2)
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Because the function 
 is a Morse function, the set
FAbc� �d� 
%& is fi-

nite. For ��� FAbc� �d�e
%& , let = � �.& be the Morse index of � . Namely,
= � �.& is the number of negative-eigenvalue of Hessian. Using this
as the boundary condition, we define

� � �d�e
 �?�5���S& as follows
for two critical points ����� � FAbc� �d� 
%&
� � �d� 
����5��� &K� � ���

�`���	�����

��
 ] �4XZY 

����]�� @�� W � V & � �
����]�� � W � V & � ��� ������

(3)

Now we count the cardinality of the set
� � �d�e
 �?����� & has an

action on
� � �d�e
 �"����� & as W � V���� & � W � V & � W � � & , so we consider

the quotient space  � � �d� 
 �����!�S& with respect to this action. In
general, to count the cardinality of set, the dimension of the set
must be

�
-dimension. Because the set of critical points depends on

the choice of a Morse function, the number of the solution space
is not a topological invariant.

So we do algebraic construction. Let us define the graded
Abelian group

F#"N� �%$e
%& as follows:

FK>�� �&$e
%&�� � '
9)(+*-, \�.0/ ) _1 \ 9 _32 >  +4 �65 � (4)

where the right-hand side is the free module on in which the num-
ber of generating elements is equal to the number of critical points
of index

E
. We define a map

�P> � FK>c� �%$e
%&A� FK>,@ � � �%$7
%& on
the group as follows:

� > � 4 �65 &�� � 78 (+*-, \�.0/ ) _1 \ 8 _92 >,@ �;:  � � ���e
��"�����S&<4 �=5G� (5)

where : means counting the number; more precisely speaking,
consider  � � �d�e
 �N����� &<4 �65 to be a 0-dimensional oriented man-
ifold and : means counting the number of signed number of the
manifold.

The formulation above of chain complex is due to Witten[11].
In this construction of the chain complex, the following theorem
holds.

Theorem 1.
�GF " � �%$e
%&7� � & is a chain complex. Namely,�?>,@ � ���?> ��� . Furthermore, homology group of

�GF " � �%$7
%&7� � &
is isomorphic to homology group of � :
8 H �#�GF#" � �%$e
%&7� � &#&?>� 8 H � � & .
2.2. Stable and unstable manifold
Let us define a stable manifold @%9 and an unstable manifold A�9
for a critical point � of an 	 -dimensional manifold � as follows:@P9 �CBED ��� g 
����]�� � W � V & � �GF / (6)A59 �IHJD ��� g 
����]�� @K� W � V & � �ML � (7)

When the Morse index of � is
E

, the dimensions of @'9 and A�9 are
	 X E and

E
, respectively. These submanifolds of @%9 and A�9 give

a certain kind of the decomposition of the manifold � and they
provide us the systematic point of view when we study manifolds

(see e.g. [10]). In fact, for a set
FAb

of critical points of a Morse
function the following equation holds:N 9)(+*�,OA�9 � ��6 (8)

This means that the unstable manifolds gives the cell (homeomor-
phic to

1%� �.& ) decomposition of a manifold � .
Let P � be such that 
 � � &RQSPTQ4
 � �.& , and denote a neigh-

borhood U � � 

@ � � P!& . Then @ 8 and A59 intersect U transversally

(see e.g.[9]). We define @ 8 � P!&K� � UWVX@ 8 �YA�9 � P!&K� � UIVXA�9 andZ[��� A�9 � P!& ��E�X 3 � Z[��� @ 8 � P!& � 	 X�E . Therefore, if @ 8 � P�& andA 9 � P�& intersect transversally, their intersection number is finite.
Morse-Smale type: The gradient flow of a Morse function 
 �
� � is said to be of Morse-Smale type if for any two critical
points � and � the stable and unstable manifolds @'9 and A 8 inter-
sect transversally.
This requirement can be achieved by means of an arbitrarily small
alternation of the Riemannian metric [10]. Hereafter we assume
that a Morse function is of Morse-Smale type.

If two critical points �5��� are with = � �.& X = � �S& � 0
(
0 �

3 ��\N�^] ), for the intersection of the stable and unstable manifold the
following Lemma 1,Lemma 2 and Lemma 3 hold [1]:
Lemma 1:For = � �%& � = � � & , A 9 V_@ 8 �a` . For = � �.& X = � � & �43 ,
the following equations hold:A59bVc@ 8 � NGdfe � ����� &7� dge � ���!�S&-V d=h � �5���S& �a` �10ji�lk &7�
where each of

dfe � ����� & is a flow trajectory which is a 1-dimensional
submanifold of � and homeomorphic to .
Lemma 2: For = � �.& X = �1b & � \ ,A 9 Vc@ , � N �nm � � &7� m � � &-V m � �3o & �p` � � i� �3o &7�
where each of m � � & is a 2-dimensional submanifold of � and
homeomorphic to q .
Now we fix a point � with = � �.& X = � �S& � 3

. Then
d e � �5���S& Nd=h � ��� b & is said to be a edge of m � � & if for any

V � there exists the
gradient flow W 8�r � V & which converges to

dfe � �5���S& N dOh � �c� b & . Here,
a point sequence

f
q s i in m � � & converges to � .

Lemma 3:(1)Each of m � � & has just two edges. (2)There exists just
one m � � & whose edge is

dfe � ����� & N dOh � �c� b & .

3. CONSTRUCTION OF BOUNDARY OPERATOR

In this section, we try to construct a map
�

on a manifold � fol-
lowing Morse theory and Witten’s complex. We use Morse theory
as the basis of the construction and also use a set of critical points
of Morse function as the boundary conditions. Hereafter let a man-
ifold � be orientable.

3.1. Witten’s complex based on orientation

We set a Morse function 
 on a manifold � so that @ 8 and A 9
intersect transversally for any critical points ����� . We define

FAb*>
as follows: FAb,> � � f � � FAbc� �d� 
%&�g = � �.& ��E'i � (9)

and let the linear space
FK>

whose basis are
FAb*>

be defined as
follows: FK> � � ft79u(g*�, QEv 9 4 �65 g v 9 � i 6 (10)
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We define the boundary operator
�

based on the two orienta-
tions defined on an image of the gradient flow W � V & as follows:

Procedure of Witten’s complex based on orientations

1. Determine the orientation of a manifold � .

2. For each critical point � � FAb
determine arbitrarily the

orientation of the unstable manifold A29 .
3. Determine the orientation of the stable manifold @ 9 , which

was determined from the intersection of the orientations of@'9 and A59 , at � is
� 3

, because @'9 intersects A�9 transver-
sally.

4. For �5���4� FAb
determine the orientation of @ 8 VlA�9 so

that this orientation is equal to that of the intersection of the
orientations of @ 8 and A�9 .

5. When = � �.& X = � � & �h3
holds, by Lemma 1 the following

equation holds: @ 8 VXA�9 � N dge � ����� &76 (11)

Therefore, the orientation determined on @ 8 V A�9 deter-
mines the orientation of each element

d e � ����� & . Note thatd e � ����� & has its own orientation preserving the gradient flowW � V & .
6. Assign a number

� 3
or
X 3

to � � d e � �����S&#& according to
whether the two orientations of

dfe � ����� & coincide: one ori-
entation of

dfe � ����� & is determined by Step4 and another is
determined by

dge � �5���S& itself.

When = � �.& X = � � & �43 , using � � dge � �5���S&#& defined in Step6 let
us define

� � ���!�S&�� � 7 e � � dfe � ���!�S&#&76 (12)

We define the boundary operation
� � FK> � FK>,@ � as follows:

� � 7
9)(+*-, Q-v 9[4 �[5 &�� � 7

9)(+*-, Q v 9 � 4 �65 � (13)

� 4 �65 � � 78 (+*-, Q MPO � � �5��� &<4 �=5 6 (14)

In this construction of the complex, the following theorem holds.

Theorem 2.
�GFIH � � & defined above is a chain complex. Namely,�?>,@ � ���?> ��� .

Proof. For each critical point � � FAb*> , the composite of
boundary operation is as follows:

����� � � 7, (g*�, Q M : � 78 (+*-, Q MPO � � ����� & � � ��� b &#&<4 b 5 6
For two critical points ��� b with = � �%& X = �1b & � \ , we just prove
the following equation:78 (+*�, Q MPO � � ����� & � � ��� b & �d� 6

Using equation (12), we can rewrite the equation above into the
following form:78 (+*-, Q MPO � 7 e / h � � d e � �����S&#& � � d h � ��� b &#&#& ��� 6 (15)

First step: The stable manifold @ , and unstable manifold A 9
intersect transversally, so by Lemma 1 and Lemma 2 these inter-
sections can be represented by 1-dimensional submanifolds

d
and

2-dimensional submanifolds m � � & .
For any two critical points with �h� FAb*>

, r � FAb,>,@ q , the
stable manifold @-, and unstable manifold A59 intersect transver-
sally at finite points because the Morse function is of Morse-Smale
type. Consequently @ , V	A 9 is represented by the sum of two 2-
dimensional manifolds m � � & :@�,MVcA�9 � N ��m � � &7� (16)m � � &-V m � � o & �a` � � i� � o &76 (17)

Now let us think of flow trajectories
d e � �����S& contained in the clo-

sure m � � & of the 2-dimensional manifold m � � & . These trajectories
connect two critical points ����� with = � �.& X = � � & � 3

and at most
two trajectories are contained in the closure m � � & . It is also the
same case that at most two trajectories

dOh � ��� b & connecting two
critical points �c� b with = � �S& X = �1b & � 3

are contained in the clo-
sure m � � & .

Second step: Next we count the number of 1-dimensional
submanifolds

d
and 2-dimensional submanifolds m � � & contained

in equation (15).
Let the combination of two trajectories be

d e � ����� & N dOh � �c� b & .
Then by Lemma 3 this combination is the edge of at least
one 2-dimensional submanifold m � � & and each submanifold m � � &
has just two edges, so let us represent these edges

dfe � ���!�S& Nd h � ��� b &7� d e�� � �5��� o & N d h�� � � o � b & . For these two edges we investi-
gate the sign of four trajectories:
� � dfe � ���!�S&#&7� � � dOh � ��� b &#&7� � � d e � � ����� o &#&7� � � d h � � � o � b &#&76 Concern-
ing the orientation of the unstable and stable manifolds, we first
decide the orientations of each unstable manifold in Step2 and then
the orientations of each stable manifold are determined in Step3.
Consequently at the point � the orientation of manifold � is de-
termined by the orientations of the stable manifold @ 8 and the un-
stable manifold A 8 .

Third step: Check two orientations determined on the flow
trajectory

dge � �5���S& :one orientation is determined by the stable and
unstable manifolds (Step5), the other is by the flow trajectory it-
self.

By intersecting the three orientations (of @ 8 �<A 8 � and � ) de-
cided above and the orientation of the stable manifold @ , , at the
point � the orientation determined by @ 8 , d e � �c� b & and the orienta-
tion of @ , are equal. And by intersecting the orientations of these
and A�9 , at the point � the orientation of m � � & and the orientation
determined by the two flow trajectories

dfe � ��6 �S&7� d=h � ��� b & are equal.
This is the same for the orientation of

d e�� � �5��� o &7� d h�� � � o � b & .
Since the sign � � d e � ����� &#& is determined by the orientations

of
dge � ���!�S& decided above and the gradient flow of

dfe � ���!�S& , the
following equation holds:

� � d e � �����S&#& � � d h � ��� b &#& � � � d e�� � ����� o &#& � � d h�� � � o � b &#& ��� (18)
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Since each term of equation (18) depends on just one m � � & by
Lemma 3, we obtain (15) by summing up equation (18) concern-
ing m � � & . This completes the proof of Theorem 2.

�

3.2. Examples

The followings are some examples of Witten’s complex for 1- and
2-manifold. We omit the case of a manifold with boundary.

3.2.1. 1-dimensional Case

Let � � be a 1-dimensional speech-spectrum envelope in log-
scale. After normalizing � � properly, let 
 be a height function
of � � . Then, 
 is a Morse function. In fact, the Hessians at peak
and bottom points are positive or negative definite, so all critical
points are nondegenerate and the Morse index is 0 or 1.

In this case, there is a
3
-dimensional homology group

8 � � � � & corresponding to peaks, and each element of the homol-
ogy is not independent. That is, the homology group is not changed
if the number of peaks (or bottom) is increased or decreased by de-
formations of spectrum. This fact means that the homology group
is homotopy equivalent and also holds in the case of

�
dimensional

homology group corresponding to bottoms.
Let us consider the case of � � having two peaks. We denote

two bottoms and peaks �
T
� �1�
T q �1� �� � � �q . In this case each Morse in-

dex is
� � � � 3 � 3 and the calculation of Witten’s complex is as fol-

lows:

� � F ��� F T � � � �� � � � 3 &<4 �65 T � � �CX 3 &<4 �65 T q � 4 �[5 T � X 4 �[5 T q � (19)� � �q � � � 3 &<4 �65 T q � �CX 3 &<4 �[5 T � � 4 �65 T q X 4 �65 T � 6 (20)

3.2.2. 2-dimensional Case

Let � q be a 2-dimensional power spectrum in log-scale. After
normalizing � q properly, let 
 be a height function of � q . Then

 is a Morse function. In fact, the Hessians at peak and bottom
points are positive or negative definite, so all critical points are
nondegenerate and the Morse index is 0 or 1 or 2.

Let us consider the case of �Sq having two peaks. We denote
two bottoms and peaks �

T
�1� � �1��q � � ��qq . In this case each Morse in-

dex is
� � 3 �Y\N��\ and the calculation of Witten’s complex is as fol-

lows:

� � F q � F � � � � q � � �CX 3 &<4 �65 � �4X 4 �65 � � � � qq � � � 3 &<4 �65 � � 4 �65 � � (21)� � F ��� F T � � � � � � � 3 � �CX 3 &#&<4 �65 T �d� 6 (22)
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