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Abstract—In this paper, we shall describe about a fuzzynto the originali-th block, andf;i(j # i) represents inter-
estimation theory based on the concept of set-valued oplock connections from all other blocks, in order to repair
erators, suitable for available operation of extremely conand sustain theth block performance.
plicated large-scale network systems. Fundamental condi-However, the fluctuation imposed on the actual system
tions for availability of system behaviors of such networks nondeterministic rather than deterministic. Therefore, it
systems are clarified in a form gevel fixed point the- is reasonable to consider some suitable subset of the range
orem for system of fuzzy-set-valued operators. Here, thef system behavior, in place of single ideal point, as tar-
proof of this theorem is accomplished in a weak topologget which the behavior must reach under influence of sys-

introduced into the Banach space. tem control. Now, we can name it as an “available range”
of the system behavior. Thus, by the available range, we
1. Introduction mean the range of behavior, in which every behavior ef-

fectively satisfies good conditions beforehand specified, as

In order to dfectively evaluate, control and maintaina set of ideal behaviors. From such a point of view, the
extremely complicated large-scale networks, as a wholgheory for fluctuation imposed on the system should be de-
the author has recommended to introduce some connectgetoped concerning the set-valued operator.
block structure:i.e,, whole networks might be separated Several years ago, the author gave a general type of fixed
into several blocks which are carefully self-evaluated, selfoint theorem for the system of set-valued operator equa-
controlled and self-maintained by themselves, and seons, in order to treat with extremely complicated large-
which are originally self-sustained systems. However, bycale network systems [1], [2], [3]. Namely, by introduc-
always carefully watching each other, whenever they oling n set-valued operatofS; : X; x H'J.‘YJ- x IT"Y; — F(X)
serve and detect that some other block is in ill-conditiofthe family of all non-empty closed compact subsetXpf
by some accidents, every block can repair and sustain that= 1, ... n), wherell"Y; means the direct product of
ill-conditioned block, through inter-block connections, aty;’s, for anyj € {1, --,n}, andII"Y; means direct product
once. This style of maintenance of the system is sometimgs n V;’s, for fixed i, the author presented important fixed

called as locally autonomous, but the author recommen@sint theorems on the system of set-valued operator equa-

that only the ultimate responsibility on observation and regions:

ulation of whole system might be left for headquarter itself,

which is organized over all blocks [1]. X € Gi(x; fit(x), -+, fin(%); fai(Xa), - - -, fi(Xn))s
Here, let us consider Banach spacgs(i = 1,---,n) (i=1---,n).

andY; (j = 1,---,n), and their bounded convex closed

subsetsxi(o) and Y©, respectively, corresponding to each For convenience’ sake, let us define a direct product

block, B; andB; of whole network system. Let us introducespacey; 2 HT Y; x [1"Y; and also IetYi(O) be a non-empty

operatorsf;j : X; — Y; such thaﬁij(xi(o)) c Y,-(O) and letf;; bounded closed convex subset¥sf Here, let us consider

be completely continuous @q(O)_ a vectory; 2 (%, -+, %; X1, -, %) € V; and an operator
For each blockgi(i = 1,-- -, n), dynamics of system be- fi() * Vi = Yi by
haviors can be represented originally by simple equations:

@)

fivi) 2 (£206), -+ fin(%); Fui(xa),-- -, fmi(X)) . (3)

Xi = aj fii(Xi), (I = 1» ) n)’ (1)
whereq; is a continuous operatorYi(O) - Xi(o). These Here, we know tha; = fij (%) € Yj, Vii = fii(xj) € Yi and
equations have solutiong in everyX®(i = 1,---,n), ac- ¥ 2 (Yir.---.Yin} Yu.---.Yni) € Yi. Therefore, we have a

cording to the well-known Schauder’s type of fixed pointsimple representation of the system of set-valued operator
theorem. Of course, these solutions represent original vadguations (2), as follows:

ues of system behaviors. On the otherhéi{j # i) repre-

sents the operation fed-back through all other blogks i) X € Gi(x; fi(v)), (i=1,---,n). (4)

- 108 -



Recently, the author presented a refined estimation thethere O, is defined as
ory for such large-scale network systems, by using the

fuzzy concept, but under some natural assumptions, at the dr(As, Be)
NOLTA 2004 symposium and further as a paper in the if @ < min{aa, as},
transactions of the IEICE, Fundamentals.[6] dH(A.aAv B.)

Here, we will approve the same theory with a more re- D.(A B) £ if ap <a < as,

 Here, we will approve tf . d(A. B ®)
fined verification, introducing the weak topology into the _ B
Banach space. if ap > @ > as,

dH (A(YA’ BaB)

if @ > maxaa, ag).

2. Fuzzy Set and Fuzzy-Set-Valued Operator A .
Here,as = sup.y us(X) and the Hausdgf metric dy be-

First of all, let us consider a family of all fuzzy setsWeen wo setsSand S is defined by

originally introduced by Zadeh [4], in a Banach spate
with the norm|| ||, and let any fuzzy sef be character-
ized by a membership functigm(x) : X — [0, 1]. Now,
we can consider an-level setA, of the fuzzy setA as
A, 2 {€ € Xjua(&) > a}, for any constant € (0,1]. The
fuzzy setAis called compact, if all-level sets are compact
for arbitrarye € (0, 1]. In order to give a new methodology for the discussion
A fuzzy-set-valued operatd@s from X into X is defined more sophisticated than the one by usual set-valued op-
byG : X = 7(X), whereF (X) is a family of all non-empty erators, the author presented mathematical theories based
, bounded and closed fuzzy setsXn If a pointx € X is  on the concept g-level fixed point, by establishing fixed
mapped to a fuzzy séb(x), the membership function of point theorems fog-level fuzzy-set-valued nonlinear oper-
G(x) at the point € X is represented byg(£). ators which describe detailed characteristics of such fuzzy-
For convenience, let us introduce a useful notation: foset-valued nonlinear operator equations, for every level
an arbitrarily specified constgsite (0, 1], a pointx belongs 8 € (0,1] [5, 6].
to thep-level setA; of the fuzzy setA: x € Ag 2EeX]|
ua(€) = p}is denoted by €5 A [5]. 3. System of Fuzzy-Set-Valued Operator Equations
Here, let us introduce a new concept @fevel fixed . ) . )
point: for the fuzzy se6(x), if there exists a poing* such Now, let us introduce a more fine estimation theory for

thatx* €5 G(x*), thenx" is calleds-level fixed point of the available operation of large-scale system of set-valued op-
fuzzy-set-valued operat@ [5]. erators (4), by introducing-level fuzzy estimation.

N . Originally, these sets are crisp. However, in order to
ow, let us remember that we have introduced a new : N
metric into the space of fuzzy sets [5, 6]. mFroduce more fine estimation |_nto these resultant fluctu-
ation sets, here we can reconsider anew theseGeas
fuzzy sets. Then, let us replace the above described crisp
setsGi(x; fi(v)) by fuzzy sets with same notations, accom-
panied with suitable membership functigns (&), & € X,
which should be properly introduced corresponding to con-
scious planning for the fine evaluation of resultant fluctua-
os(6A) = inf d,(x, A), (5) tions themselves.
post In order to realize a more precise analysis, let us intro-
duce diferent values of8 asg; (i = 1,...,n), consciously
selected corresponding to every bldgk

dn(S1.S2) = maxsupd(xi, So)lx: € S},
supd(xz, S1)Ix2 € Sa}},

where dx, S) 2 inf{llx—yl| | y € S} is the distance between
apointxandasetS.

Definition 1 Let us consider a Banach spacgoXFor any
fixed constang € (0, 1], the s-level metricpg between a
point xe X and a fuzzy set A is defined as follows:

where

inf [[x - yll if @ <an Now, for any fixed constarg; € (0,1](i = 1,...,n), we
da(x A) 2] YA Y (6) can introduce a system gf-level fuzzy-set-valued nonlin-
o y'er/l“: Ix-vil  ifa>aa ear operator equations:
A

Here,aa = sup.x ua(X). And also, for any fixed constant
B € (0,1], by means of the Hausdpmetric dy, thep-level  If there exists a set oB;-level fixed points{x’} in Xi(o)
metric H; between two fuzzy sets A and B is introduced &$ = 1,---,n), which satisfy the system ¢f-level fuzzy-

follows: set-valued operator equations (9), eachcan be con-
A sidered as @;-level likelihood behavior of the blocB;,
Hy(AB) = sup Du(AB). (D" = 1..-.n). Here, thiss-level likelihood behavion'
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can be found in a closed domain in which the membershiget-valued operator equations.

functionyg,x:w) (&) has value larger than or equalgo For the first step, let us introduce reflexive, or uniformly
As shown in the Introduction, we know that the origi-convex, real Banach spac&s (i = 1,---,n), in which

nal system of nonlinear operator equations (1) has the dite norm is represented ljy ||, and also their non-empty

sired solutionx® in every X® (i = 1,---,n). In order bounded closed convex subs#® (i = 1,---,n). Let X,

to establish a fine estimation in the fuzzy spa¢®, we be the dual space of and let us introduce a weak topol-

can conveniently specify the membership functien(s) 09y (X, X;) into X;. Then,X; is locally convex topolog-

in bell-shape such that the desired solutidf gives the ical linear space, and therefor” is weakly closed and

maximum value ofig,: Biy A M o oc oy (&) AS weakly compact. Further, let us consider another real Ba-

results, if we arbitrarily select two valugs & € (0, 1] such nach Zpbacesfj (j = 1,---,n) in which the norm is repre-
thatg; > B/, we can expect a more fine likelihood fuzzy esSeNted DY - I _ o
timation for;-level than the one fg8!-level. Now, let us introduce a series of assumptions:

In the case of single vgria_ble syste_m, we can i”us”atﬁssumption 1 Let the operator f : x© _, fij(x_(O)) cv,
an example of thg;-level likelihood estimation for a bell- be completely continuous in the ser;se that Wlhen a weakly
shape membership function, as in Figure 1.

convergent nefx’} (v € J: a directive set) weakly con-
verges tox;, then the sequendd;;(x)} has a subsequence
Bm { %9 = £,(x9) which strongly converges tg; () in Y;.

[ €s Gl fi(v .

X S GO R Assumption 2 Let the fuzzy-set-valued operator; G
XO % Y, — F(X) (a family of all non-empty closed com-
pact subsets of Xsatisfies the following Lipschitz condi-
tion with respect to the;-level metricHg: that is, there
are two kinds of constan®< p; < 1 and q > 0 such that
for any », x? (1) (2

|
1
p 1 e X, for anyy™,y@ € v;, G's satisfy
| ; | inequalities:
} %© |
i : !
|
|
|

% e Hy, (Gi (D y®y, G, (x2; yi(z))) 10

N <= 1+ 0 -
— Gis — !
Gy where [lyi[| = X [lyifl + 251 il
! s 2 & € Xilug (& -
g:ﬁ é{fé.eeﬁriee(fé?)iﬁé?} Assumption 3 For any x € X% and fv) € Vi

GO fiw) = Gi(x; fi(w)) N X 2 ¢. Moreover, there
exist projection pointg;” € X© of arbitrary point x € x©
Figure 1: An illustrative example of th@-level estimation ypon the set ¢,§.’(>q f,(v))) such that
for bell-shape fuzzy fluctuation from the desired behavior '

Xi(O)' in the case of single variable system ||>?. _ X1” _ min{“x{ _ z.|| | 7 € Gi(g,)(xi fi(Vi))}, (11)

. On the one hand,.when the S|gn¢hs~found |r(10)a sti- where Gy, A (€ € Xiluc,(€) = Bi.
ciently small preassigned closed subxé)t) c X, con-
taining the desired signat”, x* can be considered as Assumption 4 (Rockafellar [7]) For any ¥%, x®, e X©,
“available”. Henceforth, let us call such ahas an “avail- and for any constant(0 < r < 1), uniformly with respect

able” asp;-level likelyhood behavior. to everyy, € Yj, G; satisfies the relation:

If we selecB; € (0, 1] sufficiently high,i.e., near to unity,

_ A e oy . ) G (x® v+ (1=1)-Gin (xX®: v
then thesi-level setGis, = (& € Xilug, (&) = i) is so small r-Gig (X7 ¥i)+(1=1)-Gig (X7 Y (12)
thatGis, c X, and as result, the solutiot becomes to C Gy, (r XD+ (@1 -1) XD, yi) :
be available, as g;-level likelihood behavior of the block
B. Then, we have an important lemma:
Lemmal Foralli (i = 1,---,n), let us adopt arbi-

4. Fixed Point Theorem For System ofi-level Fuzzy-  trary points x = Z.'(O) c Xi(O) and also fix all values of

Set-Valued Operators ) VO 2 (Xi(O),m’Xi(O); X(10)_”X$10))_ Now, for ev-

Here, we will present a mathematical theory of the fixe@'Y i, let us introduce a sequen¢#} (k = 0,1,2,---),
point theorem for such a general systengBefevel fuzzy- starting from the above-adopted poirﬁ?’z and with each
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Z e X9 as a projection point oflzt € X© upon the
set Gg (2% fi(?)). Then, this sequence} (k =

0,1,2,--) is a Cauchy sequence, having its own limit

pointsz € X, such that

2 GO@HMM). (=10, (13)

Here, the correspondence from the starting pq‘ﬂ“\tz

5. Concluding Remark

Thus, the fluctuation analysis of this type of large-scale
network systems, undergone by undesirable uncertain fluc-
tuations, can be successfully accomplished at arbitrarily
fine-level of estimation, by immediate application of the
here-presented fixed point theorem for systengatvel
fuzzy-set-valued nolinear operators, with consciously se-
lected diferent value of parametgr, for every blockB;.

X € Xi(o) to the limit point_sz.-_e Xi(o) is multivalued, in Acknowledgement
general, and hence, by this correspondence we can define

a set-valued operatdt; : X, — {z}in X;; i.e., z € Hi(x).
If this set-valued operatdti; has a fixed poink': i.e., X €
Hi(x"), then it satisfies the system of equations:

X €5 GO0 i), (=1 (14)

by Eg. (13) with the correspondingy;

The new metric described in Definitidris one of results
in collaboration with an old student: Assistant Professor Y.
Endo, Tsukuba University [5]. Finally, the author is grate-
ful to express his gratitude to Professor S. Oishi, Waseda
University, for his kind advice and support to this series of
works, and further to Dr. K. Maruyama, Visiting Lecturer,
Waseda University, for théTgX-description of manuscript

(XI*”XI*’ X;,"',X:]).

This x is to be the solution of the system gGf-level
fuzzy-set-valued operator equations (14), refined in the
weak topology from Eq. (4). [1]

Here, we can easily recognize that the operbas up-
per semicontinuous and the rangetfis closed and con-
vex.

Therefore, in order to verify the existence of the fixed
point x° of H;, now, we can apply the well-known fixed [2]
point theorem for set-valued operator:

Lemma 2 (Ky Fan [8]) Let X be a locally convex topo-
logical linear space, and X’ be a non-empty convex com- 3
pact subset of X Let H(X(?) be the family of all non-
empty closed convex subset (ﬁ”x Then, for any upper
semicontinuous set-valued operator. KK© — (X,
there exists a fixed poinf x X such that x € Hi(x").

(4]

As a result, we have a theorem:

[5]
Theorem 1 Let X be a reflexive, or uniformly convex, real
Banach space, andi(9i be a non-empty bounded closed
convex subset of;jX By theldual space I)( let us intro- 6]
duce a weak topology (X, X,) into X. Let §; and G be
deterministic and fuzzy-set-valued operators, respectively,
which satisfy the series of assumptions 1 to 4. Then, we
have a Cauchy sequene} c X (k = 0,1,2,---), in-
troduced by the succesive procedure in Lemma 1. This sd¥]
guence has a set of limit pointg}, and we can define a
set-valued operator Hiy the correspondence from the ar-
bitrary starting point £ = x ¢ X to the set of limit
points{z}in X : Z € Hi(x). This set-valued operatorH
has a fixed point*xin Xi(o), whichis, in turn, the solution of
the system gB;-level fuzzy-set-valued operator equations
(14).

(8]
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