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1 Introduction

In this paper, it is of interest to extend the normal incidence solution as discussed in [1] in order to treat
the more general case of skew (or oblique) incidence (three-dimensional 3-D). Plane wave (for oblique
or skew incidence) and spherical wave illumination are considered here. The geometry of the problem
is shown in Fig. 1(a). Previous works dealing with the analytical solutions via the Wiener-Hopf (W-H)
solution to diffraction by a junction between two different thin planar material slabs on a perfect electric
conductor (PEC) ground plane [2, 3] generally replace the original coated metallic surfaces or material slabs
by approximate impedance boundary condition. The latter approximation allows one to arrive at a rigorous
analytical solution to the resulting approximate problem configuration. These previous works primarily
address the scattering problem in which the illumination is a uniform plane wave that is incident on the thin
material discontinuity. In contrast, the present work is expected to be very useful not only to the analysis of
scattering situations but also to antenna problems which are equally importance from a practical standpoint.
Unlike W-H solution, the solutions developed in this work recover the proper, local plane wave Fresnel
reflection and transmission coefficients (FRTCs), and surface wave constants, respectively, for the actual
material, and they also allow the material to be both double positive (DPS) or double negative (DNG).
DPS materials are those which exhibit positive values of electrical permittivity and permeability while DNG
materials are supposed to exhibit negative values for these quantities. The present works provides solutions
for finite sources on or near such structures. In addition, it is important to note that the expressions present
in this paper are appropriately approximated via physical reasoning so that they can be made free of the
complicated integral forms of the W-H split (or factorization) functions.

2 Formulation

The solutions to corresponding 3-D problems (skew incidence) in Fig. 1(a) can be obtained by extending
the two dimensional (2-D) solution [1] via an approach similar to that in [2]. It is known that the normal
field components Ey and Hy satisfy the Helmholtz scalar equation and impedance boundary conditions
independently. This leads to a decoupled solution separately for Ey and Hy. Thus it is convenient to
start an ansatz, based on the simplification of a related effective 2-D W-H solution [3] for the normal field
components in the case of a unit amplitude, plane wave at skew incidence when it is applied to the special
case in Fig. 1(b) where the n-face (x < 0, y = 0, z) is assumed to be a PEC. In particular, the plane
wave spectral (PWS) integral for the diffraction of an obliquely incident plane wave by a two part grounded
material slab is first constructed from the ansatz provided by the W-H solution [3]. By using the vector
potentials, the tangential field components Ez and Hz can thus be obtained. This allows one to have an
ansatz for solving the spectral function occurred in a spherical wave spectral (SWS) integral for a point
source illumination. The Fourier transformation, described in [4], can be used to synthesize SWS integral in



terms of the PWS integral so a point source illumination can be accommodated. After solving the integral
asymptotically, the expression for the UTD first order diffracted field is then found to have the general form
as

Ūd
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The W is the unknown constant introduced to suppress the spurious residues which have no physical
meaning and may occur during the process of finding the tangential field components. It is given by
W = − e−jπ/4√

2πk

[
T u(φ) · U + T v(φ) · V

]
· T (φ′). The T , T u, and T v are coordinate transformation ma-

trix defined in [5]. The U and V can also be found in [5]. The Γo
e,h is an ad hoc modification so as to

preserve reciprocity. It is given by
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where δo
e = −jYdN cot(Nτkd) and δo

h = jZdN tan(Nτkd) with N =
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2 .
The Γn

e,h = ∓1 because the n-face is PEC. It is important to note that the UTD solutions for a junction
between two different planar material slabs on a PEC ground plane at skew incidence as shown in Fig. 1(a)
can be easily given in the same form as (1)-(4) except the Γn
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with the proper substitution of n-face electrical permittivity and permeability, εrn and µrn, respectively.



(a) 3-D junction between two different,
thin, planar DPS/DNG material slabs on
a PEC ground plane illuminated by a ẑ-
directed current moment.

(b) Thin, planar DPS/DNG material half
plane on an entire PEC ground plane il-
luminated by a skew incident plane wave
excitation.

Figure 1: Canonical of interest

3 Numerical Results

Numerical results for a DPS material junction shown in Fig. 1(a) based on the work presented in this paper
referred to as UTD are compared with the results of the Maliuzhinets (MZ) solution [6]. There is a very good
agreement, with less than ± 1 dB differences. In Figs. 3 and 4, only the UTD solutions developed in this
paper are shown. It is noted that the excitation for the problem in Fig. 4 is a current moment (dp̄e = ẑdpez

or dp̄m = ẑdpmz), which produces a spherical wave, whereas the excitation is a skew incident plane wave
for Figs. 2 and 3. It is important to note that the surface wave effects are neglected in these plots in order
to clearly test if the boundary conditions on the first order UTD diffracted fields are properly satisfied as
compared to reference MZ solutions; otherwise the surface waves would have masked the behavior of the
diffracted fields near the boundaries.
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Figure 2: Comparison of scattered fields of UTD and MZ solutions for a DPS material junction excited by a
uniform skew incident plane wave shown in Fig. 1(a)(a) TE and (b) TM at φ′ = 45◦ and β′o = 65◦. The fields
are observed at r = 5λ on the Keller cone of diffraction. The material is λ/20 thick with (εro = 4, µro = 2)
and (εrn = 5, µrn = 1).

0°

30°

60°
90°

120°

150°

180°

210°

240°
270°

300°

330°

−40

−20

0dB

 

 

Grounded Material HPPEC

(a) (b)

0°

30°

60°
90°

120°

150°

180°

210°

240°
270°

300°

330°

−40

−20

0dB

 

 

Grounded Material HPPEC

(c)

Figure 3: Total field of UTD solution for a grounded DPS material half plane with PEC ground plane
excited by a uniform skew incident plane wave (a) TE and (c) TM at φ′ = 60◦ and β′o = 120◦. The fields
are observed at r = 5λ on the Keller cone of diffraction. The material is λ/10 thick with (εro = 4, µro = 2).
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Figure 4: Total field of UTD solution for a DPS material junction excited by (a) a ẑ-directed electric current
moment dpez and (c) a ẑ-directed magnetic current moment dpmz at r′ = 7λ, φ′ = 45◦ and θ′ = 55◦.
The fields are observed at r = 15λ on the Keller cone of diffraction. The material is λ/20 thick with
(εro = 12, µro = 8) and (εrn = 1, µrn = 4).


