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Abstract—For Orthogonal Frequency Division Multiplex-
ing (OFDM) system, training preamble for channel estima-
tion is studied when null subcarriers are embedded in each
OFDM symbol. The optimal training preamble that minimize
the mean squared channel estimation error is numerically
found by casting the design problem into a semidefinite
programming problem. A design example under the same
setting as IEEE802.11a is provided to verify the efficacy
of our proposal as well as to show that the preamble of
IEEE802.11a is almost optimal.

I. INTRODUCTION

Severe multipath channels often arise in high-rate trans-
missions. Conventional single-carrier transmissions suffer
from inter-symbol interference (ISI) resulting from the
multipath. Orthogonal Frequency Division Multiplexing
(OFDM) is an effective high-rate transmission technique,
which mitigates ISI through the insertion of cyclic pre-
fix (CP) at the transmitter. OFDM has been adopted in
wireless LAN standards, e.g., IEEE802.11a , and HIPER-
LAN/2, and in digital audio/video broadcasting standards.

To obtain the channel state information (CSI), train-
ing OFDM symbols or pilot symbols embedded in each
OFDM symbol are utilized. Training OFDM symbols
or equivalently OFDM preambles are transmitted at the
beginning of the transmitted record, while pilot tones
(complex exponentials in time) are embedded in each
OFDM symbol, where they are separated from the in-
formation symbols in the frequency domain [1]. On the
other hand, under certain conditions, pilot tones inserted
into every OFDM symbol enable channel estimation of
each OFDM symbol. This is known as pilot-assisted (or
-aided) channel estimation [2], which allows tracking of
the channel variation.

When all subcarriers are available for transmission,
training OFDM preamble and pilot symbols have been
well designed to enhance the channel estimation accuracy,
see e.g., [3] and references therein. If all subcarriers can be
utilized, then the pilot symbol sequence can be optimally
designed in terms of; i) minimizing the channel mean
squared estimation error [1]; ii) minimizing the bit-error
rate when symbols are detected with channel estimates
by pilot tones [4]; iii) maximizing the lower bound on
channel capacity with channel estimates [5], [6]. It has
been found that equally spaced (equi-distant) and equally
powered (equi-powered) pilot symbols are optimal with
respect to several performance measures. Pilot symbols are
also designed for OFDM systems with multiple transmit
and receive antennas [7].

In practice, not all the subcarriers are available for
transmission. It is often the case that null subcarriers are
set on both edges of the allocated bandwidth to mitigate
the interferences from/to adjacent bands [8]. Null subcar-
riers render equi-distant and equi-powered pilot symbols
impossible to use in practice. In [9], equi-powered pilot
symbols are studied for channel estimation in multiple
antenna OFDM system with null subcarriers. However,
they are not always optimal even for point-to-point OFDM
system. In [12], pilot symbols are numerically designed for
least squares (LS) channel estimation in OFDM with null
subcarriers. In this paper, we optimally allocate power to
pilot symbols for minimum mean squared error (MMSE)
channel estimation in OFDM with null subcarriers.

For a given pilot set, the channel MSE is readily found.
However, the training preamble that minimizes the channel
MSE is not available in a closed form except for some
special cases. To obtain the optimal training preamble,
the transmission power has to be optimally allocated to
pilot tones. To find the optimal power allocation, we
resort to numerical optimization. We first show that the
MSE minimization problem can be cast into a semidefinite
programming (SDP) problem [10] as in [12]. Then, the
optimal power allocation which minimizes the channel
MSE is numerically found by using an SDP solver.
We present a design example under the same setting as
IEEE802.11a, which verifies that our optimal preamble has
smaller channel MSE than the preamble of IEEE802.11a,
and reveals that the preamble of IEEE802.11a is actually
comparable to the optimally designed preamble.

II. PREAMBLE AND PILOT SYMBOLS FOR CHANNEL
ESTIMATION

We consider point-to-point wireless Orthogonal Fre-
quency Division Multiplexing (OFDM) transmissions over
frequency-selective fading channels. We omit the OFDM
symbol number, since we deal with one OFDM symbol.

Let the number of subcarriers be N . At the transmitter, a
serial data sequence {s0, s1, . . . , sN−1} undergoes serial-
to-parallel (S/P) conversion to be stacked into one OFDM
symbol. Then, an N -points inverse fast Fourier transform
follows to produce the N dimensional data, which is
parallel-to-serial (P/S) converted. A cyclic prefix (CP) of
length Ncp is appended to mitigate the multipath effects.
The discrete-time baseband equivalent transmitted time-
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domain signals un can be expressed as

un =
1√
N

N−1∑
k=0

skej 2πkn
N , n ∈ [0, N − 1]. (1)

Our discrete-time baseband equivalent FIR channel has
maximum length L, and remain constant in at least one
block, i.e., is quasi-static. We assume that Ncp is greater
than the channel length L so that there is no inter-symbol
interference (ISI) between OFDM symbols and denote the
channel impulse response as {h0, h1, . . . , hL−1}.

At the receiver, we assume perfect timing synchroniza-
tion. After removing CP, we apply Fourier transform to
the received time-domain signal yn for n ∈ [0, N − 1] to
obtain for k ∈ [0, N − 1] that

Yk =
1√
N

N−1∑
n=0

yne−j 2πkn
N = Hksk + Wk, (2)

where Hk is the channel frequency response at frequency
2πk/N given by

Hk =
L−1∑
l=0

hle
−j 2πkl

N , (3)

and the noise Wk is assumed to be i.i.d. circular Gaussian
with zero mean and variance σ2

w.
For the simplicity of presentation, we utilize a circular

index with respect to N where the index n of a sequence
corresponds to n modulo N . Let K be the set of active
subcarriers, i.e., non-null subcarriers and |K| be the num-
ber of elements in K.

For WLAN standard IEEE 802.11a, 64 slots are avail-
able in the OFDM symbol during data transmission mode,
out of which 48 are assigned for information symbols,
4 for pilot tones, while the rest serves as spectral nulls
to mitigate the interferences from/to OFDM symbols in
adjacent bands. Thus, K = {1, 2, . . . , 26, 38, 39, . . . , 63}
and |K| = 52.

For channel estimation, we place Np(≤ |K|) pilot
symbols {p1, . . . , pNp} at subcarriers k1,. . ., kNP

∈ K,
which is known to the receiver. We assume that Np ≥ L
so that the channel can be perfectly estimated if there is
no noise and denote the index set of pilot symbols as
Kp = {k1, . . . , kNP

}.
Let diag(a) be a diagonal matrix with the vector a on

its main diagonal. Collecting the received signals having
pilot symbols as

Ỹ = [Yk1 , . . . , YkNp
]T , (4)

we obtain

Ỹ = DHpp + W̃ , (5)

where DHp is a diagonal matrix with its nth diagonal
entry being Hkn such that

DHp = diag
(
Hk1 , . . . ,HkNp

)
, (6)

and p is the pilot vector defined as p =
[
p1, . . . , pNp

]T
.

From Ỹ , we would like to estimate channel frequency
responses for equalization and decoding. Let us define an
index set specifying the channel frequency responses to be

estimated as Ks. In other words, Hk for k ∈ Ks have to be
estimated from Ỹ . In a long training OFDM preamble, all
subcarriers in K can be utilized for pilot symbols so that
Kp = K. On the other hand, in pilot-assisted modulation
(PSAM) [2], a few known pilot symbols are embedded in
one OFDM symbol from which the channel is estimated.
Thus, for PSAM, we have Ks = K \Kp where \ denotes
set difference.

If we can adopt equally spaced (equi-distant) pilot
symbols with equal power for channel estimation and
symbol detection, then it can be analytically shown that
the channel mean squared estimation error [1] as well
as the bit-error rate [4] are minimized, while the lower
bound on channel capacity [5], [6] is maximized. But the
optimality of equi-distant and equi-powered pilots does not
necessarily hold true in general. In this paper, for given
sets K, Kp and Ks, we design the optimal distribution of
pilot power to pilot symbols for channel estimation.

III. MEAN SQUARED CHANNEL ESTIMATION ERROR

Let us define an N ×N DFT matrix as F , whose (m+
1, n + 1)th entry is e−j2πmn/N . We denote an N × L
matrix F L = [f0, . . . , fN−1]H consisting of N rows and
first L columns of DFT matrix F , where H is the complex
conjugate transpose operator. We also define an Np × L
matrix F p having fH

kn
for kn ∈ Kp as its nth row. Then,

we can express (5) as

Ỹ = DpF ph + W̃ , (7)

where the diagonal matrix Dp and channel vector h are
respectively defined as Dp = diag

(
p1, . . . , pNp

)
and h =

[h0, . . . , hL−1]
T .

Let a vector having channel responses to be estimated,
i.e., Hk for k ∈ Ks, be Hs = [Hk1 , . . . ,Hk|Ks| ]

T . Similar
to F p, we define a |Ks| × L matrix F s having fH

kn
for

kn ∈ Ks as its nth row. Then, we obtain

Hs = F sh. (8)

We assume that the mean of the channel coefficients
is zero, i.e., E{h} = 0. The channel correlation matrix
takes the form Rh = E{hhH}, where E{·} stands for
the expectation operator. Then, since (7) is linear, the
minimum mean squared error (MMSE) estimate Ĥs of
Hs is given by [11]

Ĥs = E{HsỸ
H}

(
E{Ỹ Ỹ

H}
)−1

Ỹ . (9)

It follows from (7) and (8) that

E{HsỸ
H} = F sRhFH

p DH
p , (10)

and that

E{Ỹ Ỹ
H} = DpF pRhFH

p DH
p + σ2

wI. (11)

We utilize the notation A º 0 (or A Â 0) for a symmet-
ric matrix A to indicate that A is positive semidefinite (or
positive definite). Let us assume Rh Â 0 for the simplicity
of presentation. If we define the estimation error vector Es

as Es = Ĥs −Hs, then the correlation matrix of Es can
be expressed as [11]

E{EsE
H
s } = F s

[
R−1

h +
1

σ2
w

FH
p ΛpF p

]−1

FH
s , (12)
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where Λp is a diagonal matrix given by

Λp = DH
p Dp = diag

(
λ1, . . . , λNp

)
. (13)

On the other hand, the Least Squares (LS) estimate of
Hs is found to be F s (DpF p)

†
Ỹ , where (·)† denotes

the pseudo-inverse of a matrix. The LS estimate does
not require any prior knowledge on channel statistics and
is thus widely applicable. In contrast, the second order
channel statistics Rh = E{hhH} and the noise variance
σ2

w are essential to compute the MMSE estimate. When the
signal to noise ratio (SNR) gets larger, i.e., σ2

w gets smaller
for a given signal power, the MMSE estimate converges
to the LS estimate. In [12], pilot symbols are numerically
designed for LS channel estimation in OFDM with null
subcarriers. Here, we consider MMSE channel estimation.

Let us define λn = |pkn |2 for kn ∈ Kp. For a
prescribed energy to be consumed for channel estimation,
we normalize the sum of pilot power such that

∑
kn∈Kp

|pkn |2 =
Np∑
k=1

λk = 1. (14)

Then, our objective is to find the optimal λ =
[λ1, . . . , λNp ]T , that minimizes a criterion function. For
our criterion function, we adopt the sum of the mean
squared errors, i.e.,

E{||Es||2}

= tr

{
F s

[
R−1

h +
1

σ2
w

FH
p ΛpF p

]−1

FH
s

}

= tr

{[
R−1

h +
1

σ2
w

FH
p ΛpF p

]−1

R

}
, (15)

where || · || denotes the Euclidean norm and

R = FH
s F s. (16)

Thus, our problem is to determine the optimal λ that
minimizes the MSE in (15) under the constraint (14). It
should be remarked that in place of (15), other criteria,
i.e., the maximum of the mean squared errors, can also be
adopted.

In the long preamble of IEEE 802.11a, equi-powered
pilot symbols are utilized but is not optimal in general.
Equi-powered pilot symbols are investigated for channel
frequency response estimation in multiple antenna OFDM
system with null subcarriers [9]. In the next section,
we develop a design procedure of the optimal power
distribution that minimizes E{||Es||2} in (15) even in the
presence of null subcarriers.

IV. PILOT POWER DISTRIBUTION WITH SDP

The optimal power distribution can be obtained by
minimizing the channel MSE with respect to λ under the
constraints that [1, . . . , 1]λ = 1, λ º 0, where a º 0
(or a Â 0) for a vector signifies that all entries of a are
equal to or greater than 0 (or strictly greater than 0). As
stated in the previous section, analytical solutions could
not be found in general. As in [12], we will resort to
a numerical design by casting our minimization problem
into a semidefinite programming (SDP) problem.

The SDP covers many optimization problems [10].
The objective function of SDP is a linear function of a
variable x ∈ RM subject to a linear matrix inequality
(LMI) defined as F (x) = A0 +

∑M
m=1 xmAm º 0,

where Am ∈ RM×M . The complex-valued LMIs are also
possible, since any complex-valued LMI can be written by
the corresponding real-valued LMI. Since the constraint
defined by LMI is a convex set, the global solution can be
efficiently and numerically found by the existing routines.

By re-expressing the nth row of F p as f̃
H
n , our MSE

minimization problem can be stated as

min
λ

tr

(
R−1

h +
1

σ2
w

NP∑
n=1

λnf̃nf̃
H
n

)−1

R

 (17)

subject to [1, . . . , 1]λ ≤ 1, λ º 0. (18)

This problem subsumes the optimization problem in [12],
which is similar to the transceiver optimization problem
studied in [13]. Similar to the problem in [12], [13], our
problem can be transformed into an SDP form as follows.

Now let us introduce an auxiliary matrix variable W
and consider the following problem:

min
W ,λ

tr (WR) (19)

subject to [1, . . . , 1]λ ≤ 1, λ º 0

W º

(
R−1

h +
1

σ2
w

NP∑
n=1

λnf̃nf̃
H
n

)−1

. (20)

It is reasonable to assume that the number of data carriers
is greater than the channel length, i.e., |Ks| > L, so that
R Â 0. If R Â 0, then we have

tr (WR) ≥ tr

(
R−1

h +
1

σ2
w

NP∑
n=1

λnf̃nf̃
H
n

)−1

R

 ,

(21)

if W º
(
R−1

h + 1
σ2

w

∑NP

n=1 λnf̃nf̃
H
n

)−1

. It follows that
minimization of tr(WR) is achieved if and only if

W =
(
R−1

h + 1
σ2

w

∑NP

n=1 λnf̃nf̃
H
n

)−1

, which proves that
the minimization of tr(WR) in (19) is equivalent to the
original minimization in (18).

The constraint (20) can be rewritten by using Schur’s
complement as[

R−1
h + 1

σ2
w

∑NP

n=1 λnf̃nf̃
H
n I

I W

]
º 0. (22)

Using this, we finally reach the following minimization
problem equivalent to the original problem:

min
W ,λ

tr (WR) (23)

subject to [1, . . . , 1]λ ≤ 1, λ º 0[
R−1

h + 1
σ2

w

∑NP

n=1 λnf̃nf̃
H
n I

I W

]
º 0. (24)

This is exactly an SDP problem where the cost function is
linear in W and λ, and the constraints are convex, since
they are in the form of LMI. Thus, the globally optimal
solution can be numerically found in polynomial time [10].
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Fig. 1. Ratio of channel MSE of optimized preamble to channel MSE
of conventional preamble.
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Fig. 2. Optimal λ for identical power profile at 0 dB.

V. DESIGN EXAMPLE

We design OFDM preamble under the same setting as
IEEE 802.11a. Out of N = 64 subcarriers, 12 subcarriers
are null (virtual subcarriers) and K = {±1,±2, . . . ,±26},
where the subcarrier index n > N/2 is denoted as n−N
for convenience. The length of cyclic prefix is assigned as
Ncp = 16.

We set Ks = Kp = K and define the receive SNR as

E{
∑

k∈Kp
|Hkpk|2}

E{
∑

k∈Kp
|Wk|2}

=
tr Rh

Npσ2
w

. (25)

To solve our SDP problem, we utilize the LMI Control
Toolbox [14] of MATLAB and numerically minimize
the frequency-domain channel MSE to obtain optimal
OFDM preambles for each SNR. It should be remarked
that the obtained preambles are optimal within prescribed
computation accuracy.

We consider Rayleigh distributed channels of length
L = 16, having independent complex zero-mean Gaussian
taps with identical power profile and with exponential
power profile such as E{|hl|2} = exp(−l)/4 for l ∈
[0, 15]. The channel MSE of the conventional long OFDM
preamble having identical power is also computed.
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Fig. 3. Optimal λ for identical power profile at 20 dB.

The ratio of the channel MSE of the optimized preamble
to the channel MSE of the conventional preamble is plotted
in Fig. 1. For both channel characteristics, at low SNR,
the difference between the MSEs of the optimized and
the conventional preamble is small. As SNR gets higher,
the advantage of the optimized preamble becomes clearer.
However, the ratio is still close to 1, i.e., the difference
is not so significant, which implies that the conventional
preamble achieves the near-optimal channel estimation
accuracy.

For the identical power profile channel, Fig. 2 and Fig.
3 depict the values of optimized λk on each subcarrier
at 0 dB and 20 dB. At 0 dB, the λk’s have almost
identical values except at the subcarriers next to the null
subcarriers, which coincides with the fact that the channel
MSE of the conventional preamble is almost the same as
the channel MSE of the optimized preamble as observed
in Fig. 1. The subcarriers next to the null subcarriers
have relatively large gains which may compensate for the
null subcarriers. At 20 dB, although the difference of the
channel MSEs is not so large, we notice that the optimized
λks have quite different values from the equi-powered pilot
symbols. Some pilot symbols take large values especially
near null subcarriers.

Similar results for the exponential power profile channel
are obtained as shown in Fig. 4 at 0 dB and Fig. 5 at 20
dB.

VI. CONCLUSION

In OFDM transmissions with null subcarriers, we have
formulated the minimization of channel MSE with re-
spect to pilot symbol powers as an SDP, which enables
a numerical design of pilot powers. A design example
in IEEE802.11a is provided, which demonstrates that in
terms of channel MSE, there exists better preambles than
the conventional long OFDM preamble with equi-powered
pilot symbols. We have also shown that the conventional
preamble exhibits near-optimal channel estimation perfor-
mance.
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Fig. 4. Optimal λ for exponential power profile channel at 0 dB.
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Fig. 5. Optimal λ for exponential power profile channel at 20 dB.

REFERENCES

[1] R. Negi and J. Cioffi, “Pilot tone selection for channel estimation
in a mobile OFDM system,” IEEE Trans. on Consumer Electronics,
vol.44, pp.1122–1128, August 1998.

[2] J.K. Cavers, “Pilot symbol assisted modulation and differential
detection in fading and delay spread,” IEEE Trans. on Information
Theory, vol.43, pp.2206–2212, July 1995.

[3] L. Tong, B.M. Sadler, and M. Dong, “Pilot-assisted wireless trans-
missions: general model, design criteria, and signal processing,”
Signal Processing Magazine, vol.21, no.6, pp.12–25, November
2004.

[4] S. Ohno and G.B. Giannakis, “Optimal training and redundant
precoding for block transmissions with application to wireless
OFDM,” IEEE Trans. on Communications, vol.50, no.12, pp.2113–
2123, December 2002.

[5] S. Adireddy, L. Tong, and H. Viswanathan, “Optimal placement
of training for frequency-selective block-fading channels,” IEEE
Trans. on Information Theory, vol.48, no.8, pp.2338–2353, August
2002.

[6] S. Ohno and G.B. Giannakis, “Capacity maximizing MMSE-
optimal pilots for wireless OFDM over frequency-selective block
Rayleigh-fading channels,” IEEE Trans. on Information Theory,
vol.50, no.9, pp.2138–2145, September 2004.

[7] I. Barhumi, G. Leus, and M. Moonen, “Optimal training design for
MIMO OFDM systems in mobile wireless channels,” IEEE Trans.
on Signal Processing, vol.51, no.6, pp.1615–1624, June 2003.

[8] H. Sari, G. Karam, and I. Jeanclaude, “Transmission techniques
for digital terrestrial TV broadcasting,” IEEE Communications
Magazine, vol.33, pp.100–109, February 1995.

[9] E.G. Larsson and J. Li, “Preamble design for multiple-antenna

OFDM-based WLANs with null subcarriers,” IEEE Signal Process-
ing Letters, vol.8, no.11, pp.325–327, November 2001.

[10] L. Vandenberghe and S. Boyd, “Semidefinite programming,” SIAM
Review, vol.38, pp.49–95, 1996.

[11] S.M. Kay, Fundamentals of Statistical Signal Processing, Prentice
Hall, 1993.

[12] S. Ohno, “Preamble and pilot symbol design for channel estimation
in OFDM,” Proc. of Intl. Conf. on ASSP, pp.281–284, 2007.

[13] Z.Q. Luo, T.N. Davidson, G.B. Giannakis, and K.M. Wong,
“Transceiver optimization for block-based multiple access through
ISI channels,” IEEE Trans. on Signal Processing, vol.52, no.4,
pp.1037–1052, April 2004.

[14] P. Gahinet, A. Nemirovski, A.J. Laub, and M. Chilali, LMI Control
Toolbox, The Math Works, Inc., 1995.


