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Abstract—The equivalent-circuit expression of bend discon-
tinuity in differential transmission lines, which is derived from
the view of the mode-decomposition technique, is proposed in
this paper. We investigated the relationship between the amount
of mode conversion in the bend region and two components in
the modal equivalent circuit: the mode-conversion sources and
the modal reactances (modal inductances and capacitances). As
a result, it was found that not only the difference in the imbalance
factor but also the magnitude of the modal reactances can have
a lot of effect on the mode conversion.
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I. INTRODUCTION

We can use a modal equivalent circuit created applying the
mode-decomposition technique to the telegrapher’s equations
for analyzing a multi-conductor transmission-line system [1]–
[3]. Then, the technique takes on an imbalance factor as a
parameter to obtain orthogonal modes [3]. The fundamental
multi-conductor transmission-line system is a wave-guiding
system composed of two-conductor lines and the system
ground, where two orthogonal modes, which are the normal
(or differential) and common modes, exist.

Our previously proposed modal equivalent-circuit model
with mode-conversion sources, which is based on the mode-
decomposition technique, can be used to simulate the conver-
sion caused by discontinuity in a multi-conductor transmission-
line system [4]. In the model, the discontinuity in the multi-
conductor transmission line corresponds to inequality in the
imbalance factors of the transmission line, and then, the
magnitude of the mode-conversion sources is proportional to
the difference in the imbalance factor. Therefore, the larger
the difference in the imbalance factor becomes, the more the
magnitude of the mode-conversion sources is increased.

Circuit simulation was carried out to validate the modal
equivalent-circuit model with mode-conversion sources, where
the current division factor was used as the imbalance factor,
by using a simple transmission system where two microstrip
lines on a printed circuit board and a parallel two-wire cable
are connected [4], [5]. The results obtained from the circuit
simulation using the modal equivalent-circuit model were in
good agreement with those obtained from full-wave simulation
and measurement as long as the TEM-mode propagation was
satisfied. In addition, this approach is advantageous because

there are less calculation costs and countermeasure considera-
tion compared with full-wave simulation.

In this paper, this approach is applied to bend discontinuity
in the differential transmission lines on printed circuit boards.
This study will help us to consider a bend structure with less
mode conversion. The mode conversion was clarified to be
related to not only the current division factor but also the
modal characteristic impedance of the transmission line [6].
This paper also investigates the modal reactive elements of
the bend, focusing on the imbalance factor of the bend in the
differential transmission lines.

II. MODAL EQUIVALENT CIRCUIT OF BEND
DISCONTINUITY IN DIFFERENTIAL TRANSMISSION LINES

A. Mode Decomposition with Imbalance Factor

The modal equivalent circuit is taken from the actual circuit
by the mode-decomposition technique [1]–[3]. Fig. 1(a) shows
coupled transmission lines consisting of conductor line #1
(signal line) and conductor line #2 (return line). In addition,
𝑉1 and 𝐼1 are the actual voltage and current of #1, 𝑉2 and 𝐼2
are the actual voltage and current of #2, and ℎ is the imbalance
factor of the coupled transmission lines and remains constant
as long as the cross-sectional structure stays unchanged.
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Fig. 1. Coupled transmission lines and their modal equivalent circuit.
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Fig. 1(b) shows the equivalent circuit of Fig. 1(a) per unit
length. In Fig. 1(b), 𝐿11, 𝐿12, 𝐿21, and 𝐿22 are the elements
of the inductance matrix and 𝐶11, 𝐶12, 𝐶21, and 𝐶22 are the
elements of the capacitance matrix, which are obtained from
a two-dimensional electrostatic calculation in the cross section
of the coupled transmission lines. Fig. 1(a) can be expressed
by using the cascade connection of a unit shown in Fig. 1(b).

The modal equivalent circuit is provided for each orthog-
onal mode by applying a mode-decomposition technique to
the telegrapher’s equations, where the imbalance factor of
transmission line ℎ is used. In the mode decomposition from
the actual circuit to the modal equivalent circuit, the two
relationships between the actual and modal voltages[

𝑉1

𝑉2

]
=

[
1− ℎ 1
−ℎ 1

] [
𝑉n

𝑉c

]
(1)

and between the actual and modal currents[
𝐼1
𝐼2

]
=

[
1 ℎ
−1 1− ℎ

] [
𝐼n
𝐼c

]
(2)

are applied, where 𝑉n and 𝐼n are the normal-mode voltage and
current including for the general case when ℎ ∕= 0.5, and 𝑉c

and 𝐼c are the common-mode voltage and current.

Now, the mode-decomposition technique provides modal
equivalent circuits per unit length that consists of separate
circuits of the normal and common modes. Each element of
the modal equivalent circuits is characterized by

𝐿n = 𝐿11 + 𝐿22 − 2𝐿12, (3)

𝐶n =
𝐶11𝐶22 − 𝐶2

12

𝐶11 + 𝐶22 + 2𝐶12
, (4)

𝐿c =
𝐿11𝐿22 − 𝐿2

12

𝐿11 + 𝐿22 − 2𝐿12
, and (5)

𝐶c = 𝐶11 + 𝐶22 + 2𝐶12. (6)

Fig. 1(c) shows a modal equivalent circuit of the unit shown
in Fig. 1(b) in the homogeneous transmission lines where
ℎL=ℎC. Then, ℎL and ℎC can be replaced with the imbalance
factor of the coupled transmission lines ℎ. The imbalance
factors ℎL and ℎC are given as

ℎL =
𝐿22 − 𝐿12

𝐿11 + 𝐿22 − 2𝐿12
and (7)

ℎC =
𝐶11 + 𝐶12

𝐶11 + 𝐶22 + 2𝐶12
. (8)

When the transmission lines are longitudinally uniform,
Fig. 1(c) can be replaced with Fig. 1(d) by using a
transmission-line model, where 𝑍n and 𝑍c are respectively the
normal-mode and common-mode characteristic impedances as

𝑍n =

√
𝐿n

𝐶n
and (9)

𝑍c =

√
𝐿c

𝐶c
. (10)

The current division factor ℎ used as the imbalance factor
is defined as the ratio of the common-mode current flowing
along #1 to the entire common-mode current. As described

earlier, ℎ can be calculated using the inductance and capac-
itance matrix elements obtained from the two-dimensional
electrostatic calculation in the cross section of the transmission
lines. Therefore, ℎ is a parameter that indicates the electric-
field distribution in the cross section of the transmission lines.
The current division factor generally ranges from 0 to 0.5. The
factor of balanced (differential) transmission lines such as a
two-wire cable is 0.5, whereas that of imbalanced transmission
lines is less than 0.5. For example, the current division factors
of a coaxial cable and a microstrip line (MSL) are respectively
0 and almost 0.

B. Modal Equivalent Circuit with Mode-conversion Sources

The modal equivalent circuit of the longitudinally uniform
transmission lines was explained in the previous section. Let
us now focus on the discontinuity formed by connecting two
cables with different current division factors, as shown in
Fig. 2(a) [4]. Subscripts a and b are used to distinguish two
cables with the different current division factors of ℎa and
ℎb, respectively. Fig. 2(b) shows the circuit expression of the
modal equivalent circuit of the actual circuit shown in Fig. 2(a)
[4]. Fig. 2(b) shows that a current-controlled current source is
inserted into the normal-mode circuit and a voltage-controlled
voltage source is inserted into the common-mode circuit so
that the following relationship holds at the interface:

𝐼na = 𝐼nb +Δℎ𝐼c and (11)
𝑉ca = 𝑉cb −Δℎ𝑉n, (12)

where Δℎ is the difference between the current division
factors of the adjacent cables, that is, Δℎ = ℎb − ℎa. As
seen in Fig. 2, the modal equivalent circuits are no longer
separated but actually merged into one circuit by the inserted
controlled sources. This suggests that the cascade connection
of cables with different current division factors should cause
mode conversion at the interface. Therefore, the controlled
sources inserted into the interface was named mode-conversion
sources. The mode-conversion current and voltage sources are
respectively expressed as the product of Δℎ and the common-
mode current at the interface 𝐼c, and the product of Δℎ and
the normal-mode voltage at the interface 𝑉n.

The modal equivalent-circuit model with mode-conversion
sources was validated by conducting a full-wave simulation
and measurement in a transmission system where the TEM-
mode propagation is satisfied [4], [5].
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Fig. 2. Cascade connection of two cables with different current division
factors of ℎa and ℎb, and modal equivalent circuit of Fig. 2(a).
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C. Modal Equivalent Circuit of Bend Region in Differential
Transmission Lines

This section provides the modal equivalent circuit of the
bend in the differential transmission lines of interest. Fig. 3(a)
shows the right-angled bend. The following discussion is pre-
sented on the stripline structure shown in Fig. 3(b) because the
modal equivalent circuit assumes a TEM-mode transmission in
homogeneous media.

Let us briefly describe the modal equivalent circuit of
the straight region before discussing the bend region of the
differential transmission lines. The parameters of the modal
equivalent circuit are given by the inductance and capacitance
matrix elements obtained from the cross-sectional structure
of the lines, and then ℎ = 0.5 because the widths of the
differential transmission lines are equal.

In the bend region shown in Fig. 3(a), the equivalent
circuit of the actual structure is written by using a T-type
structure of the reactive elements, as shown in Fig. 4(a),
because the bend is directionally symmetrical. This paper takes
into consideration the equivalent circuit shown in Fig. 4(a),
that is, the cascade connection of the inductance region, the
capacitance region, and the inductance region, in order. Of
course, the equivalent circuit sandwiched by the capacitance
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Fig. 3. Differential transmission lines and their bend treated in this paper.
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Fig. 4. Comparison between two equivalent-circuit models of bend region
in differential transmission lines.

regions is also true.

The ℎL and ℎC current division factors are respectively cal-
culated using (7) and (8) along with the inductance and capac-
itance matrix elements extracted from the three-dimensional
structure of the bend region. Since line #1 is longer than line
#2, ℎL and ℎC are usually unequal in the bend region and
the relationship of ℎL < ℎ(= 0.5) < ℎC holds. This means
there is inequality in ℎL and ℎC, and therefore, the mode-
conversion sources should be inserted at the interface in the
modal equivalent circuit as described earlier. As a result, we
can obtain the modal equivalent circuit of the bend region in
the differential transmission lines shown in Fig. 4(b).

Fig. 4(b) shows four sets of mode-conversion sources and
the differences in imbalance factors are ℎL−0.5, ℎC−ℎL,
ℎL−ℎC, and 0.5−ℎL in order from the left. In addition, when
the directions of the mode-conversion sources are assigned
as shown in Fig. 4(b), the difference in adjacent imbalance
factors is defined by the subtraction of the value on the left
side of the interface from the value on the right side. Therefore,
note that the difference value may be negative. The adjacent
mode-conversion sources are usually connected out of phase of
each other but they are not completely cancelled because the
reactive elements between them change the phase depending
on the frequency.

III. MODEL VALIDATION

A. Physical Parameters

The modal-equivalent circuit model proposed in the pre-
vious section is validated using two types of the right-angled
bends shown in Fig. 3(a).

Table I summarizes the physical parameters of the dif-
ferential transmission lines used for model validation. The
common physical parameters of the cross section shown in
Fig. 3(b) are 𝑡FR4=100 𝜇m and 𝑡Cu =18 𝜇m. The dielectric
is assumed to be glass epoxy and 𝜀r= 4.4. The differential-
mode characteristic impedances of both types are set to 100
Ω. Since the coupling coefficients of Models A and B are
respectively 0.035 and 0.25, Model B is more tightly coupled
than Model A. We have used normal mode as the general
expression including ℎ ∕= 0.5 thus far, but let us use the
expression differential mode for the input-output evaluation
in the following.

For the input-output evaluation, the mixed mode S pa-
rameter is used when the straight regions of 35 mm on the
input side and 25 mm on the output side are connected to
the bend. The circuit simulation using the modal equivalent
circuit was carried out by AWR Microwave Office after a
2D Extractor and Q3D Extractor were used for the parameter
extraction from the straight region (cross section) and the bend
region in the differential transmission lines, respectively. In
addition, ANSYS HFSS was used as a reference for the model
validation. All the simulations were carried out assuming no
material loss.

TABLE I. PHYSICAL PARAMETERS OF DIFFERENTIAL TRANSMISSION

LINES USED FOR MODEL VALIDATION.

Item Model A Model B
𝑠 (𝜇m) 180 60
𝑤 (𝜇m) 70 30
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B. Model Validation Focusing on Bend Region

Fig. 5 shows the magnitude of 𝑆cd21 obtained by conduct-
ing a circuit simulation using the modal equivalent circuit in
comparison with full-wave simulation as a reference. As seen
in the figure, the circuit simulation using the modal equivalent
circuit agrees well with the full-wave simulation at 𝑙b= 0.09
mm in Model A and at 𝑙b= 0.14 mm in Model B. As shown in
Fig. 3(a), 𝑙b is the effective length to define the bend region in
the modal equivalent circuit and an appropriate 𝑙b is required
for the circuit simulation using the modal equivalent circuit.

As for Model A, three other conditions, which are 𝑙b= 0.84
mm, 0.34 mm, and 0.02 mm, are also shown in Fig. 5, and it
was found that 𝑆cd21 gets smaller as 𝑙b decreases.
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Fig. 6. Imbalance factor, modal inductance, and modal capacitance as a
function of 𝑙b in Model A.

Let us consider the relationship between 𝑆cd21 and 𝑙b
focusing on the current division factors and the reactive
elements. First, Fig. 6(a) shows ℎL and ℎC in terms of 𝑙b and
ℎL < ℎ(= 0.5) < ℎC, as predicted earlier. Since the increase
in 𝑙b makes the straight region larger in the bend region, both
ℎL and ℎC approach 0.5 and the difference in the imbalance
factor is reduced. However, the decrease in Δℎ suggests that
the mode conversion (𝑆cd21) should decrease with 𝑙b and the
trend shown in Fig. 5 is completely opposite.

Next, Fig. 6(b) shows the modal inductances 𝐿d and 𝐿c

and the modal capacitances 𝐶d and 𝐶c in terms of 𝑙b in
Model A. It can be seen from the figure that the differential-
and common-mode reactances monotonically increase with 𝑙b.
This is because the increase in 𝑙b enlarges the bend region.
The modal reactive elements are inserted between the adjacent
mode-conversion sources with the opposite phase of each
other, and therefore, the larger the modal reactances get, the
less they are cancelled. As a result, the modal reactances
mainly contribute to the increase in 𝑆cd21.

As seen from the above discussion, the difference in the
imbalance factors generates mode conversion and then the
modal reactances of the bend region enhance it. Therefore,
focus must be placed on not only the difference in the
imbalance factors but also the modal reactances in the modal
equivalent circuit to create a bend with less mode conversion.

IV. CONCLUSION

The equivalent-circuit expression of the bend discontinuity
in the differential transmission lines on printed circuit boards
was proposed in this paper from the view of the mode-
decomposition technique. We clarified that not only the imbal-
ance factors but also the modal reactances of the bend region
largely contribute to the mode conversion.
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