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Bifurcation Analysisfor Early Afterdepolarization in Shannon Model
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Abstract—The membrane potential of the ventriculargenerating LQTS has been studied [7, 8, 9, 10]. Moreover,
myocyte is regulated through inward and outward ioniaising the slow-fast analysis, it was shown that an EAD is
currents. When these electrical activities are disturaed, caused by Hopf and homoclinic bifurcations in the Luo-
rhythmia occurs. In particular, QT prolongation is considRudy | (LRI) model [11]. However, the LRI model does
ered to be a sign of sudden cardiac cessation. In this stuayt include the NCX current.
we investigate the relationship between the conductwvitie In this paper, we use the Shannon model [12] which de-
of ionic currents and the occurrence of such arrhythmiascribes the detailed dynamics of intracellular calcium- Ap
We obtain that QT prolongation relates to the conductiviplying the bifurcation analysis method to this model, we
ties of the sodium-calcium exchange current and the L-typ@m to clarify the bifurcation mechanism[14] of generating

calcium current. LQTS. As a first step, we investigate what kinds of ionic
currents #&ect the generation of QT prolongation in this
1. Introduction study. As a result, we obtain that increasing the sodium-

calcium exchange current or the L-type calcium current is
Electrical activities are happening in the cell membrana key to the generation of QT prolongation and EADs.

of myocardial cells. This will serve to regularly contract
the heart. The electrical activity is caused by the action po spike
tential. A diagram of a typical cardiac action potential is (Phase 1)
shown in Fig. 1. The action potential refers to the excite-
ment reaction of the cells with depolarization. After the platean (Phase 2)
membrane potential is depolarized (approaching 0 [mV]),
the action potential occurs when it reaches the threshold
membrane potential. The cardiac action potential is cat-
egorized into 5 phases : phase 0 (depolarization), phase | depolarization
1 (spike), phase 2 (plateau), phase 3 (repolarization) and (Phase 0)
phase 4 (resting potential). When these electrical aiets/it 90mV —l
are disturbed, arrhythmia occurs. One of such disturbance
is as follows: Usually the membrane potential of the car- Figure 1: Cardiac action potential
diac cell is maintained deep-90 [mV]). However, if the
channel is damaged for any reason, it iffidult to main-
tain the deep membrane potential. The membrane poteh- Model
tial becomes shallow such agl0 [mV]. If the membrane

potential is shallow, the potential is staggering. Thereith 1€ Shannon model describes the detailed calcium dy-
comes the cause of abnormal electrical activities. namics in the rabbit ventricular myocyte. In this model,

Among abnormal electrical activities of the cardiac cellfoUr compartments are considered: the sarcoplasmic retic-
here we pay attention to long QT syndrome (LQTS). LQTSJIum (SR), the junctional clt_eft for SR, the sub_sarcolemm_al
is a phenomenon that produces polymorphic ventricul&Pace; a_md the bulk cytosolic space. The calcium dynamics
tachycardia so called torsades de pointes (TdP) and pr§-described by the L-type Ca channels, the Ca leak, the Ca
longed QT interval in the electrocardiogram. LQTS is rePUMPp, the NCX, and Ca ffiering.
lated to early afterdepolarizations (EADs). LQTS may lead "€ membrane potential is given by
to sudden cardiac cessation due to ventricular fibrillation av
Inherited LQTS is classified into 13 types [1]. The most Ca = ~(Ina+Ino + Inak + Tir + Tis +
common ones are LQT 1, 2, and 3. It is said that LQT
1 and 2, and 3 are caused by abnormality of calcium and
sodium ion channels, respectively [2, 3, 4, 5]. Recently,
a novel and selective inhibitor (SEA0400) of the sodiumwhereV is the membrane potentidl,is the cell membrane
calcium exchanger (NCX) was detected [6] anditseton capacitance, ant] are ionic currents except for synaptic

OmV

repolarization (Phase 3)

resting potential
(Phase 4)

ltos + ltof + Ik1+ INaca + Icica +
lcib + lcar + Icab + Icap + Isn)s 1)



currentlgn. All ionic currents in this model are shown in

Tab 1.lgy is given by Table 2: State variables

| state variables | its number]|
_ . membrane potential 1
'sn = Ggn(V = Vn)S(T), ) Na concentrations 3
whereGg, is the maximum synaptic conductan®gy, is Ca conc.entratlons 4
the reversal potential, arsgt*) is given by gate variables 14
' channel states for ryanodine receptor 3
- t* t* Na butering 2
t*) = —expl—— |+ expl-— 3 i
s(t) Tz—Tl( p( Tl) + p( Tz)), 3) Ca butering 12

wherer; andr; are the raise and decay time of the synapse.

We identify these values{ = 5.5 andr, = 90.0[ms]) from 3 Results

the experimental data [13]t* is the time that is reset at

everynT (nis a natural number, antl is the BCL: basic There are 14 ionic currents in the Shannon model. We
cycle length). We check the periodicity of the trajectoryinvestigate the influence of changing the value of each cur-
by using the state variables at everly. The values of the rent (multiplyingl; by artificial parameter;) on genera-
parameters related with the synapse are fixd@gs= 4.0 tion of QT prolongation and EADs. We study that the in-

andVgn = —29. terval of external stimulus (BCL) equals 1000 [ms]. As a
Some ionic currents have the following form result, arrhythmia is observed when each of two ionic cur-
rents (sodium-calcium exchange currégic, and L-type
li=Gj-y-(V-E), calcium channel currerlt, ) is changed. We calculate a

two-parameter bifurcation diagram and clarify the domi-

whereG; is the maximum conductance aig is the re- Nant parameter for generating QT prolongation and EADs.
versal potentials for iorfj. The gating variablg is given We show a two-parameter bifurcation diagram in Fig. 2.

by In this diagram,Zc,. and Zyaca are artificial parameters
of lcaL andlnaca, respectively. The solid curves denoted
dy Ve -V by N and| indicate Neimark-Sacker and period-doubling
at 7 bifurcations, respectively. In the region colored by gray,

we observe a normal waveform of the membrane potential

wherer, andy., are time constant and the valueydf the s Shown in Fig. 3. The neuron fires at every 1800
steady state, respectively. There are 14 gating variables[MSl: wherenis a natural number. Here, 1000 means the
the Shannon model. The kind of state variables is showReriod of the external stimulus. This normal state suddenly

in Tab 2. In total, the Shannon model is described by 3gliSappears by crossing the bifurcation curves.
dimensional ordinary diierential equations. To show responses after crossing the bifurcation, we use

one-parameter bifurcation diagrams as shown in Fig. 4.
Figures 4(a) and 4(b) are obtained by changing the param-

Table 1: lonic currents in Shannon model eter values along the arrows (a) and (b) in Fig. 2, respec-
| Abbreviation | lonic current | tively. The horizontal axis indicates the peaks of the mem-
Ina fast Na current brane potential after transient time. We observe one point
I NaBk Na leas current until Zyaca ~ 3.85 andZc,. ~ 1.55, which means the mem-
INaK Na-K pump current brane potential of the cardiac muscle has one peak during
lcaL L-type Ca current one external stimulus. Roughly speaking, we also observe
lcan Ca leak current that the points are on three lines: the tap ¢ 33), the
lcap Ca pump current middle / =~ 0), and tk_le botFom\( = —35)._ We show
T Na-Ca exchange current waveforms of\/ near bifurcation points in Flgs. §(a) (_':md_
leica Ca-dependent Cl current 5(b). The points on the bottom and middle in F|g. 4 indi-
PE rapidly activated K current cate small and Iar_ge peaks shown by the arrow in Figs. 5(a)
PR slowly activated K current and 5(l_3), respectively. Note that the appearance pf_the bot-
s Slow transient outward K current tom points does not correspondto a bifurcation, it is just th
i fast ransient outward K current transform of thg wavefprm. Op the other hand, the emer-
lt"f : q 0 K gence of the middle points, which means the emergence of
lKl Ikr)]:(/:?(rgr(r)eucr:gysng CLilLr:rir:t an EAD, correspondsto a bifurcation; the type of a bifurca-
Clb

tion (Neimark-Sacker or period-doubling) depends on the
parameter value. EADs occur with abnormal depolariza-
tion during phase 2 or phase 3, and are caused by an in-




crease in the frequency of abortive action potentials lzefor

normal repolarization is completed [15].

Figure 6 is obtained by changing the parameter values |
along the arrow (€)4naca = 2) in Fig. 2. The horizontal
axis is the same as that of Fig. 4. The Neimark-Sacker biz °
furcation occurs afc,. ~ 2, and EADs appearas shownin = -
Fig. 7(a). We can see a plurality of projections and prolon-
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gation of the action potential duration (APD), which corre- v~ Zeu

spond to QT prolongation in the electrocardiogram. In Fig.
7(b) we show a membrane potential waveform in case of

(a) | NaCa (b) |CaL

1.7

Znaca = 2 @ndZca. = 3.5. We can see the irregular Wave. i, o 4. One-parameter bifurcation diagram for changing
This membrane potential waveform is extremely dange{Fle valuez;
]

ous.

ZNaCa

4 18 = 22 126
ZCaL

Figure 2: Two-parameter bifurcation diagram
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Figure 5: Membrane potential waveforms
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Figure 3: Waveform of membrane potential at normal pa-
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4. Conclusion

In this study, we examined dependence of generat-
ing EADs and QT prolongation on parameter values in[7]
the Shannon mathematical model. We calculated a two-
parameter bifurcation diagram. As a result, two ionic cur-
rents (sodium-calcium exchange currépc, and L-type
calcium channel curreng,. ) are keys to the generation of 8]
EADs and QT prolongation. We determined that a normal
state becomes unstable by bifurcations. Before a bifurca-
tion, the action potential duration (APD) becomes a little
longer as théyaca OF Ica IS increased. After a bifurcation,
EADs suddenly appear as a stable state and at the sa
time the APD becomes very long which corresponds to QT
prolongation. Extremely dangerous waveforms like ven-
tricular fibrillation were obtained after occurrence of QT
prolongation. This agrees with that QT prolongation is a
sign of sudden cardiac cessation. [10]
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