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Abstract—The membrane potential of the ventricular
myocyte is regulated through inward and outward ionic
currents. When these electrical activities are disturbed,ar-
rhythmia occurs. In particular, QT prolongation is consid-
ered to be a sign of sudden cardiac cessation. In this study,
we investigate the relationship between the conductivities
of ionic currents and the occurrence of such arrhythmias.
We obtain that QT prolongation relates to the conductivi-
ties of the sodium-calcium exchange current and the L-type
calcium current.

1. Introduction

Electrical activities are happening in the cell membrane
of myocardial cells. This will serve to regularly contract
the heart. The electrical activity is caused by the action po-
tential. A diagram of a typical cardiac action potential is
shown in Fig. 1. The action potential refers to the excite-
ment reaction of the cells with depolarization. After the
membrane potential is depolarized (approaching 0 [mV]),
the action potential occurs when it reaches the threshold
membrane potential. The cardiac action potential is cat-
egorized into 5 phases : phase 0 (depolarization), phase
1 (spike), phase 2 (plateau), phase 3 (repolarization) and
phase 4 (resting potential). When these electrical activities
are disturbed, arrhythmia occurs. One of such disturbance
is as follows: Usually the membrane potential of the car-
diac cell is maintained deep (−90 [mV]). However, if the
channel is damaged for any reason, it is difficult to main-
tain the deep membrane potential. The membrane poten-
tial becomes shallow such as−40 [mV]. If the membrane
potential is shallow, the potential is staggering. Then it be-
comes the cause of abnormal electrical activities.

Among abnormal electrical activities of the cardiac cell,
here we pay attention to long QT syndrome (LQTS). LQTS
is a phenomenon that produces polymorphic ventricular
tachycardia so called torsades de pointes (TdP) and pro-
longed QT interval in the electrocardiogram. LQTS is re-
lated to early afterdepolarizations (EADs). LQTS may lead
to sudden cardiac cessation due to ventricular fibrillation.
Inherited LQTS is classified into 13 types [1]. The most
common ones are LQT 1, 2, and 3. It is said that LQT
1 and 2, and 3 are caused by abnormality of calcium and
sodium ion channels, respectively [2, 3, 4, 5]. Recently,
a novel and selective inhibitor (SEA0400) of the sodium-
calcium exchanger (NCX) was detected [6] and its effect on

generating LQTS has been studied [7, 8, 9, 10]. Moreover,
using the slow-fast analysis, it was shown that an EAD is
caused by Hopf and homoclinic bifurcations in the Luo-
Rudy I (LRI) model [11]. However, the LRI model does
not include the NCX current.

In this paper, we use the Shannon model [12] which de-
scribes the detailed dynamics of intracellular calcium. Ap-
plying the bifurcation analysis method to this model, we
aim to clarify the bifurcation mechanism [14] of generating
LQTS. As a first step, we investigate what kinds of ionic
currents affect the generation of QT prolongation in this
study. As a result, we obtain that increasing the sodium-
calcium exchange current or the L-type calcium current is
a key to the generation of QT prolongation and EADs.
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Figure 1: Cardiac action potential

2. Model

The Shannon model describes the detailed calcium dy-
namics in the rabbit ventricular myocyte. In this model,
four compartments are considered: the sarcoplasmic retic-
ulum (SR), the junctional cleft for SR, the subsarcolemmal
space, and the bulk cytosolic space. The calcium dynamics
is described by the L-type Ca channels, the Ca leak, the Ca
pump, the NCX, and Ca buffering.

The membrane potential is given by

C
dV
dt

= −(INa + INb + INaK + IKr + IKs +

Itos + Ito f + IK1+ INaCa + IClCa +

IClb + ICaL + ICab + ICap + Isyn), (1)

whereV is the membrane potential,C is the cell membrane
capacitance, andI j are ionic currents except for synaptic
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currentIsyn. All ionic currents in this model are shown in
Tab 1.Isyn is given by

Isyn = Gsyn (V − Vsyn)s(t∗), (2)

whereGsyn is the maximum synaptic conductance,Vsyn is
the reversal potential, ands(t∗) is given by

s(t∗) =
τ1

τ2 − τ1

(

− exp

(

−
t∗

τ1

)

+ exp

(

−
t∗

τ2

))

, (3)

whereτ1 andτ2 are the raise and decay time of the synapse.
We identify these values (τ1 = 5.5 andτ2 = 90.0[ms]) from
the experimental data [13].t∗ is the time that is reset at
everynT (n is a natural number, andT is the BCL: basic
cycle length). We check the periodicity of the trajectory
by using the state variables at everynT . The values of the
parameters related with the synapse are fixed asGsyn = 4.0
andVsyn = −29.

Some ionic currents have the following form

I j = G j · y · (V − E j),

whereG j is the maximum conductance andE j is the re-
versal potentials for ionj. The gating variabley is given
by

dy
dt
=

y∞ − y
τy

whereτy andy∞ are time constant and the value ofy in the
steady state, respectively. There are 14 gating variables in
the Shannon model. The kind of state variables is shown
in Tab 2. In total, the Shannon model is described by 39-
dimensional ordinary differential equations.

Table 1: Ionic currents in Shannon model
Abbreviation Ionic current

INa fast Na current
INaBk Na leas current
INaK Na-K pump current
ICaL L-type Ca current
ICaB Ca leak current
ICaP Ca pump current
INaCa Na-Ca exchange current
IClCa Ca-dependent Cl current
IKr rapidly activated K current
IKs slowly activated K current
Itos slow transient outward K current
Ito f fast transient outward K current
IK1 inward rectifying K current
IClb background SL CL current

Table 2: State variables
state variables its number

membrane potential 1
Na concentrations 3
Ca concentrations 4
gate variables 14
channel states for ryanodine receptor 3
Na buffering 2
Ca buffering 12

3. Results

There are 14 ionic currents in the Shannon model. We
investigate the influence of changing the value of each cur-
rent (multiplying I j by artificial parameterZ j ) on genera-
tion of QT prolongation and EADs. We study that the in-
terval of external stimulus (BCL) equals 1000 [ms]. As a
result, arrhythmia is observed when each of two ionic cur-
rents (sodium-calcium exchange currentINaCa and L-type
calcium channel currentICaL) is changed. We calculate a
two-parameter bifurcation diagram and clarify the domi-
nant parameter for generating QT prolongation and EADs.

We show a two-parameter bifurcation diagram in Fig. 2.
In this diagram,ZCaL and ZNaCa are artificial parameters
of ICaL and INaCa, respectively. The solid curves denoted
by N and I indicate Neimark-Sacker and period-doubling
bifurcations, respectively. In the region colored by gray,
we observe a normal waveform of the membrane potential
as shown in Fig. 3. The neuron fires at every 1000× n
[ms], wheren is a natural number. Here, 1000 means the
period of the external stimulus. This normal state suddenly
disappears by crossing the bifurcation curves.

To show responses after crossing the bifurcation, we use
one-parameter bifurcation diagrams as shown in Fig. 4.
Figures 4(a) and 4(b) are obtained by changing the param-
eter values along the arrows (a) and (b) in Fig. 2, respec-
tively. The horizontal axis indicates the peaks of the mem-
brane potential after transient time. We observe one point
until ZNaCa ≃ 3.85 andZCaL ≃ 1.55, which means the mem-
brane potential of the cardiac muscle has one peak during
one external stimulus. Roughly speaking, we also observe
that the points are on three lines: the top (V ≃ 33), the
middle (V ≃ 0), and the bottom (V ≃ −35). We show
waveforms ofV near bifurcation points in Figs. 5(a) and
5(b). The points on the bottom and middle in Fig. 4 indi-
cate small and large peaks shown by the arrow in Figs. 5(a)
and 5(b), respectively. Note that the appearance of the bot-
tom points does not correspond to a bifurcation, it is just the
transform of the waveform. On the other hand, the emer-
gence of the middle points, which means the emergence of
an EAD, corresponds to a bifurcation; the type of a bifurca-
tion (Neimark-Sacker or period-doubling) depends on the
parameter value. EADs occur with abnormal depolariza-
tion during phase 2 or phase 3, and are caused by an in-
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crease in the frequency of abortive action potentials before
normal repolarization is completed [15].

Figure 6 is obtained by changing the parameter values
along the arrow (c) (ZNaCa = 2) in Fig. 2. The horizontal
axis is the same as that of Fig. 4. The Neimark-Sacker bi-
furcation occurs atZCaL ≃ 2, and EADs appear as shown in
Fig. 7(a). We can see a plurality of projections and prolon-
gation of the action potential duration (APD), which corre-
spond to QT prolongation in the electrocardiogram. In Fig.
7(b) we show a membrane potential waveform in case of
ZNaCa = 2 andZCaL = 3.5. We can see the irregular wave.
This membrane potential waveform is extremely danger-
ous.
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Figure 2: Two-parameter bifurcation diagram
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Figure 3: Waveform of membrane potential at normal pa-
rameter values (ZCaL = 1, ZNaCa = 1)
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Figure 4: One-parameter bifurcation diagram for changing
the valueZ j
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Figure 5: Membrane potential waveforms
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Figure 6: One-parameter bifurcation diagram for changing
the valueZCaL
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Figure 7: Waveforms of membrane potential forZNaCa = 2
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4. Conclusion

In this study, we examined dependence of generat-
ing EADs and QT prolongation on parameter values in
the Shannon mathematical model. We calculated a two-
parameter bifurcation diagram. As a result, two ionic cur-
rents (sodium-calcium exchange currentINaCa and L-type
calcium channel currentICaL) are keys to the generation of
EADs and QT prolongation. We determined that a normal
state becomes unstable by bifurcations. Before a bifurca-
tion, the action potential duration (APD) becomes a little
longer as theINaCa or ICaL is increased. After a bifurcation,
EADs suddenly appear as a stable state and at the same
time the APD becomes very long which corresponds to QT
prolongation. Extremely dangerous waveforms like ven-
tricular fibrillation were obtained after occurrence of QT
prolongation. This agrees with that QT prolongation is a
sign of sudden cardiac cessation.
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