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Abstract—The quadrotors are useful for periodic in-
spection of tunnels and bridges. However, the conventional
quadrotor has a problem such that it is impossible to control
the rotational motion and the translational motion indepen-
dently. Therefore, if the camera is attached on the bottom
of the quadrotor, it is difficult to observe its upward direc-
tion. In this paper, we develop a novel quadrotor that has a
link to tilt its propellers. By increasing the degree of free-
dom of the quadrotor, we resolve the problems described
above. And we derive a model of the developed quadrotor.
Then, we consider a PID controller for the stabilization of
the quadrotor at a specified hovering state. We derive gain
parameters of the PID controller by which the controlled
quadrotor is stabilized.

1. Introduction

The development of a quadrotor has been drastically
evolved over the last decade. Since its structure is simple
and it has high mobility, maintainability, and inexpensive-
ness, it has been utilized in many fields such as the surveil-
lance and the exploration of disasters (such as a fire, an
earthquake, and a flood), and periodic inspection of bridges
and tunnels[1, 2].

We consider the case of the inspection of a bridge or a
tunnel. Then, the quadrotor observes both its lateral and
upward direction. Usually, the camera is attached on the
bottom of the quadrotor. So, it is easy to observe its lateral
direction, but it is difficult to observe its upward direction
because the camera cannot turn to upward. If we attach
the camera on the upward of the quadrotor, it is difficult to
observe the downward. Moreover, we cannot control the
attitude and translational motion of the quadrotor indepen-
dently because it is an underactuated mechanical system.
In other words, a quadrotor has 6 degrees of freedom (3 di-
mensional translational motions and 3 dimensional attitude
rotations) with only 4 degrees of freedom control inputs
(the thrust, roll input, pitch input, and yaw input).

Many approaches to the increase of the degrees of its
freedom have been studied [3, 4, 5]. M. Ryll et al. devel-
oped a quadrotor that has 6 degrees of freedom. They real-
ized that the mounting frame of the rotor that is able to tilt,
and the quadrotor has 8 inputs. [6, 7]. However, it is im-
possible to tilt the quadrotor largely enough to observe the

Figure 1: A parallel linked quadrotor.

upward. A. Oosedo et al. developed a quadrotor that can
change the pitch angle at hovering from 0 to 90 degrees by
further increasing the angle of tilt [3]. P. Segui-Gasco et al.
developed a quadrotor that has the 8 inputs. By doing so, it
does not fall immediately even if one of the rotor is broken
[8]. K. Kawasaki et al. developed an H-shaped quadrotor.
It can carry out the rotation of the pitch angle of 360 de-
grees. It needs two additional servo motors for tilting [9].

In this paper, we develop a novel quadrotor that named a
parallel linked quadrotor shown in Fig. 1. We utilize a par-
allel link at the frame of the x-axis direction, and install one
servo motor at the center of the quadrotor so that its pitch
angle can move from -90 degree to 90 degree. We call this
angle a tilt angle. An advantage of this novel quadrotor is
that it can hover on the spot in any tilt angle just by using
one servo motor. On the other hand, the previous stud-
ies used two or more servo motors. Thus, the developed
quadrotor has ease of maintenance. In Section 2, we derive
the model of developed quadrotor. In Section 3, we con-
sider a PID controller for the stabilization of the developed
quadrotor at a specified hovering state. And we investigate
gain parameters of the PID controller by which the con-
trolled quadrotor is stabilized. Finally, Section 4 concludes
the paper.

- 173 -

2016 International Symposium on Nonlinear Theory and Its Applications,

NOLTA2016, Yugawara, Japan, November 27th-30th, 2016



3

Horizontal line

(Tilt angle)
Parallel link

Figure 2: Description of alpha angle.

E-frame

B-frame

2

3

�2

�1

�3

�4

Figure 3: The parallel linked quadrotor coordinate systems
with the B-frame and the E-frame.

2. The Parallel Linked Quadrotor

2.1. Features of the Parallel Linked Quadrotor

Shown in Fig. 1 is a developed quadrotor whose pro-
pellers tilt by using a parallel link, which will be called a
parallel linked quadrotor. As shown in Fig. 2, the devel-
oped quadrotor can hover while maintaining a tilting state.
Because the parallel link is installed at thex′ axis, the rotor
can keep the holizontal state. The quadrotor without tilting
propellers has only 4 independent control inputs, and has
6-dimensional outputs. In other words, it is impossible to
satisfy a desired position and a desired rotation at the same
time. However, the developed quadrotor can hover at any
pitch angle by changing the tilt angle.

2.2. Modeling of parallel linked quadrotor

In this section, we derive a model of the developed
quadrotor. The basic flight control principle is the same
as the conventional quadrotor. Fig. 3 shows the configura-
tion frame systems of the developed quadrotor. To describe
motions of its rigid body, we introduce the earth inertial ref-
erence frame (E-frame) and the body-fixed reference frame
(B-frame). The E-frame (OE,x,y,z) is chosen as the inertial
right-hand reference. The B-frame (OB,x

′
,y

′
,z

′
) is attached

to the body. In the following, we impose the following two
assumptions. (1)The origin of the B-frame coincides with
the center of gravity of the quadrotor. (2)The coordinate
axes of the B-frame coincides with the axis of the inertia of

the body. As shown in Fig. 3, each propeller from the front
in a clockwise is named the numbers 1 to 4. The propellers
1 and 3 rotate the counter-clockwise while the propellers
2 and 4 rotate the clockwise. They produce thrust power
by rotating all propellers. The rotational movements of the
quadrotor are called roll, pitch, and yaw respectively. Roll
is rotational motion around thex

′
axis of the quadrotor. In

the same way, pitch and yaw are rotational motions around
they

′
and thez

′
axis of the quadrotor, respectively. In addi-

tion to these general rotational movements, we introduce a
tilt angleα in the developed quadrotor as shown in Fig. 2.
This angle moves by only one servo motor. On the other
hand, the thrust and the anti-torque of each rotor are known
to be proportional to the square of the rotational speed of
the motor. Since the direction of the rotation of the pro-
pellers 1 and 3 is opposite to that of the propellers 2 and 4,
the corresponding anti-torques generated by the propellers
are also in the opposite directions. The thrustTi and the
anti-torque of each rotorQi are described by the following
equations.

Ti = bΩ2
i , (1)

Qi = (−1)idΩ2
i , (2)

where i = 1,2,3,4 are propellers’ numbers,b is a thrust
constant, andd is an anti-torque constant. Each propeller
is driven by a motor, and the thrustsTi are generated by the
propeller rotations. In the quadrotor model, we consider
the total thrustU1[N] and the torque around each axis of
the body coordinate systemU2,U3, andU4[Nm] as inputs,
which are described by the following equations. They are
roll, pitch, and yaw input, respectively.

U1 = b(Ω2
1+Ω2

2+Ω2
3+Ω2

4), (3)

U2 = lb(−Ω2
2+Ω2

4), (4)

U3 = (l1cosα + l2)b(−Ω2
1+Ω2

3), (5)

U4 = d(−Ω2
1+Ω2

2−Ω2
3+Ω2

4), (6)

where l1 and l2 are the lengths of the arms as shown in
Fig. 2. From (5), the tilt angleα has an effect on the pitch
inputU3 only.

ΓΓΓEEE = [x y z]T andΘΘΘEEE = [φ θ ψ ]T denote a position vec-
tor of the center of gravity and an altitude angle vector in
the E-frame, respectively.φ , θ , andψ are called a roll, a
pitch, and a yaw angle, respectively.VVVBBB = [vx′ vy′ vz′ ]

T and

ωωωBBB = [ωx′ ωy′ ωz′ ]
T denote a velocity vector and an angular

velocity vector in the B-frame, respectively. The kinemat-
ics of the developed quadrotor is described as follows.

Γ̇ΓΓEEE = RRRVVVBBB, (7)

Θ̇ΘΘEEE = TTTωωωBBB, (8)

whereRRR is a rotation matrix andTTT is a transfer matrix given
by

RRR=

 cψcθ −sψcφ +cψsθ sφ sψsφ +cψsθ cφ
sψcθ cψcφ +sψsθ sφ −cψsφ +sψsθ cφ
−sθ cθ sφ cθ cφ

 , (9)
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Table 1: Specifications of the parallel linked quadrotor.

Value Value
m 1.46[kg] Jz0 6.83×10−3[kg m2]
l1 0.220[m] Jx45 4.11×10−3[kg m2]
l2 0.165[m] Jy45 5.20×10−3[kg m2]
l l1+ l2[m] Jz45 4.83×10−3[kg m2]

Jm 2.06×10−6[kg m2] Jx90 5.74×10−3[kg m2]
Jx0 2.41×10−3[kg m2] Jy90 4.51×10−3[kg m2]
Jy0 5.49×10−3[kg m2] Jz90 2.51×10−3[kg m2]

TTT =

 1 sφ tθ cφ tθ
0 cφ −sφ
0 sφ/cθ cφ/cθ

 , (10)

andsj = sin j, c j = cosj, t j = tan j ( j = φ , θ , ψ.). Thus,
the quadrotor is modeled by the following equation.[

mIII3×3 0003×3

0003×3 JJJ(α)

][
V̇VVBBB

ω̇ωωBBB

]
+

[
ωωωBBB× (mVVVBBB)

ωωωBBB× (JJJ(α)ωωωBBB)

]
=

[
FFFBBB

τττBBB

]
, (11)

where III is the unit matrix,JJJ(α) = [Jx(α) Jy(α) Jz(α)]T

is an inertia matrix of the developed quadrotor, andm is
its mass. When the tilt angleα changes, the shape of the
developed quadrotor is also changed. Thus, the inertias de-
pend on the tilt angle. The second term in the left-hand side
is the Coriolis force acting on the apparent in B-frame. Be-
sides, the translational motion is modeled by the E-frame.
Its right-hand side represents forces and torques acting to
the quadrotor. Concretely speaking, they represent gyro ef-
fects generated by the propeller rotations, the gravity force
applied to the body, thrust forces and torques of propellers’
rotations. In addition, the anti-torque is generated by tilting
movement. This term appears in the pitch equation. Here,
we can translateωωωBBB to ΘΘΘEEE by using the transfer matrixTTT.
However, since we consider the situation of hovering, the
attitude angle is close to zero. Thus a transfer matrix can
be approximated to the unit matrix. In other words, we can
replaceωωωBBB with ΘΘΘEEE. Then, we can neglect the effect of
air resistance generated by the translational motion. Under
these assumptions, (11) is rewritten as follows.

ẍ= ax
U1
m ,

ÿ= ay
U1
m ,

z̈=−g+az
U1
m ,

φ̈ =
Jy(α)−Jz(α)

Jx(α) θ̇ ψ̇ − Jm
Jx(α) θ̇Ω+ U2

Jx(α) ,

θ̈ = Jz(α)−Jx(α)
Jy

φ̇ ψ̇ − Jm
Jy(α) φ̇Ω+ U3

Jy(α) − α̈,

ψ̈ =
Jx(α)−Jy(α)

Jz(α) φ̇ θ̇ + U4
Jz(α) ,

(12)

where ax = (sψsφ + cψsθ cφ )，ay = (−cψsφ + sψsθ cφ ),
az= (cθ cφ ), Jm is a motor inertia, andΩ=Ω1+Ω2+Ω3+
Ω4.

＋

＋

＋

＋
‐

Quadrotor

Figure 4: A block diagram of PID control.

Table 2: Nominal gains of the PID controller.

Gain Gain
KPz 100 KPθ 10
KIz 50 KIθ 10
KDz 50 KDθ 1
KPφ 10 KPψ 10
KIφ 10 KIψ 10
KDzφ 1 KDψ 1

3. PID control

In this section, we consider PID control for the stabiliza-
tion of the developed quadrotor at the hovering state. Fig. 4
shows a block diagram of the PID controller, wherer(t) =
[zm 0 0 ψm]

T , e(t) =r(t)−y(t), U(t) = [U1 U2 U3 U4]
T ,

y(t) = [z φ θ ψ ]T , KP= diag[KPZ KPφ KPθ KPψ ], K I=
diag[KIZ KIφ KIθ KIψ ], andKD= diag[KDZ KDφ KDθ KDψ ].
Since we use the PID controller, the target state is an equi-
librium point of the controlled quadrotor, that is, the equi-
librium point are given byz= zm, ψ = ψm, ż= φ = φ̇ =
θ = θ̇ = ψ̇ = 0. We consider the linearized system of the
controlled quadrotor around the equilibrium point. The pa-
rameters of the developed quadrotor are given in Table 1.
And nominal gains of the controller are listed in Table 2.
Shown in Figs. 5 and 6 are boundaries of the stability
regions on theKDφ −KPφ and theKDψ −KPψ parameter
plane, respectively, when the tilt angle is changed, where
the other gains are fixed to the nominal values. The region
above the boundary is a stability region. From these fig-
ures, it is shown that, as the tilt angle increases, we have
to increase the gains for pitchKDφ andKPφ while we can
decrease those for yawKDψ and KPψ . Because, by the
increase of the tilt angle,Jx increases whileJz decreases.
Fig. 7 shows the behavior of the mathematical model when
the initial value of roll angle is0.2[rad] (= 11.5[deg]).

4. Conclusion

In this paper, we developed a novel quadrotor named the
parallel linked quadrotor, where tilting is realized by a par-
allel link and one servo motor. We derived a model of the
quadrotor. We consider PID control for the stabilization of
its hovering state. We investigated stabilization regions on
gain parameter planes. It was shown that, as the tilt an-
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Figure 5: Stabilization region on theKDφ −KPφ plane.
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Figure 6: Stabilization region on theKDψ −KPψ plane.

gle increases, we have to increase the gains for pitch while
we can decrease those for yaw. Because, by the increase
of the tilt angle,Jx increases whileJz decreases. The ex-
periment by a prototype of the quadrotor is future work.
It is also future work to investigate an effect of the anti-
torque generated by the servo motor on the pitch rotation.
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