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Abstract—We develop a method for modeling of heat
transfer dynamics in a building atrium based on observa-
tional data on temperature. This paper introduces a two-
dimensional heat diffusion equation with an effective dif-
fusion coefficient in order to represent the heat transfer
mainly due to the air movement inside an atrium, where
the air slowly moves on a length-scale smaller than the
distance between rooms. Then we propose a method for
identifying the coefficient based on a spatio-temporal oscil-
latory pattern extracted from the data via Koopman mode
decomposition. The calculated coefficient is verified with
the characteristic numbers of the air flow in the atrium and
its architectural geometry.

1. Introduction

In-building energy dynamics appear on a wide range of
scales in both space and time. In the stage of architectural
design, lumped-parameter models are used in order to pre-
dict coarse-scale thermal dynamics: see e.g. [1]—ranges
of more than lengths between rooms. The models have fo-
cused on the heat transfer via walls, ceilings, or floors with
large time-constant about 100 hours. On the other hand, the
heat transfer in a building atrium is on smaller time-scale
[2], and thus a short-term change of in-room temperature
can propagate between rooms. Therefore, mathematical
modeling of the heat transfer in an atrium is required for
its evaluation and control.

In this paper, we adress the phenomenon of heat trans-
fer mainly due to the air movement inside a practically-
used atrium, where the air slowly moves on a length-scale
smaller than the distance between rooms. The heat trans-
fer is modeled as a two-dimensional heat diffusion equation
with an effective diffusion coefficient. Then we propose a
method for identifying the coefficient based on a spatio-
temporal oscillatory pattern extracted from measurement
data via Koopman mode decomposition [3, 4]. The calcu-
lated coefficient is verified with the characteristic numbers
of fluid flow in the atrium and its architectural geometry.

2. Modeling target in commercial building

This paper focuses on a practically-used atrium in order
to delinate the modeling idea. This atrium is located in
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Figure 1: Cross section of the target building.

Figure 2: Outline of 3rd to 6th floors of the target building.
The circles stand for temperature sensors and the rectangles
for outlet ducts.

the main building of OMRON Healthcare Co., Ltd. in Ky-
oto, Japan. This section provides basic information on the
atrium as the modeling object: spatial arrangements and
operational conditions of HVAC units, and the measure-
ment of temperature.

Figures 1 and 2 show the cross section of the target build-
ing and the outline of a floor. The building consists of six
floors, where the eastern sides of the 3rd to 6th floors are
provided as office rooms and the western sides as laborato-
ries. The atrium is located in the center of the building and
connected with the office rooms.

Next, we review spatial arrangements and operational
conditions of HVAC units. Three HVAC units are placed
in the office room for conditioning globally in space. In the
below, these units are called H1, H2, and H3. Their out-
let ducts are on the ceiling and denoted by the rectangular
symbols. The red, green, and blue symbols represent the
ducts of H1, H2, and H3, respectively. The HVAC units
run on a programed schedule.

Finally, we review the measurement system of tempera-
ture in the target building. All the temperature data were
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Figure 3: Data sampled on July 31, 2014 (Thu.): (a) atrium
temperature and (b) outlet temperature.

sampled by 0.1 ◦C every 10 minutes. Atrium temperature
is sampled by three sensors on each floor. These sensors
are placed at the height 1.5 m above the floor. They are de-
noted in Fig. 2 with circles and called TH1, TH2, and TH3.
Also, outlet temperature of H1, H2, and H3 was sampled.
Figure 3 shows the atrium temperature and outlet temper-
arue sampled on July 31, 2014 (Thu.). Both the tempera-
tures oscillate on the time-scale of several hours.

3. Koopman mode decomposition of measured data

This section applies the Koopman Mode Decomposi-
tion (KMD) to the measured data on temperature shown
in Fig. 3.

3.1. Outline

KMD is a method for extracting spatio-temporal modes
oscillating with single frequencies directly from data [3,
4]. In this paper, we use the Arnoldi-type algorithm [4] to

decompose snapshots X[n] ∈ RM (n = 0, . . . ,N − 1) with
constant time-step ∆t into the following series:

X[n] =

N−1
∑

m=1

λ̃nmṼm (n = 0, . . . ,N − 2), (1)

where λ̃m ∈ C is Koopman Eigenvalue (KE) and Ṽm ∈ CM

is Koopman Mode (KM).

Table 1: Koopman mode decomposition of the data mea-
sured on July 31, 2014 (Thu.) shown in Fig. 3.

{m,m + 1} |λm| Tm / h ‖VA
m‖ ‖VH

m‖
{1, 2} 1.050 2.37 7.83 × 10−2 0.286

{3, 4} 1.035 4.74 5.62 × 10−2 0.695
{5, 6} 1.035 3.35 0.119 0.540

{7, 8} 1.033 1.16 5.52 × 10−2 0.339

{9, 10} 1.033 1.86 9.31 × 10−2 0.262

{11, 12} 1.026 0.547 2.34 × 10−2 0.116

Here, we formulate spatio-temporal oscillatory pattern
of KM as a wave propagation. Let be m-th KE defined as

λ̃m = |λ̃m| exp(iωm∆t), where i is the imaginary unit and
ωm is the angular frequency. Then the oscillatory pattern of
m-th KM is represented as follows:

λ̃nmṼm = |λ̃m|n






















Am,1 exp{i(ωmn∆t + θm,1)}
...

Am,M exp{i(ωmn∆t + θm,M)}























, (2)

where Am,p and θm,p stand for modulus (amplitude) and an-

gle (phase) of p-th component of KM Ṽm, respectively.
Now we represent the observation positions of data by us-

ing r1, . . . , rM ∈ RNd (Nd ∈ {1, 2, 3}) and transposition of

vector by the superscript T. When the matrix [rT
1
, . . . , rT

M
]

is of full rank, it is possible to uniquely determine km ∈ RNd

satisfying r
T
pkm = −θm,p for p = 1, . . . ,M. Then the right-

hand side of Eq. (2) is formulated as follows:

|λ̃m|n

























Am,1 exp{i(ωmn∆t − r
T
1
km)}

...

Am,M exp{i(ωmn∆t − r
T
M
km)}

























. (3)

This shows that the oscillatory pattern of m-th KM de-
scribes a spatio-temporal wave propagating with the angu-
lar frequency ωm and wavenumber vector km.

3.2. Results

This subsection applies KMD to the data shown in Fig. 3.
Here, we set M = 24 and N = 55 (corresponding to

9 hours). In this paper, we decompose KM Ṽm into the two

components VA
m ∈ C12 and V

H
m ∈ C12, where V

A
m stands for

the component on the atrium temperature and V
H
m for the

outlet temperature.
Table 1 shows the modal information on the data in de-

creasing order of the modulus |λ̃m|. The eigenperiod is de-
fined as:

Tm =
2π∆t

|Im[ln λ̃m]|
. (4)

The sampling period ∆t is 10 min. Mode pair {m,m+1} that

has large values of |λm| and ‖Ṽm‖ is dominant in the data. In
this paper, we adopt mode pair {5, 6} as the dominant one
and utilize it to identify the heat transfer in the atrium.

Next, Fig. 4 shows the amplitude and phase of KMs

V
A
5 and V

H
5 . The arrows represent the directions of the

wavenumbers kA
5 of VA

5 and k
H
5 of VH

5 . Note that kA
5 and k

H
5
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Figure 4: Amplitude and phase of KM Ṽ5 shown in Tab. 1:

(a-1,a-2) VA
5 of atrium temperature, where the arrow repre-

sents the direction of caluculated wavenumber vector k
A
5 ,

and (b-1,b-2) V
H
5 of outlet temperature, where the arrow

represents the direction of caluculated wavenumber vector

k
H
5 .

are the two-dimentional vectors (Nd = 2) calculated by re-

placing Ṽm with V
A
5 and V

H
5 in Eqs. (2) and (3). In Fig. 4(a-

1,b-1), the amplitude changes in space, implying that the
heat input from HVAC units propagates in the atrium. In
Fig. 4(a-2,b-2), the phase also changes in space, and the

wavenumber vector k
H
5 is in the opposite direction of k

A
5 .

This indicates that the HVAC units operate to decline the
heat transfer in the atrium.

4. Identification of heat transfer in atrium

This section formulates the heat transfer in the target
atirum as isotropic difusion equation, namely, effective dif-
fusion. Then, the effective diffusion coefficient of the equa-

tion is identified with the KM Ṽ5 shown in Fig. 4.

4.1. Effective diffusion by small-scale air movement

The target atrium is regarded as the two-dimentional do-
main because the width of the atrium is much smaller than
the length x and height z (see Figs. 1 and 2). Here, we in-
troduce the concept of effective diffusion for describing the
heat transfer in the two-dimentional domain. It is widely
known that the homogenization makes it possible to rep-
resent the heat transfer caused by small-scale air move-
ment as isotropic diffusion [5, 6]. In the target atrium,
no large-scale laminar flow by HVAC outlets occurs, and
hence the air moves on the scale less than the length be-
tween rooms. Therefore, by coarse-graining of the thermal
dynamics on the length-scale larger than the distance be-
tween rooms, we represent the temperature T at position

x := (x, z)T ∈ A ⊂ R2 and time t ∈ R via the following
diffusion equation:

∂

∂t
T (x, t) = De(x)∆T (x, t) +

PHVAC(x, t) + e(x, t)

ρcp

, (5)

where A is a closed domain of the atrium, De is the effective
diffusion coefficient, PHVAC is the heat input per unit time
and unit volume from HVAC, e is the input from the other
sources, ρ and cp are the air density and the specific heat

Figure 5: Nodes and brabches for space-discretization. The
integer index i stands for the length x and j for the height
z. The fractional indices ib and jb stand for the branch be-
tween nodes [i, j].

at constant pressure. PHVAC is formulated as a function of
outlet temperature THVAC (see Sec. 4.2)

4.2. Method for identifying De

This subsection provides the method for identifying De.
The diffusion equation model (5) is discretized with the

integer indices i ∈ {1, 2, 3} corresponding to TH1, TH2,
and TH3, j ∈ {1, . . . , 4} to 3F–6F, and n = 0, . . . ,N − 1 to
the time-instant. Figure 5 shows the Staggered lattice [7]
for discretization of the atrium. In this paper, the branches
are denoted by [ib, j] and [i, jb] with the fractional indices
ib ∈ {3/2, 5/2} and jb ∈ {3/2, 5/2, 7/2}, and the effective
coefficient De is defined on the branches. Note that the
coefficient on [ib, j] is influenced by the heat input e(x, t)
due to the in-room thermal dynamics.

Next, we describe Eq. (5) based on KMD. Let us repre-

sent the component of KM V
A
m on position [i, j] with vm[i, j]

and that of VH
m as um[i, j]. It is shown in [3] that each os-

cillatory pattern λ̃nṼm is determined by its initial condition
and does not interact with any others. Thus, we assume that
the oscillatory pattern is a solution of the discretized equa-
tion of (5). In addition, it is now possible to neglect the con-
tribution of e(x, t) in Eq. (5) because e(x, t)—determined
by the outdoor temperature and solar radiation—varies on
the day scale and does not contribute to the hour-scale ther-

mal dynamics. Thus, by substituting λ̃nmvm (or λ̃nmum) to T
(or THVAC) in the discretized version of (5), the linear equa-
tion of vm[i, j] and um[i, j] is derived as follows:

smvm[i, j] =
∑

ib=i±
1
2

Dib, j

vm[i ± 1, j] − vm[i, j]

L2
ib

+
∑

jb= j±
1
2

Di, jb

vm[i, j ± 1] − vm[i, j]

H2

+
UHVAC

V0[i, j]
(um[i, j] − vm[i, j]), (6)

where the two ± signs of the first or second term of the
right-hand side are in the same order, sm := ln[λm]/∆t is
the m-th eigen-angular frequency, and D with subscript of
i, ib, j, jb is the effective coefficient. The parameter Lib is
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Figure 6: Caluculated effective coefficient De at branch
[i, jb].

the discretization step at the branches [ib, j] and indepen-
dent on j because the temperature sensors are at the same
locations on every floor. The constant H = 4.0 m is the

length between rooms, UHVAC = 0.875 m3/s is outlet vol-
ume rate of HVAC units, and V0[i, j] is the discretized vol-
ume of the node [i, j] determined as shown in Figs. 1 and 2.
The third term in the right-hand side of Eq. (6) is derived
from the so-called bulk convection [1]. Moreover, we set
a constraint condition for obtaining a physically-tractable
solution of Eq. (6). Assuming that the air flow field is ho-
mogeneous because of no HVAC unit in the atrium, we in-
troduce the following condition:

Di, jb
=

Di+1, jb

L2
i+1/2

+
Di−1, jb

L2
i−1/2

+
Di, jb+1 + Di, jb−1

H2

1

L2
i+1/2

+
1

L2
i−1/2

+
2

H2

. (7)

Eq. (7) minimizes the discritized form of ‖∇De‖ at the
branch [i, jb], namely, the coefficient De does not drasti-
cally change in space. As a result, it is enough to solve
Eqs. (6) and (7) for identifying the coefficient De.

4.3. Result

Here, we calculate De by the method in Sec. 4.2 and ver-
ify the result with the characteristic numbers of fluid flow
in the atrium and its architectural geometry. The dominant

KM Ṽ5 was used for the calculation. Since the eigenpe-
riod T5 = 3.35 h was small, it was reasonable in Eq. (6)
to neglect the long-term dynamics. Also, we adopted the
constraint condition (7) at the five nodes [1, 5/2], [2, 3/2],
[2, 5/2], [2, 7/2], and [3, 5/2] where the boundary condi-
tions contributed less to the calculation than the other four
nodes. Note that the coefficient matrix of linear equations
(6) and (7) was not of full rank, and we hence used the
corresponding psuedo-inverse matrix to determine De.

Figure 6 shows the calculated coefficient De at the
branch [i, jb]. Note that the coefficient at [ib, j] reflects the
in-room thermal dynamics and does not quantify the effec-
tive diffusion in the atrium. The calculated coefficient is in
the order of 10−2 m2/s, which value is tractable because of
the following reason. Now we set the target length-scale L
of the heat transfer at H = 4.0 m, the in-room air velocity U
at 0.8 m/s based on the outlet volume of HVAC units, and
the molecular diffusion coefficient D at 2.25×10−5 m2/s [8].
Then the nominal value of the effective coefficient is given

as
√
DLU = 8.5×10−3 m2/s [5, 6] and close to the order of

the calculated coefficient. This suggests that the effective
heat diffusion by small-scale air movement is dominant in
the target atrium.

Next, the space-dependency of the coefficient is dis-
cussed. The coefficient takes the large values at [i, jb] =
[1, 3/2], [1, 7/2], [3, 5/2], [3, 7/2]. This is partly because of
the architectural geometry of the building. On the 3rd floor,
a booth covers the center ([i, jb] = [1, 3/2]) of the atrium.
Also, another office room is located on the 6th floor of the
office room. Because these booth and room work as obsta-
cle objects to the air flow, the coefficient is calculated as the
large values at the nodes next to the objects.

5. Conclusion

This paper proposed a method for modeling of heat
transfer dynamics in a building atrium via Koopman mode
decomposition (KMD). First of all, KMD was applied to
measured data on atrium temperature and outlet tempera-
ture of HVAC. Next, the heat transfer was modeled as a
two-dimentional diffusion equation with an effective diffu-
sion coefficient. Then, we proposed a method for identify-
ing the coefficient by incorporating the spatio-temporal os-
cillatory pattern into the model. The coefficient calculated
by the method shows that the small-scale air movement is
dominant of the heat transfer in the atrium. Moreover, the
space-dependency of diffusion is closely related to the ar-
chitectural geometry of the atrium. Thus, the KMD-based
method enables us to investigate the heat transfer driven by
in-building HVAC systems.
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