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Abstract—The integral equations describing the common
current (CM) along twisted-wire pairs (TWPs) above a ground
plane are derived. It is shown that the CM current along TWPs is
approximately equal to the one generated by a wire above a
ground plane with equivalent radius. In addition, it is verified that
the near field radiated by both TWPs and one wire above the
ground are also “identical”. The analytical results provide a
general proof to the CM equivalent circuit that was developed only
under engineering guess. Moreover, the obtained results are
validated by using the commercial software FEKO and good
agreements are obtained.
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I. INTRODUCTION

Transmission line (TL) model was extensively used to
predict the response of multi-conductor transmission line
(MTL) [1]-[6] under the assumption of electrically small cross-
section dimension of the line, the sum of the line currents at any
cross-section of the line is zero, and the response of the line is
quasi-TEM. However, the sum of the line currents at any cross-
section is not always equal to zero if there is a floating terminal
i.e., no connection to the ground, connected to any differential
line in the MTL cables. Under that reason, the common current
(CM), the so called the antenna mode current, is generated along
the differential line connected to floating terminals [7]. In the
past recent years, different methods were proposed to improve
the TL model so as to obtain the exact CM current along its line.
e.g., in [8], the current induced along a finite wire above the
ground irradiated by plane wave electromagnetic was predicted
by using perturbation method, and the telegrapher’s equations
were extended at very high frequencies to include radiations
effects of an infinite line above the ground by Nitsch and
Tkachenko in [9]. More recently, their method was extended to
be applicable to MTL cables with finite length [10].

To evaluate the antenna mode current along two parallel
wires in free space, Vukicevi et al [11] have developed integral
equations from the scattering theory and it was shown that these
integral equations can be reduced to a pair of TL-like equations
with equivalent line parameters. As consequence, the antenna
mode current can be obtained by only solving the TL-like
equations. In [12] and [13], it was shown that the CM current
induced along the TWP wires can be approximated by using the
CM equivalent circuit. However, this is only an engineering
guess that was suggested without any mathematical proof. In this
paper our purpose is to develop generalized integral equations
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Fig. 1. The equivalent CM circuit of TWP.
that help us to predict the CM current induced along TWPs wires
as well as its near field.

II. MATHEMATICAL FORMULATION

In this section, The CM equivalent circuit, proposed in [12]
and used in [6] and [13], is proved by using Maxwell’s integral
equations. The principle of the CM circuit is to replace the TWP
by one wire with same height above the ground, Fig. 1, with
equivalent radius given as

TeqcM = Twv/ S/Tw - (1)

Let’s suppose a TWP running above ground plane with

height h, and it is irradiated by electromagnetic plane wave as

shown in Fig. 2. The TWP has twist pitch p, the saparation

between the wires is s and wire radius 7. The total length of

each wire is £, and they extend along the z-axis with distance
L, =apL/2m.

A. Derivation of the Integral Equations

By following the same procedures used in [9] and [11]. The
scattered field irradiated from the TWP is given as [13]

Est = —jwA — Vo (2a)
2o L r = I = =7
A =2 (P2 @) (7, (0)9: R = )
~i, ()9 (F ~ 7)) d (2b)
Sy 1 = i rd
) =———V-4 (2¢)

where I,,(€") are the current along the TWP wires, A and @ are
the magnetic vector potential and the scalar electric potential,
respectively. The vector 7, is the position vector of the source
point, for the case of the TWP is given as
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Fig. 2. A TWP above a ground plane and irradiated by a plane wave along the
side-fire excitation.

Ty = xn(l”)&x + yn(l”)dy + z,(£)d, (3a)

X, (£) = h+5 12) cos(at") (3b)

() = sin(ae’) (3¢)

z, (") = 7 ) (3d)

The quantity a =1/ ((2) + (%) ) is the rotation

parameter of the TWP, the vectors 7} (£') and r_lr;l; (#") are the
unit tangent vector along the TWP real and image wires,

respectively, and they are given as
—sa(- 1) sar(—l)’"‘+1
2

7y, (£) = sm(a{’ )ad, + cos(at’) d, + g&z (4a)

?1;(«!”) &sm(a{’)ax m(_z—l)nﬂcos(af’) i, +% - d, (4b)
The functions g, (7 —7) and g,(7 — 7;';{) are the green
functions of the real TWP wires and their images with respect to

the ground, respectively, and they are given by [13]
e JlF-7hl 2z e I7=ral

gl(?_ﬁ{ = Y ,gz( W)= T
—7

17 =7l 7

(5a,b)

_—
_
real TWP wires mirrored wires

where k = 2nf /c is the wavenumber in which f is the
frequency and c is the speed of light in the free space. Note

that 7/ is the image of the vector 7, with respect to the ground
plane, finally 7 = xd, + yd, + zd, is the position vector where
the scattered field is measured (observed).

B. The CM Current Along the TWPs

Now let’s derive the CM current along the TWPs wires by
using the integral equations (2a-b). Since the wires are assumed
to be perfectly conducting, the total tangential electric field
should equal to zero. Under the assumption of the thin wire
approximation, this condition can be expressed as

E-#i, (&) = (E*+E™) 7, (¢)=0 (6)
where m = 1 or 2 for wire 1 or 2, respectively.
We should indicate that 7, (£') -7, (¢) and 7 (£) -7, (£)
have the following expressions
i, (0 1, (0) = “X " cosa (e — ) + (”“) (7a)

(&) 7y, (8) = “cosa(t + ) + (2 ) (7b)
By inserting (7a) and (7b) into (2b) we get the following
A -7, (0 =22 (521,21 {# (cosa(t — £) g, G~

1) — cosa(? + ¢€') g,(Fn — Tn)) (—a) (gl(rm 7)) = g2 (Tin — F:{))}df'

®
Note that g,(#, — %) = g,(#, —7#5) and by taking the
following approximation for the condition h > s, we have

s2a(- 1)
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exp< jieJ@ny+(22Y (e-2)2)
9
J(M)H(%) (e-o')2
By using the above results, the following equation is obtained

gZ(Fm _7512) = g,(0—1) =

> L0 5 > L0 5 L

A(7) 'nll({)) + A(%) 'nlz({)) Z;;Z sa (91(7”1 —7) -
9y = 7))l (£)0" + Lo 2 [ (22’ (gl(n )+

91(fy —73) = 2g,(£ — ¢ ))ICM(’E )de’ (10)

where I; (#") + L (#") = Icu(£)

By following the same method performed in [11] for the CM
case, and summing the equations resulted from (6) for (m =
1,2) and with the equation (2a), the following equation is
obtained

Vo) - iy, (€) + VO(7) - 7, () + joo (A - 7y, () +
Ay -, (0) = B -7, (0) + B - 7, (6) (1)
The quantities g, (#; —7{) and g, (#; — 75) have the following
expressions

exp( ]k\/—(l cos a(f— t”))+( ) (= t”)2>

9. —7) = (12a)

J;(l—cos a(f—f’))+(%)2 (e—t")?
exx)(—jk\/%ucos a(t’—t”))-{.(%)z({)_{;l)z)

g1 —75) = - - (12b)
\/57(1+cos a(t’—t”))+(%) (6—£")2
Now let’s make a comparison between g(£—+¢') =

(.91(F1 -7+ g, — F2’))/2 and g;(£ — ¢'), where g;(£ —

£") is given as
exp( jk reqCM+( )(4’ gl)z)

JreqCM+( ) (e—2")?
where 7¢q cm is given in equation (1)

The results of the comparison are presented in the Fig. 3.

It is evident that the green function g( — ¢') and g5 (£ — ¢')
values are “identical”. As consequence, it is possible to replace
g —£") by g3(£ — ") in the equation (10).

To see if it is possible to neglect the term; = (s?a/
4)(g,(F — 7)) — g1 (7, — 7)) with respect to the term, =
(pa/2m) (g, — ) + 917y — ) — 26,6 —€)) . we
generate Fig. 4.

We can conclude that term 1 «< term 2, as fact of that
term 1 can be neglected in the equation (10)

In the other hand V(7)) -7y, (£) and VO(#) -7, (£)
represent the directional derivative of the potential @ in the
direction 7, (£) and 7}, (£), respectively. Since 7, and 7, are
pointing to two points which they are very near to each other’s,
the following mathematical approximation can be taken

Vo (R,) - iy, (£) + Vo (i) - i, (0) = Vo (22 - (7, (&) +

i,©) = Vo (4572) - (2374) (14)
9P(h07) 5 pa _

S S ey o 00(n05%)
V¢'(T1) . Tlll(f) + V(D(TZ) . nlz(i’) = P P ZT

(14b)

gzs(£—2) = (13)

where the CM voltage is defined as [11]
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Fig. 3. The comparison between the green functions g(¢ — ¢') and g5;(£ — £')
shows a good agreement.

VcM (‘g) — q)(Fl)Zq)(FZ) q) (T1+T2) (15)

We perform the same approximation for the expression
Enc(#) - m, (£) + Enc(#,) - 1), () to get the following
Ene(i) -7, () + E"(7y) - 7, (0) = 222 B (h,0,22)  (16)
By inserting (10) and (14)-(16) into (11) and performing the
change of variable z = paf/(2m), the following equation is
obtained
TAAD 1 jol [7(93(2 = 2) = ga(z = 2))lem(2)d2’ = EP(h,0,2)
a7
The equation (17) has the same form for the CM current
along one wire above ground [8]
To derive the second TL-like equation, the same steps are
followed. The definition of the CM voltage is given as
Veu(0) = PE+PT) 1 V- (A(H);A(Tz)) (18)

2 Ho€oJw

where
A +A®) = o dzf (295(£ = £) = 2g,(£ = £))Iem(¢)de" (19)
Note that equation (19) is obtained by using all the
approximations used above with the approximation I; (#") =
L,(¢#") = Icw(#')/2. By making the same change of variable
and inserting (19) into (18), the following equation is obtained
2 [54(g5(z — 2) — g2z — 2))leu(2)dz’ + jwdmey Veu(2) = 0 (20)
which is also identical to the one derived for the one wire above
ground shown in [8]. The CM current can be obtained by
solving equations (17) and (20) by using the same method used
in [8] and [13].
The scattered field radiated by the TWP and one wire above
the ground are given by [13]

1) TWP scattered field

Bt = Etlp + E5S (20a)

image
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Fig. 4. The comparison between term 1 and term 2 shows that terml is
extremely small compared with term 2.

Effhe = 222 [ 23e (1 + 7 — ) low (€0, (€)W (R,) 4O/
— I 5 (14 s — o) Tom (87, (8 - s, g, W(R,) d2'(20b)

4pa
Epthge = 22 [ 52 (14 2 — ) T ()7, ()W (R, ) 0
141;: ez (1+ - szz) ICM(i’)(nln({’) dg, )iz, W(R,) de' (20c)
Ry=1F =%l . R,=|7-7 (20d)
o—JkR

Y(R) = (20e)
(_iRn = ﬁn/”Rn” > (_iﬁn = ﬁn/ ||ﬁn|| (201)

2) One wire scattered field
Esct Esct + ESCt (21a)

wire 1mage

—jnok Lz 1
E\?\;ﬁ”e = %fo (1 + jkR, sz )ICM(Z )azlp(R‘r)dz

_¥foz( j;R P )ICM(Z )(d, - dg,)dg, W(R,)dz' (21b)

Jnok 1
Elsncltage = ﬁfo (1 + JkR; szz> Iem(z") @, ¥ (Ry)dz’

‘jZZk Iy (1 + j,fR szz) Iem(z')(d, - dg,)dg, PRz (21c)
Ry = |R,|| = |&c = iy + yd, + (z — 2)d,|| (21d)
Ri = ||Ri|| = [|Gc + W)y + ydy + (2 — 2)d, || (21e)
g, = Re/||IR:|| . g, = Ri/||R:|] Q1f, g)

III. VALIDATION OF THE CM EQUIVALENT CIRCUIT

In order to obtain the equivalent CM circuit of TWP, the
following conditions should be satisfied:

(1) The CM current of TWP and the straight wire along the
z-axis are the same.

(2) The scattered field produced by the TWP is equal to that
of the straight wire outside the TWP.

In order to validate the accuracy of CM equivalent circuit,
we perform a comparison between the results obtained by (20a)
and (21a). The MoM result obtained by the commercial FEKO
software is also presented for validation [14]. The parameters of
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Fig. 5. The CM current magnitude induced along one wire and a TWP above

the ground. (a) The CM current distribution. (b) The frequency response.

T T T
——straight wire, analytical
40~ —TWP, analytical
- - - siraight wire, MoM (FEKO) ' 0.5 GHz.
30 —TWP, MoM (FEKO)
X=55.6 mm
3
H
=
* x=34 mm
W0
20F 4
0k 4
s 4
- h o 02 04 08 08 1 12
z(m)
(@)
T T
—— straight wire, analytical 1
——TWP, analytioal
4o} - - - straight wire, MoM (FEKO)
‘‘‘‘‘ TWP, MoM (FEKO)
\{'\
2o x=54.7 mm 4
= yomm e
£ Z=0mm -,
g o
w™ - -
L
R
x=60 mm
ys0mm
“© 2=10.27mm
-0
10° 10’ 10° 10°
Frequency (Hz)

Fig. 6. The x-component of the near field radiations of one wire and a TWP
above the ground. (a) The field distribution. (b) The field frequency response.
the TWP are chosen asr, = 0.5 mm, s =4 mm, p =5cm,
h =5 cm, and the TWP is extended along the z-axis with length
L, =1m. The TWP and EM wave incidence are the same as
both shown in Fig. 2, where a floating load R = 100 Q is
connected to both terminals of the TWPs. It is worth noting that
the floating load has no effect on the CM current along the TWP.
Our numerical results are plotted in Figs. 5 and 6, and good
agreements are obtained. This indicate that the CM equivalent
circuit can be used to approximate both CM current and the near
field of a TWP above a ground plane.

IV. CONCLUSION

In this paper, we have developed the integral equations of
TWPs by using the scattered theory. The CM current along a
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TWP connected to floating terminals and also its near field have
been predicted with very good accuracy. It has been shown that
the antenna mode current along one wire above the ground is
“identical” to the CM current generated by the TWPs above the
ground. In addition, it has been proven that the CM equivalent
circuit can be used to predict both CM current along a TWP and
the corresponding near field.
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