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Abstract 

 

Recently, Compressed Sensing (CS) has effectively 

accelerated Magnetic Resonance Imaging (MRI), with 

deep learning-based CS-MRI methods significantly 

outperforming traditional algorithms. Diffusion models 

using Stochastic Differential Equations (SDE) have shown 

great promise in CS-MRI reconstruction. However, 

existing SDE methods often overlook specific CS-MRI 

sampling rules, such as fully sampling the low-frequency 

space to retain essential image details. To address this, we 

propose a k-space enhanced diffusion model (KE-SDE) 

that maintains low-frequency sampling consistency during 

the diffusion process. Additionally, we introduce a 

Gaussian dilution-based sparse sampling operator that 

reduces the sampling rate without compromising 

reconstruction quality, thereby improving acceleration. 

Experiments on the public fastMRI dataset demonstrate 

our method's effectiveness, surpassing existing mainstream 

supervised deep learning algorithms and other generative 

models. 

Keywords: Diffusion Models, MRI, Compressed 

Sensing, Image Reconstruction 

 

1. Introduction 

Magnetic Resonance Imaging (MRI) is a widely used 

medical imaging technique that provides detailed images 

of anatomical structures and physiological processes in the 

human body [1]. Despite recent advancements, the 

imaging speed remains relatively slow due to the 

sequential sampling process in k-space, which is a 

significant limitation for motion-sensitive and time-critical 

tasks [2]. In 2008, Compressed Sensing (CS) was applied 

to MRI, successfully enabling accelerated imaging with 

sampling rates below the Nyquist rate [3]. Since then, 

researchers have explored integrating CS with MRI, 

yielding promising results [4]-[6]. 

CS theory is based on two main conditions: the signal 

must be sparse in some transform domain, and the 

observation matrix and the sparse representation basis 

must be incoherent [7]. Based on this theory, iterative 

optimization algorithms can be designed to achieve MRI 

reconstruction from undersampled k-space data. Thus, the 

primary tasks of CS-MRI are: 1) finding an appropriate 

observation matrix, and 2) designing effective 

reconstruction algorithms. Recently, deep learning-based 

reconstruction algorithms have shown great potential, 

focusing on eliminating undersampling artifacts [8]-[10]. 

Deep learning addresses reconstruction primarily in two 

ways [11]: end-to-end supervised techniques, and 

distribution-based unsupervised learning techniques. End-

to-end methods show good performance in specific tasks 

but have weak generalization capabilities [12] [13]. 

This study focuses on the second approach, using 

unsupervised learning techniques based on distribution 

learning. Generative models, particularly Compressed 

Sensing Generative Models (CSGM), are well-suited for 

these tasks and have been successfully applied to many 

inverse problems [14][15]. Recently, diffusion model-

based CSGM has demonstrated superior performance to 

traditional end-to-end algorithms in some tasks [16]-[18]. 

Song et al. integrated two diffusion models—Denoising 

Diffusion Probabilistic Models (DDPM) and Score Matching 

with Langevin Dynamics (SMLD)—to propose a score-based 

continuous Stochastic Differential Equation (SDE) generative 

model [19]. DDPM and SMLD correspond to Variance 

Exploding (VE) SDE and Variance Preserving (VP) SDE, 

respectively. In SDE, the gradient of the data distribution (score 

function) is estimated using a neural network to solve the SDE 

backward. Score-based SDE has shown great potential in MRI 

reconstruction [20][21]. 

This research proposes a k-space enhanced method (KE-

SDE), which fully samples the low-frequency space and 

applies the diffusion process only in the high-frequency 

space. This approach ensures lower errors in the low-

frequency space, reduces the number of parameters in the 

feedforward process, and decreases the model size. 

Additionally, we introduce a Gaussian dilution-based 

sparse sampling mask to reduce the sampling rate while 

enhancing reconstruction results. These methods are 

detailed in the following sections. 

 

2. Background 

2.1 Framework 

The purpose of CS-MRI is to reconstruct a full-space 

MR image without artifacts from undersampled K-space 

measurements, which can be formulated as: 

y = Ux + 𝜖, (1) 

Where y is the undersampled measurements in the K-

space, x  is the target image which needs to be 

reconstructed, U is the encoding matrix and 𝜖 ~ 𝒩(0, 𝜎𝜖
2). 
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For 2D image, x ∈ ℂn ,   y ∈ ℂ𝑚  ,and U ∈  ℂm×n . When 

reconstructing the MR images, U =  Msample · F · csm , 

where Msample  is the Under-sampling operator, F  is the 

Fourier operator and csm is the coil sensitivity. 

Eq. (1) can be constructed as an optimization problem: 

x∗ = arg min
x

1

2
‖Ux −  y‖2

2 + ℛ(x), (2) 

Where ℛ(x) is the prior constraint in the image domain 

of MR images. 

 

2.2 Score-based SDE 

Denoising Diffusion Probabilistic Models (DDPM) and 

Score Matching with Langevin Dynamics (SMLD) both 

follow a unified framework. Initially, Gaussian noise 

perturbs the data, aligning the original data distribution 

with a standard normal distribution. Then, data is sampled 

from the standard normal distribution, and the original 

data is generated using Langevin MCMC sampling. Score-

based Stochastic Differential Equations (SDE) extend this 

approach to an infinite noise scale. The continuous 

diffusion process  {x(𝑡)}𝑡=0
𝑇 over the time variable 𝑡 ∈

 [0, 𝑇]can be described by the following SDE: 

dx = 𝑓(x, 𝑡)d𝑡 + 𝑔(𝑡)dw, (3) 

where the function 𝑓  is drift coefficient of x(𝑡) ; the 

function 𝑔 is the diffusion coefficient of x(𝑡); and w is the 

standard Wiener process. 

The reverse process can accurately simulate the forward 

process in reverse time and is also a diffusion process. The 

reverse-time SDE is as follows: 

dx = [𝑓(x, 𝑡) − 𝑔(𝑡)2∇x log 𝑝𝑡(x)]d𝑡 + 𝑔(𝑡)dw̅, (4) 
where w̅  is the standard Wiener process and d𝑡  is an 

infinitesimal negative time step. ∇x log 𝑝𝑡(x) is the score 

function. As long as this function is known for all time 𝑡, 

the reverse diffusion process can be derived from this Eq. 

(4). Therefore, the neural network 𝑠𝜃(𝑥(𝑡), 𝑡) is designed 

to evaluate the score function, with the optimization 

defined as: 
𝜃∗ = argmin

θ
𝔼𝑡{𝜆(𝑡)𝔼x(0)𝔼x(𝑡)|x(0)[||

𝑠𝜃(x(𝑡), 𝑡) −▽x log 𝑝0𝑡(x(𝑡)|x(0))]||2
2},

(5) 

where 𝜆(𝑡)  is a positive weighting function, 𝑡 ∈  [0, 𝑇] , 

x(0)~𝓅𝑑𝑎𝑡𝑎 , x(𝑇)~𝓅𝑛𝑜𝑖𝑠𝑒 , and 𝓅0𝑡(x(𝑡)|x(0)) is the 

perturbation kernel. 

 

3. Proposed method 

3.1 K-space Enhancement SDE 

To utilize the characteristics of compressed sensing 

sampling in practical applications, namely full sampling in 

the low-frequency space and undersampling in the high-

frequency space, a mask that constrains the training 

process is needed. This is referred to as the k-space mask  

Mk . In SDE, continuous noise of known intensity is 

added to assist in training the neural network. Applying 

the k-space mask to the added noise can effectively direct 

the network's training. At any time 𝑡 ∈  [0, 𝑇] during the 

training process, Mk  can constrain the added noise as 

follows: 

xt = F−1(Mk ∙ F(xt−1))

+√1 −  𝛽𝑡F−1((1 − Mk) · F(x𝑡−1))

+√𝛽𝑡F−1((1 − Mk) · F(𝑧𝑡−1)),

𝑡 =  1, ⋯ , N, (7)

 

where 𝑥𝑡 is the image with noise added at time step 𝑡 ;  

𝐹(⋅) represents the fast Fourier transform; 𝛽𝑡  is the 

parameter controlling the noise intensity at time step  𝑡 ; 

𝑧𝑡  ~ 𝒩(0, 𝐼) ; and Mk acts as a sampling filter, which is a 

0-1 matrix of the same size as the input image. The 

parameter 𝑛 can be used to control the size of the low-

frequency space. In the extreme case where 𝑛 =  0, the 

forward process is consistent with VP-SDE. 

When ∆𝑡 =  
1

𝑁
 →  0, Eq. (7) can be converted into the 

following SDE: 

dx = −
1

2
𝛽(𝑡)F−1((1 − Mk) · F(x))d𝑡

+√𝛽(𝑡)F−1((1 − Mk) · F)dw, (8)

 

where 𝑤 is the standard Wiener process. The optimization 

objective simultaneously transforms into: 
𝜃∗ = 𝑎𝑟𝑔𝑚𝑖𝑛

𝜃
𝔼𝑡{𝜆(𝑡)𝔼x(0)𝔼x(𝑡)|x(0)[||

𝑠𝜃(F−1 ((1 − Mk) · F(x(𝑡))) , 𝑡)

− ▽x log 𝑝0𝑡(x(𝑡)|x(0))]||2
2},

(9) 

where 𝜆(𝑡) is a positive weighting function. The network 

only predicts the high frequency noise, which can improve 

training efficiency. 

 

3.2 Reverse of KE-SDE 

The reverse process can be calculated according to the 

forward process of time, this is one of the important 

advantages of SDE. According to Eq. (8) and research [21], 

the inversion formula of KE-SDE can be derived as 

follows: 

dx = (−
1

2
𝛽(𝑡)F−1((1 − Mk) ⋅ F(x))

−𝛽(𝑡)F−1((1 − Mk) ⋅ F(▽x log 𝑝𝑡(x | y))))d𝑡

+√𝛽(𝑡)dw,

(10) 

According to Bayes` theorem, the score function 

▽𝑥 log 𝑝𝑡(𝑥|𝑦) can be formulate as: 

∇x log 𝑝𝑡(x(𝑡) | y) ≈ 𝑠𝜃∗(x(𝑡), 𝑡)

+
UH(y − Ux(𝑡))

𝜎𝜖
2

, (11)
 

Where 𝜎𝜖
2  is a hyperparameter that needs annealing, and 

𝑠𝜃∗  is the neural network that evaluates the score. U =
 Msample · F · csm , Msample represents the sampling 

operator, F is the Fourier operator, and csm refers to the 

coil sensitivity map. It is important to note that for multi-

coil MR images, computations need to be performed 

separately for each coil, and then summed to achieve the 

complete image reconstruction. 
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3.3 Gaussian Dilution Sparse Sampling Operator 

The sampling operator is crucial in CS-MRI 

reconstruction, as the sampling rate directly determines 

MRI acceleration and the relevance of the sampled content 

impacts model performance. Increasing the acceleration 

rate while minimizing the adverse effects of low sampling 

rates on reconstruction quality is a significant challenge. 

To address this, we propose a Gaussian dilution-based 

sparse sampling operator, as illustrated below: 

Msample(x, y) = e
(−

x2+y2

2α2(H2+W2)
)

~ 𝒩 (0, 𝛼 (√H2 + W2)) , (11)
 

where (𝑥, 𝑦) are the coordinates centered at the image 

origin, H and W  are the image height and width, 

respectively, and 𝛼 represents the dilution coefficient. The 

sampling density of this operator decreases from the center 

towards the edges, corresponding well to the frequency 

increase from the center outward in k-space. To ensure full 

sampling in the low-frequency space, the sampling 

operator includes a rectangular central frame with a side 

length  𝑙 . This approach ensures that all information is 

captured in the low-frequency space while reducing the 

number of samples in the high-frequency space. 

Additionally, it serves as a condition to enhance the 

model's fitting performance. Experimental results have 

validated the effectiveness of this sampling strategy. 

 

4. Experiment 

4.1 Experiment data and Configuration 

The experimental data was sourced from the fastMRI 

dataset [23]-[24]. During training, data from 97 

individuals were randomly selected, discarding the first six 

slices from each to eliminate low-quality data, resulting in 

2809 T1-weighted slices for training. Additionally, 35 T1-

weighted slices were used as a validation set. For testing, 

87 T1-weighted slices were used. Images were cropped to 

320×320, and normalized by their standard deviation 

before being input into the scoring network. 

Three metrics were used to evaluate reconstruction 

performance: Normalized Mean Squared Error (NMSE), 

Peak Signal-to-Noise Ratio (PSNR), and Structural 

Similarity Index (SSIM) [26]. Lower NMSE and higher 

PSNR and SSIM values indicate better reconstruction 

quality. 

Supervised deep learning methods ISTA-Net [25], GAN-

based methods CycleGAN [10], and score-based methods 

VP-SDE [19] were compared. VP-SDE served as an 

ablation model for KE-SDE. All algorithms were trained 

for 200 epochs. For score-based algorithms, the time step 

𝑇 was set to 1000, the exponential moving average (EMA) 

to 0.9999, and noise levels 𝛽𝑚𝑎𝑥  and 𝛽𝑚𝑖𝑛  to 20 and 0.1, 

respectively. A modified U-net was used for training as 

described in [19]. 

4.2 Experimental Results 

For the sampling operator, we used the commonly 

employed 10-fold uniform sampling as a baseline to verify 

the effectiveness of the proposed method. The 10-fold 

uniform sampling refers to full sampling in the 24 center 

lines, while other areas are sampled every 10 lines, 

resulting in an actual acceleration rate of 5.9. For gaussian 

dilution sampling, the length of the side 𝑙 of the frame is 

24 and dilution coefficient 𝛼 is 0.1, resulting in an actual 

acceleration rate of 8.0.  

The results of Gaussian dilution sampling are shown in 

the Fig. 1. The first row displays the ground truth, ISTA-

Net, CycleGAN, VP-SDE, and KE-SDE reconstruction 

results, respectively. The second row shows the error map 

of the reconstruction. The undersampling mask used for 

the test is shown in the lower left corner. The 

reconstructions produced by ISTA Net and CycleGAN all 

showed significant loss of detail. Although VP-SDE 

suffers less loss of detail, it introduces artifacts. Obviously, 

 

Fig 1: The reconstruction results of fastMRI multi-coil knee data at gaussian dilution sampling. The first row shows the 
ground truth and the reconstruction of ISTA-Net, cycleGAN, VP-, and KE-SDE (ours). The second row shows the error 
map of the reconstruction. The undersampling mask used for the test is shown in the lower left corner  
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KE-SDE has the lowest noise intensity and presents the 

best visual effects. 

Additionally, Table Ⅰ lists the related metrics for each 

model, comparing the results of different sampling 

operators. KE-SDE, shows the best result in every 

evaluation among all the models. Notably, the Gaussian 

dilution sampling operator demonstrates better 

reconstruction performance than the 10-fold uniform 

sampling even at lower sampling rates, proving its 

effectiveness.  

5. Conclusion 

In this study, the KE-SDE model based on K-space 

enhancement is proposed to solve the acceleration problem 

for CS-MRI, and the effectiveness of diffusion only in 

high frequency space is verified. In addition, the proposed 

Gaussian sparse sampling operator also successfully 

improves the acceleration rate and reconstruction results. 
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Table Ⅰ : The average quantitative metrics on the 

fastMRI knee dataset under 12-fold uniform and 

gaussian dilution undersampling. 

AF Method NMSE 

(%) 

PSNR 

(db) 

SSIM 

(%) 

10-fold 

16.9% 

ISTA-Net 2.38 29.84 70.66 

CycleGAN 2.41 29.78 70.57 

VP-SDE 2.29 30.02 71.19 

KE-SDE 1.93 30.75 77.16 

Gaussian 

Dilution 

12.4% 

ISTA-Net 1.41 31.77 73.38 

CycleGAN 1.43 31.75 73.25 

VP-SDE 1.31 32.27 75.62 

KE-SDE 0.91 33.45 81.72 
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