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1.Introduction

Constraint satisfaction problem (CSP) [8, 15] is a
fundamental problem that can formalize various ap-
plications of Artificial Intelligence, e.g., facility loca-
tion, planning, job shop scheduling, vehicle routing,
and graph problems [2, 10, 11, 18]. CSP consists of a
set of variables, finite, discrete domains for each vari-
able, and a set of constraints. The objective of this
problem is to find a consistent assignment of values
to variables. CSP can be represented using a graph,
called a constraint network, in which each node rep-
resents a variable and each edge corresponds to a con-
straint. A graph-coloring problem is one of the rep-
resentative examples of CSPs. This problem can be
represented as a constraint network [10], where the
aim is to find an assignment of colors to the nodes
such that no two adjacent nodes share the same color.
In a constraint network, some nodes have a sig-

nificant influence on the global result, namely satis-
fiability and unsatisfiability. The existence of such
variables, e.g., backbone [7, 13, 14] and influential
variables [16], is well-known in Satisfiability problem
(SAT) and CSPs. The SAT is one of the first problems
that was proven to be NP-complete [3]. The objec-
tive of a SAT problem is to decide whether a given
boolean formula has any satisfying truth assignment.
The backbone is a variable which takes the same value
for all satisfiable solutions in a SAT. In general, the
SAT solver terminates when it finds the set of literals
that are true in every satisfying truth assignment, or
finds that there exists no such assignment. However,
in order to identify a backbone variable, it is required
to solve all satisfiable solutions of the problem. It is
well-known that identifying the backbone variables in
a SAT (and also CSP) is co-NP-complete problem [5].
The influential variable is a variable if it enables

a given CSP satisfiable and also unsatisfiable. More
specifically, an influential variable x has at least two
values d and d′ that lead to the phase transition,
i.e., from satisfiable to unsatisfiable solutions and vice
versa. For instance, in case the influential variable x
takes the value d, one can find a satisfiable solution
of the problem. However, when it takes the another
value namely d′, one cannot find a satisfiable solu-
tion of the problem whatever we choose the values for
other variables. The concept of backbone and influen-
tial variables are very similar. The difference of these
two variables is that the former has the same value
in all satisfiable solutions in CSPs, while the latter is
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not necessary to have the same one. In the previous
work [16], it is shown that the influential variable in-
cludes the backbone variable for |D| ≥ 2, where D
is a set of finite, discrete domains in a CSP. Finally,
similar concepts such as backdoor[14], frozen pairs[4],
and spines[1] have been frequently appeared in SAT
and CSP literature, and they are widely investigated
in research on phase transition phenomena [9, 12, 17].
There exists virtually no work on investigating the

backbone and influential variables in different con-
straint network structures. In the previous works on
CSPs, there exists several works on examining the ef-
fect of network structures [6, 19, 20]. For instance,
Walsh showed several application domains of CSPs
such as graph-coloring problems generated from regis-
ter allocation problems, time-tabling, and quasi-group
problems, actually have small-world like structures,
and the cost of solving such problem instances can
have a heavy-tailed distribution [19, 20]. Also, there
exists several works focused on the backbone and in-
fluential variables in CSPs. However, as far as the
authors are aware, there exists no work focused on
identifying the existence of backbone and influential
variables in different constraint network structures.
In this paper, the main focus is laid on the ex-

istence of backbone and influential variables in dif-
ferent constraint network structures. In the experi-
ments, the graph coloring problems are generated as
our CSP instances. Then, the number of backbone
and influential variables in small-world and random
constraint networks is investigated on the number of
benchmarks. We empirically show that there exists
less influential variables in small-world constraint net-
works compared to random constraint networks. †

2.Preliminaries

Constraint Satisfaction Problem

A surprisingly wide variety of Artificial Intelligence
problems can be formalized as a constraint satisfac-
tion problem (CSP) [8, 15]. CSP consists of m vari-
ables x1, x2, ..., xm, whose values are taken from finite,
discrete domains D1, D2, ..., Dm, respectively, and a
set of constraints on their values. The aim of this
problem is to find a consistent assignment of val-
ues to variables. A constraint is defined by a pred-
icate. That is, the constraint p(k;xk1

, xk2
, ..., xkj

)
is a predicate that is defined on Cartesian product
Dk1

× Dk2
× ... × Dkj

. This predicate is true iff the
value assignment of these variables satisfies this con-

†This article is the extended version of [16]
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図 1: Graph coloring problem with five variables.

straint. CSP can be represented using a graph, called
a constraint network, in which each node represents a
variable and each edge corresponds to a constraint.

Example 1 (Graph-coloring [16]). Figure 1 shows a
graph-coloring problem with five variables. The top-
left, which is not colored, is the original problem.
Each node represents a variable and each edge be-
tween nodes corresponds to a constraint. Each node
takes its value from a discrete, finite domain, e.g.,
node 1 can take the value red or blue. The aim of
this problem is to find an assignment of colors to the
nodes such that no two adjacent nodes share the same
color. The rests show all possible solutions for it.

Backbone variable

Backbone[7, 13, 14] is the set of literals which are
true in every satisfying truth assignment in a SAT.
In CSPs over finite domains, a variable is said to
be a backbone variable if it takes the same value in
all satisfiable solutions. Formally, for a given CSP
= ⟨X,D,C⟩, where X is a set of variables, D is a
set of domains, and C is a set of constraints. Now,
let Ssat be a set of all satisfiable solutions. Also, let
s(xi,di) ∈ Ssat be a solution which includes an assign-
ment (xi, di). In CSPs over finite domains, a variable
xi ∈ X is said to be a backbone variable if it holds
the following condition: For di, d

′
i ∈ Di (⊆ D),

s(xi,di) ∈ Ssat ∧ s(xi,d′
i)
∈ Ssat ⇒ di = d′i (1)

Example 1 (continued). Consider the same graph-
coloring example in figure 1. Since node 1 and 2 have
the same values in all satisfiable solutions, namely
node 1 has the value blue and red for node 2, they are
backbone variables. On the other hand, since node 3,
4 and 5 have two different assignments in the satisfi-
able solutions, these three variables are not backbone.

2.1.Influential variable

In CSPs, a variable is called an influential vari-
able [16] if it enables a given CSP satisfiable and also
unsatisfiable. More specifically, an influential vari-
able has at least two values that lead to the phase
transition, i.e., from satisfiable to unsatisfiable solu-
tions and vice versa. Formally, for a given CSP =
⟨X,D,C⟩, let Ssat be a set of all satisfiable solutions
and Sunsat be a set of other solutions. For a vari-
able xj ∈ X and its domain Dj with |Dj | ≥ 2, xj is
called an influential variable if it holds the following
two conditions:

∃dj ∈ Dj : s(xj ,dj) ∈ Ssat (2)

∃d′j ∈ Dj : s(xj ,d′
j)

∈ Sunsat (3)

Intuitively, an influential variable xj has at least
two values, and the decision of xj (i.e. dj or d′j) leads
to the phase transition, e.g., from the satisfiable so-
lution to the unsatisfiable solution and vice versa. In
case a variable xj takes a value dj , one can find a sat-
isfiable solution. However, when a variable xj takes
another value d′j , one cannot find a satisfiable solution
whatever we choose the values for other variables.

Example 1 (continued). Consider the same exam-
ple in figure 1. First, node 1 and 2 are influential
variables. When node 1 and 2 take blue and red re-
spectively, the equation (2) is hold. Also, it holds
the equation (3). One can easily see that this prob-
lem becomes unsatisfiable, in case node 1 takes red
and/or node 2 takes blue. Next, node 3 is not an in-
fluential variable, since the problem becomes always
satisfiable whatever it chooses. That is, it does not
hold the equation (3). Similarly, node 4 is not an
influential variable. Finally, node 5 is an influential
variable. When it takes blue, it holds the equation
(2). In case it takes red, the equation (3) is also hold.
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(a) Number of backbone and influential variables (b) Runtime

図 2: The average number of influential and backbone variables for random and small-world constraint networks
with 20 nodes, varying the number of edges from 20 to 60.

The concept of backbone and influential variables
are very similar. The main difference between these
two variables is that the former has the same value in
all satisfiable solutions in a CSP, while the latter is
not necessary to have the same one. In the previous
work [16], it is showed that if a variable is the back-
bone, it is also the influential variable. However, an
influential variable is not necessary to be a backbone.

3.Experiments

In the section, the number of backbone and influen-
tial variables in small-world constraint networks is in-
vestigated by using the graph coloring problems, and
the results are compared with those in random con-
straint networks. The runtime of identifying back-
bone and influential variables is also reported.

3.1.Experimental setting

The following problem instances are utilized: The
random and small-world constraint networks are gen-
erated varying the number of nodes and edges. The
domain size of each variable is randomly chosen from
two to four. Each data point in the results rep-
resents the average value of 50 problem instances.
First, we investigate the number of backbone and
influential variables in constraint networks with 20
nodes, varying the number of edges. Next, we investi-
gate the number of backbone and influential variables
in constraint networks with the density 0.2, varying
the number of nodes. The density is the constraint
tightness of a problem instance that is provided by
|E| = δ × 1

2 |X|(|X| − 1), where |X| is the number of
nodes and |E| is the number of edges.

3.2.Results

Figure 2 represents the average number of influen-
tial and backbone variables for constraint networks
with 20 nodes, varying the number of edges from 20

to 60. Note that this article is targeted on only satis-
fiable problem instances, otherwise, there exists nei-
ther backbone nor influential variables in unsatisfiable
problems. The x axis shows the number of edges and
the y axis represents the average number of backbone
and influential variables. Compared to random con-
straint networks, there exists less backbone and in-
fluential variables in small-world constraint networks.
The average number of influential variables in small-
world constraint networks is 17.0 (and 14.7 for back-
bone) for 60 edges, while it is 18.2 (and 15.5 for back-
bone) in random constraint networks. Furthermore,
the number of influential variables increases when the
constraint networks become dense. For small-world
constraint networks, the average number of influential
variables is 5.9 (and 0.1 for backbone) for 20 edges,
while it is 17.0 (and 14.7 for backbone) for 60 edges.
We observed the similar results in random constraint
networks. Finally, the average runtime for identify-
ing influential variables in small-world constraint net-
works is smaller than random constraint networks.
Figure 3 shows the average number of influential

and backbone variables for constraint networks with
the density 0.2, varying the number of nodes from 20
to 50. We observed the similar results to those in
Fig. 2, that is, compared to random constraint net-
works, there exists less backbone and influential vari-
ables in small-world constraint networks. The aver-
age number of influential variables in small-world con-
straint networks is 46.1 (and 36.6 for backbone) for 50
nodes, while it is 47.2 (and 41.1 for backbone) in ran-
dom constraint networks. Furthermore, the number
of backbone and influential variables increases when
the constraint networks become larger. For small-
world constraint networks, the average number of in-
fluential variables is 6.9 (and 0.3 for backbone) for
20 nodes, while it is 46.1 (and 36.6 for backbone) for
50 nodes. We observed the similar results in random
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(a) Number of backbone and influential variables (b) Runtime

図 3: The average number of influential and backbone variables for random and small-world constraint networks
with the density 0.2, varying the number of nodes from 20 to 50.

constraint networks. Also, the average runtime for
finding influential variables in small-world constraint
networks is smaller than random constraint networks.

4.Conclusion

Constraint satisfaction problem (CSP) is a funda-
mental problem of Artificial Intelligence. This prob-
lem can be represented as a graph called a constraint
network. In a constraint network, some nodes have
a significant influence on the global result, namely
satisfiability and unsatisfiability. In CSPs, such vari-
able is called an influential variable. In this paper,
we empirically investigated the number of influen-
tial variables in random and small-world constraint
networks. The experimental results revealed that (i)
compared to random constraint networks, there exists
less backbone and influential variables in small-world
constraint networks, and (ii) the number of backbone
and influential variables increases when a constraint
network becomes dense, and also it becomes larger.
As a perspective for further research, we will de-

velop an efficient heuristic algorithm for finding an
influential variable, that is specialized to small-world
network structure. Also, we will intend to apply our
work to some real-world problems, e.g, time-tabling,
meeting scheduling and quasi-group problems.
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