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1 Introduction

The back propagation neural network is one of the
most popular and widely used models because of the
excellent data fitting ability. However it is prone to
over-fit. The main reasons for the over-fitting problem
are noise and using too much irrelevant features in the
training process. As sensors of the internet of things
(IoT) play an important role in data collection and
the limitation of environmental conditions, noise is
inevitable in the process of data collection. We can
avoid the over-fitting problem by reducing impact of
noise and selecting relevant features.
Feature selection aims to select relevant subset fea-

tures from the original feature set. It can help speed-
ing up the learning process, reducing the data stor-
age cost, and relaxing noise influence and the over-
fitting problem. Sparse feature selection uses a row
sparse matrix to select features, and the ℓ2,1 norm is
widely used to obtain the row sparse matrix. In [1],
the ℓ2,1−2 norm was proposed to select features and
achieved excellent classification performance. Com-
paring with the ℓ2,1 norm, the ℓ2,1−2 norm is likely to
obtain sparser solution.
In this paper, motivated by the advantage of the

ℓ2,1−2 norm, we apply it to the back propagation neu-
ral network model to select relevant features and build
a robust model. In details, we use the ℓ2,1−2 norm in
the input layer to select features, and use the Frobe-
nius (ℓ2,2) norm regularization in the rest of the layers
to enhance the robustness of the model. As a result,
the proposed method is considered to be better clas-
sification performance than the Frobenius norm reg-
ularization.

2 Neural network

In the forward propagation of the neural network,
neurons deliver data from the former layer to the next
layer. Let l = 0, 1, . . . ,L be the index of the layer,
then we have

zl =Wlal−1 + bl

al = σl(zl),
(1)

where Wl, σl(·), zl, al, and bl are the weight matrix,
the activation function, the linear result, the output,
and the bais of the l-th layer respectively.
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The weight which minimizes the error of the net-
work can be obtained by the back propagation algo-

rithm. With the gradient descent, let δl = ∂L(W)
∂zl ,

the gradient between two layer is

δl = (Wl+1)T δl+1 ⊙ σ′l(zl), (2)

and the gradients of W l
jk and the bias bj are given by

∂L(W)

∂W l
jk

= δlja
l−1
k , (3)

and
∂L(W)

∂blj
= δlj . (4)

2.1 ℓ2,1−2 norm regularization

Sparse feature selection aims to get a row sparse marix
W to select features. Mathematically, it is described
as

min
W

L(W) + αR(W), (5)

where L(W) is the loss function, R(W) is the regu-
larization term, and α > 0 is the regularization pa-
rameter.

For W ∈ Rd×c, the definition of the ℓ2,1−2 norm is

∥W∥2,1−2 = ∥W∥2,1 − ∥W∥F , (6)

where the ℓ2,1 norm and the Frobenius norm are de-
fined as

∥W∥2,1 =

d∑
i=1

√√√√ c∑
j=1

W2
i,j , ∥W∥F =

√√√√ d∑
i=1

c∑
j=1

W2
i,j . (7)

And Wi,j is the element of matrix W (i-th row j-th col-
umn), the gradient of the ℓ2,1 norm is

∂

∂W
(∥W∥2,1) = [ϕ(w1)

T , ϕ(w2)
T , . . . , ϕ(wc)

T ]T , (8)

where

ϕ(wi) =

{
wi

∥wi∥F
, if wi ̸= 0

0, if wi = 0,
(9)

and wc is the c-th row of matrix W. The gradient of the
Frobenius norm is

∂

∂W
(∥W∥F ) =

{
W

∥W∥F
, if W ̸= 0

0, if W = 0.
(10)
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We apply the ℓ2,1−2 norm to the input layer for se-
lecting features, and use the Frobenius norm regular-
ization in the other layers to enhance the robustness
of the model. The optimization problem is

min
W

L(W) + α
{
∥W1∥2,1−2 +

1

2

L∑
l=2

∥Wl∥2F
}
. (11)

Let N(W) represents the norm part of (11). The
gradient of W l

jk is

∂L(W)

∂W l
jk

+ α
∂N(W)

∂W l
jk

, (12)

where ∂L(W)

∂W l
jk

is given by Eq. (3) and ∂N(W)

∂W l
jk

can be

obtained by using Eqs. (8) and (10). As the gradients
are given, we use the gradient descent to update the
parameter of the network.

3 Experiment

We used five open datasets (COIL20, Mnist, ORL,
USPS, and Yale) to conduct experiments. We set
the learning rate as 0.1 and selected the best regular-
ization parameter from the range of {0.0001, 0.0005,
0.001, 0.005, 0.01, 0.05}. We also made minor ad-
justments to the above parameters. For loss function
L(W), we used the cross entropy loss in our experi-
ment.
We conducted the experiment with five fold cross

validation, and compared the result with four cases;
no regularization, the Frobenius norm, the ℓ2,1 norm
and the ℓ2,1−2 norm regularization. The results are
shown in Table 1. As the ℓ2,1 norm also obtains a
sparse solution, we compared the effect of sparsity be-
tween the ℓ2,1 norm and the ℓ2,1−2 norm. We verified
the effect of sparsity by comparing the sparse rate (ra-
tio of zero row vectors in the sparse matrix) and the
sparse classification accuracy (result of using sparse
matrix to conduct the experiment). The results are
shown in Table 2.
Table 1: Classification accuracy of four methods

Average classification accuracy [%]
Dataset no regularization ℓ2,2 ℓ2,1 ℓ2,1−2

COIL20 90.44 91.18 91.32 93.65
Mnist 96.82 97.03 97.60 97.99
ORL 93.75 94.25 95.00 95.25
USPS 95.92 96.20 96.83 97.03
Yale 80.13 81.21 82.40 85.77

Table 2: Results of sparsity

Sparse rate and sparse classification accuracy [%]
Dataset ℓ2,1 ℓ2,1−2

COIL20 12.42/90.76 15.01/92.19
Mnist 39.59/97.21 56.28/97.71
ORL 9.561/90.77 10.29/94.50
USPS 4.981/95.74 5.603/96.38
Yale 7.005/81.95 9.502/83.59

3.1 Discussion

As shown in Table 1, the Frobenius norm regular-
ization showed higher classification accuracy than no
regularization. As the ℓ2,1 norm and the ℓ2,1−2 norm
were used to select features, they both showed higher
classification accuracy than the Frobenius norm reg-
ularization. The ℓ2,1−2 norm case showed the best
result because of the feature selection effect. To con-
firm this, we compared the effect of sparsity between
the ℓ2,1 norm and the ℓ2,1−2 norm. As shown in Ta-
ble 2, the ℓ2,1−2 norm showed a higher sparse rate
and classification accuracy than the ℓ2,1 norm. We
also did the paired samples student’s t-test between
the classification accuracy of the Frobenius norm reg-
ularization and the ℓ2,1−2 norm regularization. The
results confirmed that the classification accuracy of
the proposed method is significantly higher than the
Frobenius norm regularization.

4 Conclusion and future work

We applied the ℓ2,1−2 norm as the regularization term
to the back propagation neural network to select fea-
tures and build a robust model. We proposed it into
the input layer, and used the Frobenius norm in the
other layers to enhance the robustness of the model.
As a result, experiments on five open datasets showed
the effectiveness of our method.

For our future work, as the dropout tries to shut-
down some neurons randomly in each layer of the net-
work, we try to apply the ℓ2,1−2 norm to all layers of
the network to ”shut-down” some neurons discrimi-
nantly.
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