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1. Introduction

A general loss minimization problem is defined as

minw f(w), where f(w) := 1
N

∑N
n=1 fn(w), w is the

model variable, N is the number of samples, and
fn(w) is the loss incurred on n-th sample. The full
gradient decent (GD) algorithm requires evaluations

of N derivatives, i.e.,
∑N

n=1 ∇fn(w), per iteration,
which is computationally heavy when N is very large.
A popular alternative is to use only one derivative
∇fn(w) for n-th sample, which is the basis of the
stochastic gradient descent (SGD) algorithm. Re-
cently, Stochastic variance reduced gradient (SVRG)
[1] and its variants have been proposed to acceler-
ate the convergence of SGD. However, all these cases
assume that search space is Euclidean. Meanwhile,
this paper particularly examines the problems where
the variables have a manifold structure. Optimization
on Riemannian manifolds M has shown state-of-the-
art performance, where the problem minw∈M f(w) is
solved as an unconstrained optimization problem de-
fined over the Riemannian manifold search space [2].
In this paper, building upon Riemannian stochastic
gradient algorithm (R-SGD) [3], we propose a novel
(and to the best of our knowledge, the first) exten-
sion of SVRG in the Euclidean space to the Rieman-
nian manifold search space (R-SVRG). This extension
is not trivial and requires particular consideration in
dealing with averaging, addition and subtraction of
multiple gradients at different points on the manifold
M. To this end, this paper specifically focuses on
the Grassmann manifold Gr(r, d), which is the set of
r-dimensional linear subspaces in Rd. For this partic-
ular purpose, the model variable w is instead denoted
as U ∈ Gr(r, d) through the paper. Nonetheless, our
proposed algorithm and the analysis presented can be
generalized to other compact Riemannian manifolds.

2. Problems on Grassmann manifold

We focus on three popular problems on the Grass-
mann manifold, which are the PCA, low-rank ma-
trix completion, and the Karcher mean computation
problems. This section especially addresses the PCA
problem. The details of the other problems are in [4].

Given an orthonormal matrix projector U ∈
St(r, d), the PCA problem is to minimize the sum of
squared residual errors between projected data points

and the original data as minU∈St(r,d)
1
N

∑N
n=1 ∥xn −

UUTxn∥22, where xn is a data vector of size d × 1.

This is equivalent to maximizing 1
N

∑N
n=1 x

T
nUUTxn.

Here, the critical points in the space St(r, d) are not
isolated because the cost function remains unchanged
under the group action U 7→ UO for all orthogonal
matrices O of size r×r. Subsequently, the PCA prob-
lem is an optimization problem on the Grassmann
manifold Gr(r, d).
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3. R-SVRG on Grassmann manifold

An element of the Grassmann manifold Gr(r, d) is an
r-dimensional subspace of Rd, is represented by a d×r
matrix U with orthonormal columns, i.e., UTU =
I , and is identified with a set of d × r orthogonal
matrices [U] := {UOr : O ∈ O(r)}. In other words,
Gr(r, d) := St(r, d)/O(r), where St(r, d) is the Stiefel
manifold that is the set of matrices of size d× r with
orthonormal columns. The Grassmann manifold has
the structure of a Riemannian quotient manifold [2].
In computing a sequence of points on Gr(r, d) in

the proposed R-SVRG, we use the exponential map
to construct a geodesic curve, which is given [2] by

U(t) = [U(0)V W]
[
cos tΣ
sin tΣ

]
VT , (1)

where ξ = WΣVT is the rank-r singular value de-
composition of a tangent vector ξ at U(0). The cos(·)
and sin(·) operations are only on the diagonal entries.
The logarithm map, which is the inverse of the expo-
nential map, of U(t) at U(0) on Gr(r, d) is given [2]
by

ξ = logU(0)(U(t)) = W arctan(Σ)VT , (2)

where WΣVT is the rank-r singular value decomposi-
tion of (U(t)−U(0)U(0)TU(t))(U(0)TU(t))−1. The
parallel translation of ζ ∈ TU(0)Gr(r, d) on the Grass-
mann manifold along the geodesic with ξ, which is
used in computing the modified Riemannian stochas-
tic gradient, is given in closed form [2] by

ζ(t) =
(
[U(0)V W]

[ − sin tΣ
cos tΣ

]
WT

+(I−WWT )
)
ζ.

We now describe our proposed R-SVRG algorithm,
where the modified Riemannian stochastic gradient ξst
is calculated by parallel-translating gradf(Ũ

s−1
) and

gradfist (Ũ
s−1

) along log
Ũ

s−1(Us
t−1) as

ξst = gradfist (U
s
t−1)

− P
Us

t−1←Ũ
s−1

γ

(
gradfist (Ũ

s−1
)− gradf(Ũ

s−1
)
)
.

(3)

Finally, the overall algorithm with a fixed step-size
is summarized in Algorithm 1. Meanwhile, SVRG
needs full gradient calculation every epoch at the be-
ginning. This poses a bigger overhead than the ordi-
nal SGD algorithm at the beginning, and eventually,
causes cold-start property on them. To avoid this, the
papers in the Euclidean space proposes to use stan-
dard SGD updating only for first epoch. This paper
also adopts this simple modification of R-SVRG, de-
noted as R-SVRG+.
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Algorithm 1 Algorithm for R-SVRG [4].

Require: Update frequency ms > 0 and step-size
η > 0.

1: Initialize Ũ
0
.

2: for s = 1, 2, . . . do
3: Calculate the Riemannian full gradient

gradf(Ũ
s−1

).

4: Store Us
0 = Ũ

s−1
.

5: for t = 1, 2, . . . ,ms do
6: Choose ist ∈ {1, . . . , N} uniformly at random.

7: Calculate the tangent vector ζ from Ũ
s−1

to
Us

t−1 by logarithm mapping in (2).
8: Calculate the modified Riemannian stochas-

tic gradient ξst by (3).
9: Update Us

t from Us
t−1 as Us

t =
ExpUs

t−1
(−ηξst ) with the exponential

mapping (1).
10: end for
11: option I: Ũ

s
= gms(U

s
1, . . . ,U

s
ms

) (or Ũ
s
=

Us
t for randomly chosen t ∈ {1, . . . ,ms}).

12: option II: Ũ
s
= Us

ms
.

13: end for

4. Main result: convergence analysis

Our main results of convergence analysis of Algo-
rithm 1 are as follows [4]. The former is on global
convergence and the latter is on local convergence.

Theorem 1. Consider Algorithm 1 on a connected
Riemannian manifold M with injectivity radius uni-
formly bounded from below by I > 0. Assume that
the sequence of step-sizes (ηst )ms≥t≥1,s≥1 satisfies the
condition that

∑
(ηst )

2 < ∞ and
∑

ηst = +∞. Sup-
pose there exists a compact set K such that Us

t ∈ K
for all t ≥ 0. We also suppose that the gradient is
bounded on K, i.e., there exists A > 0 such that for
all Us

t ∈ K and ist ∈ Z we have ∥gradf(Us
t )∥ ≤ A/3.

Then f(Us
t ) converges a.s. and gradf(Us

t ) → 0 a.s.

Theorem 2. Let M be the Grassmann manifold and
U∗ ∈ M be a non-degenerate local minimizer of f
(i.e., gradf(U∗) = 0 and the Hessian Hessf(U∗) of
f at U∗ is positive definite). Assume that there exists
a convex neighborhood U of U∗ ∈ M and a positive
real number σ such that the smallest eigenvalue of the
Hessian of f at each U ∈ U is not less than σ. When
each gradfn is β-Lipschitz continuously differentiable
and η > 0 is sufficiently small such that 0 < η(σ −
14ηβ2) < 1, it then follows that for any sequence {Ũs}
generated by the algorithm converging to U∗, there
exists K > 0 such that for all s > K,

E[(dist(Ũ
s
,U∗))2]

≤ 4(1 + 8mη2β2)

ηm(σ − 14ηβ2)
E[(dist(Ũ

s−1
,U∗))2].

5. Numerical comparisons

This section compares the performance of R-SVRG
with R-SGD and the Riemannian steepest descent al-
gorithm, i.e., R-SD [2]. We consider both fixed step-

size as well as decay step-size sequences. We also con-
sider a hybrid step-size sequence that follows the decay
step-size. Figures 1(a) and (b) show the results of the
training loss and optimality gap, respectively, where
N = 10000, d = 20, and r = 5. The optimality gap
evaluates the performance against the minimum loss,
which is obtained by the Matlab function pca. Fig-
ure (a) shows the enlarged results of the training loss,
where all algorithms of R-SVRG(+) yield better con-
vergence properties. Among the step-size sequences
of R-SVRG(+), the hybrid sequence shows the best
performance among all. Between R-SVRG and R-
SVRG+, the latter shows superior performance for
all step-size sequences. For the optimality gap plots
in Figure (b), the results follow similar trends as those
of training loss plots.
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(a) Train loss (enlarged).
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Figure 1: Performance evaluations on PCA problem.
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