
ℓ-diversity clustering on the line

Toshihiro Akagi∗ Shin-ichi Nakano∗

1 Introduction
Given a set C of n points, a set Q of m colors, the color
col(c) ∈ Q of each c ∈ C, the distance d between each pair
of points, and a number ℓ, an ℓ-diversity clustering of C is a
partition P of points into clusters such that each cluster has
at least ℓ points all of which have distinct colors. Then we
define (the max version of) the cost of an ℓ-diversity clus-
tering as maxC∈P maxu,v∈C d(u, v). The min-max version of
the ℓ-diversity clustering problem is the problem to find an
ℓ-diversity clustering having the minimum cost [3]. Similar
but different ℓ-diversity clustering problem is discussed in
[2], in which each cluster has points colored by each color at
most probability 1/ℓ. Those ℓ-diversity problems have an
application for publishing data with protecting the privacy
[2, 3]. We can assume m ≥ ℓ, since otherwise it has no
solution.

If |Q| = |C| then this is the r-gathering problem[1] with
r = ℓ, and since the r-gathering problem is known to be
NP-hard[1], the ℓ-diversity problem is also NP-hard. Li. et
al.[3] gave a polynomial-time 2-approximation algorithm for
any ℓ. Ghinita. et al.[2] gave an O(2m · nm+2) time algo-
rithm to solve the (similar but different) ℓ-diversity clus-
tering problem when all C are on the line. In this paper
we give a faster O(2m · ( n

m
+ 1)m) time algorithm to solve

the ℓ-diversity clustering problem when all C are on the
line. When m is a (small) constant, those algorithms runs
in polynomial-time.

The remainder of the paper is organized as follows. Sec-
tion 2 gives an algorithm to solve the ℓ-diversity clustering
problem when all C are on the line, based on dynamic pro-
gramming approach. Finally Section 3 is a conclusion.

2 Our algorithm

In this section we design an algorithm to solve the ℓ-
diversity clustering problem when all points are on a hori-
zontal line, based on dynamic programming approach.

Let Cj be the set of points with color j, cji be the i-th

point from the left among Cj , and Cj
i be {cj1, c

j
2, . . . , c

j
i},

which is the leftmost i points in Cj .
The input of the problem is a set C of n points on the

horizontal line, a set Q of m colors, the color col(c) ∈ Q
for each c ∈ C, and a number ℓ ≤ m. The distance d
between each pair of points is the Euclid distance. Then
subproblem P (ii, i2, . . . , im) is the problem to find an ℓ-
diversity clustering P of C1

i1 ∪ C2
i2 ∪ · · · ∪ Cm

im ⊆ C hav-
ing the minimum cost. Note that the original problem is
denoted by P (|C1|, |C2|, . . . , |Cm|). Let cost(i1, i2, . . . , im)
be the cost of a solution of P (i1, i2, . . . , im). Espe-
cially if P (i1, i2, . . . .im) has no solution then we define
cost(i1, i2, . . . , im) = ∞.

We say an ℓ-diversity clustering P = (C1, C2, . . . , Ck) of C

ismonotone if cj1, c
j
2, . . . appear in this order in C1, C2, . . . , Ck

for each j ∈ Q, or more formally, if cji′ , c
j
i ∈ Cj with i′ < i
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and, in an ℓ-diversity clustering P, cji′ ∈ Ct′ , c
j
i ∈ Ct and

Ct′ , Ct ∈ P, then t′ ≤ t holds.

Lemma 1. If P (i1, i2, . . . , im) has a solution then it has
a monotone solution.

Proof. Assume otherwise for a contradiction. Some
P (i1, i2, . . . , im) has a solution, but all of them are not
monotone. Let P = (C1, C2, . . . , Cm) be the solution of
P (i1, i2, . . . , im) with the minimum number of “reverse

points”, which is the pair of points cji′ and cji with i′ < i

but t < t′ hold where cji′ ∈ Ct′ , c
j
i ∈ Ct.

Then modify P by swapping cji′ and cji , that is remove

cji′ from Ct′ and append it to Ct, and remove cji from Ct

and append it to Ct′ . The resulting partition is again an
ℓ-diversity clustering. Also the maximum cost of Ct′ and Ct

is decreased, or the number of reverse pair is decreased. A
contradiction. □

We have two more lemmas.

Lemma 2. If P (i1, i2, . . . , im) has a solution then it has
a solution such that each cluster has at most 2ℓ− 1 points.

Proof. Assume some cluster C in a solution has more
than 2ℓ points, then divide the cluster into two clusters.
The resulting ℓ-diversity clustering has less cost. A contra-
diction. □

Lemma 3. (a) If i1 + i2 + · · · + im < ℓ then
P (i1, i2, . . . , im) has no solution. (b1) If ℓ ≤ i1 + i2 + · · ·+
im ≤ 2ℓ − 1 and 0 ≤ ij ≤ 1 for each j = 1, 2, . . . ,m then
problem P (i1, i2, . . . , im) has a solution consisting of ex-
actly one cluster. (b2) If ℓ ≤ i1 + i2 + · · · + im ≤ 2ℓ − 1
and 2 ≤ ij for some j then problem P (i1, i2, . . . , im) has no
solution. (c) P (i1, i2, . . . , im) with 2ℓ ≤ i1 + i2 + · · · + im
has a solution (consisting of two or more clusters) iff some
problem P (i′1, i

′
2, . . . , i

′
m) with i1−1 ≤ i′1 ≤ i1, i2−1 ≤ i′2 ≤

i2, · · · , im−1 ≤ i′m ≤ im and ℓ ≤ (i1− i′1)+(i2− i′2)+ · · ·+
(im − i′m) ≤ 2ℓ− 1 has a solution.

Proof. (a), (b1) and (b2) are Obvious.
(c:⇒) Assume P (i1, i2, . . . , im) has a solution
P = {C1, C2, . . . , Ck}. Then P ′ = {C1, C2, . . . , Ck−1}
is a ℓ-diversity clustering of some smaller prob-
lem P (i′1, i

′
2, . . . , i

′
m) with i1 − 1 ≤ i′1 ≤

i1, i2 − 1 ≤ i′2 ≤ i2, · · · , im − 1 ≤ i′m ≤ im and
ℓ ≤ (i1 − i′1) + (i2 − i′2) + · · ·+ (im − i′m) ≤ 2ℓ− 1.
(c:⇐) By appending an ℓ-diversity clustering of
P (i′1, i

′
2, . . . , i

′
m) with one more cluster C consisting of

the set {cji ∈ C | i′j = ij − 1, j ∈ [1..m]}. We can construct
an ℓ-diversity clustering of P (i1, i2, . . . , im). □

By Lemma 3, each problem P (i1, i2, . . . , im) can be
solved by checking all possible at most 2m of smaller prob-
lems P (i′1, i

′
2, . . . , i

′
m) where each i′j for j ∈ Q is either ij

or ij − 1, and the cost(i1, i2, . . . , im) is the minimum of the
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maximum of cost(i′1, i
′
2, . . . , i

′
m) or the cost of the last clus-

ter C, that is maxu,v∈C d(u, v) where C = {cji ∈ C | i′j =
ij − 1, j ∈ [1..m]}, over all (i′1, i

′
2, . . . , i

′
m). See Algorithm

find ℓ-diversity clustering.

Algorithm 1 find ℓ-diversity clustering (C,Q, ℓ)

for i1 = 0 to |C1| do
for i2 = 0 to |C2| do

...
for im = 0 to |Cm| do

// exactly one cluster case //
if i1 ≤ 1, i2 ≤ 1, · · · , im ≤ 1 and ℓ ≤ i1+ i2+
· · ·+ im ≤ 2ℓ− 1 then

set C = {cj1 ∈ C | ij = 1, j ∈ [1..m]}
cost(i1, i2, . . . , im) = maxu,v∈C d(u, v)

else if i1 + i2 + · · ·+ im ≥ 2ℓ then
// two or more clusters case //

cost(i′1, i
′
2, . . . , i

′
m) = ∞

for i′1 = i1 − 1 to i1 do
for i′2 = i2 − 1 to i2 do

...
for i′m = im − 1 to im do

if ℓ ≤ (i1−i′1)+(i2−i′2)+· · ·+(im−
i′m) ≤ 2ℓ − 1 and P (i′1, i

′
2, · · · , i′m)

has a solution then
set C = {cji ∈ C | i′j = ij − 1, j ∈
[1..m]}
if cost(i′1, i

′
2, . . . , i

′
m)

> max{cost(i′1, i′2, . . . , i′m),
maxu,v∈C d(u, v)} then
// update to the smaller cost //
cost(i′1, i

′
2, . . . , i

′
m)

= max{cost(i′1, i′2, . . . , i′m),
maxu,v∈C d(u, v)}

end if
end if

end for
...

end for
end for

end if
end for
...

end for
end for
return the ℓ-diversity clustering of
P (|C1|, |C2|, . . . , |Cm|)

Next we analyze the running time.
The most inner part runs (|C1|+ 1)× (|C2|+ 1)× · · · ×

(|Cm|+ 1)× 2m times. By arithmetic-geometric mean(
(|C1|+ 1) + (|C2|+ 1) + · · ·+ (|Cm|+ 1)

)
/m

≥ m
√

(|C1|+ 1)× (|C2|+ 1)× · · · × (|Cm|+ 1) holds.

Since |C| = |C1| + |C2| + · · · + |Cm| = n,(
(|C1|+ 1) + (|C2|+ 1) + · · ·+ (|Cm|+ 1)

)
/m =

(n + m)/m = n/m + 1, so (n/m + 1)m ≥

(|C1|+ 1)× (|C2|+ 1)× · · · × (|Cm|+ 1) holds.
Therefore the running time of the algorithm is as follows.

Theorem One can solve the ℓ-diversity problem in
O(2m · ( n

m
+ 1)m) time when all C are on the line.

3 Conclusion
We designed an algorithm to solve the min-max version of
the ℓ-diversity clustering problem. The running time of the
algorithm is O(2m · ( n

m
+ 1)m) time.

We can similarly design an algorithm to solve the min-
sum version of the ℓ-diversity clustering problem. The run-
ning time of the algorithm is O(2m · ( n

m
+ 1)m) time.
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