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Zero crossing statistics of chaotically jittered clock signals
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Abstract

In this paper we investigate the applicability of randomly or chaotically
jittered clock signals to digital circuits. To do that, we characterize the
random variable 
 , representing the time interval between subsequent
zero crossing points of the jittered clock, by determining its probability
density and by computing its mean value and variance in some cases par-
ticularly interesting for what concerns the reduction of Electro Magnetic
emission. Finally we will highlight some properties which depends on
the statistical characterization of the modulating signal.

1. Introduction

Among the many applications of chaos in information engineer-
ing, improvement of EMC of certain periodically operated systems
is recently attracting the attention of researchers.

This method consists in the injection of a chaos-based jitter so to
avoid strict periodicity and thus high peaks in power spectral density.

Such a method has been proved effective in increasing Electro
Magnetic Compatibility of switching signals employed, for exam-
ple, in loudspeakers [2], [3] and in induction motor drivers [5], [1].

In such frameworks the invariance of the global system behavior
with respect to the injected jitter can be often guaranteed.

On the contrary, if the same technique is applied to the jittering
of clocks in digital (especially high-frequency) systems, several key
facts must be taken into account. In particular �
��� stricter specifi-
cations on the maximum tolerated deviation from the nominal fre-
quency must be imposed; ����� impossibility of operating the system
safely beyond a certain speed must be considered; ����� impact of pos-
sible frequency reduction on the overall processing speed of the sys-
tem must be evaluated. We here address the second and third point,
investigating the case in which the clock is frequency modulated by
a PAM signal carrying samples both from system generating inde-
pendent symbols and from a chaotic trajectory.

It actually turns out that the performance depends on the statistics
of the zero-crossing instants of the jittered clock signals

With this, and by taking care on the nonlinear relationship be-
tween frequency modulation and time-domain characterization of
signals, we analyze both systems in which the frequency deviation
is constrained to assume only two values and systems with a instan-
taneous frequency that can be continuously distributed in a certain
range.

Numerical simulation will be presented and compared with the-
oretical results highlighting differences between the possible ap-
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proaches.

2. Zero crosses distribution in frequency modulation

In this section, we investigate the distribution of the time between
two successive zero crossings in the frequency modulated signal� ������������ ! �#"%$'&)(*�,+.-/&103246587 �:96�<;=9'>@? (1)

which represents the fundamental harmonic of a digital clock, so that
zero crossing instants will correspond to the clock edges. Moreover-/& indicates the frequency deviation and the modulating signal is7 �������BA 5C�D 4653E C�F ���HGJI=KL� where

F ���	� is a unit rectangular pulseF ���	� of duration K . As far as the symbols ENM are concerned, we con-
sider two different cases: �
�)� the symbols E C are i.i.d and distributed
according to a certain density OPRQTSVU GW��X��ZY@[\^]`_ ; ����� the symbolsE C are deterministic and generated by the evolution of a chaotic map,
so that E6M _ � �bac� E6M � . They are distributed according to the invari-
ant probability density of the map a [4], which we also indicate
with OP Q .

Let us rewrite the band-pass phase-continuous signal
� ����� in a

more useful form asdfe�g�hji
(2)i 5kC�D 4N5ml�n�o6p ��q e:r ( gRsmtWrvu C e�gNwJx�yzhRs|{ C h�}*~=e�g6w�x#y`h

where the quantities � C ���#"NKL-�& A C 4 �� D 4N5 E � are defined to
guarantee the fulfillment of the phase-continuity constraint. Further
more, under certain conditions (i.e K is not an integer multiple of all
the instantaneous frequency), it can be shown that � C is a random
variable uniformly distributed in U � XZ�#"NY . Clearly, zero crossings oc-
cur each time the phase of the previously defined signal becomes an
integer multiple of " . From now on let us indicate with 9 the dura-
tion of the time interval between two subsequent zero crossings. In
these conditions, the probability density of 9 may be written as

� �:96�V���V�)�:��� � �:9������j+����#�:�j��� � �:9T�#�,�Z� (3)

where �V�)�:��� is the probability that the time interval between two
successive zero crosses contains a frequency change, and

� �:98�'���
is the corresponding conditioned probability density. �V�#�:����� and� �:9b�V�j�Z� have the analogous meaning for time intervals that lay
on the same frequency. Obviously, the normalization condition of
probability measures says that �V�#�:���,+3�V�#�:�,���`��� . Moreover, we
will only consider K�� ��
� .



2.1. Determination of �V�#�:��� and ���)�:�,�Z�
Now we will determine the general expression of ���#�:��� , which

depends on the statistic properties of the modulating symbols. We
consider that, for a fixed half period

� � ��Z� �
� _ Q���� � � , correspond-
ing to the frequency &��B&#(@+ E6M -/& , the mean number of intervals
between two successive zero crossings inside K is �� . Only one of
them contains a frequency change. Recalling the relationship be-
tween the symbols E M and the period

�
, that is E M � � 4 � �,�
�� � � � , and

defining P � � � � as the probability distributions of the half periods
�

we have

P � � � �V� OP Q � E ���� �� Q � � �� � � -/& OP Q � � G%� � & (� � -�& � (4)

where OP Q � E � is the probability distribution of the symbols E M . Fi-
nally, weighting with the symbols probability density and integrat-
ing over all the possible periods we obtain

���#�:����� ! 0 	



K� P � � � �<; � ? 4 � (5)

where � � ��Z� �
� _ � � � is the duration of the smallest interval
between two successive zero crossings, that is the half period
which corresponds to the maximum frequency and viceversa a ���Z� �
� 4 � � � . Substituting (4) in (5), we obtain

���)�:����� ! 0 	



K� �
� -/& OP Q � � G%� � & (� � -/& �<; � ? 4 � (6)

which indicates, as expected, that �V�)�:��� increases as the period K of
the modulating signal decreases. The normalization condition says
that ���)�:�j�Z� � � G ���#�:��� .
2.2. Determination of

� �:9m�)��� and
� �:9T�#� � �

From the very definition of probability distribution we have that���
 � � � G.��� P � �:96�<;=9� 	
 ��� � G3�)� P � �:9H�<;=9 (7)

indicates the probability distribution of 9 , and where � � GB� is the
mean number of time intervals of duration 9 inside K , that excludes
the partial half period immediately after the last frequency change
as well as the one immediately before the next frequency change. In
order to determine

� �:9%�R�j�*� we have to consider the derivative of
(7) with respect to the variable � . Then we obtain the density� �:9m�)�,�Z��� ��� �|G3�)� P � �:9H�� 	
 ��� � G.��� P � �:96�<;=9 (8)

A different computation has to be done for the determination of� �:9 �6��� In fact, we must take into account the contribution of � � ,
which is the time interval between the last zero cross and the fre-
quency change, and � � , which is the time interval between the fre-
quency change and the following zero cross instant. Figure 1 ex-
plains the meaning of � � and � � . The dotted line represents the in-
stant when the frequency change occurs. The random variable 9|�v�
can be written as9m�)� � � � +%� � ��� � +B�
� G��j��� (9)

where
� � ��Z� �
� _ Q���� � � , � � ��Z� �
� _ Q�������� � � are random variables

with a certain distribution which depends on the statistic of the mod-
ulating symbols E M , and � is a random variable uniformly distributed
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Figure 1: Meaning of � � and � � . & ( � � �������
 , -/&�� � �����
 ,E M � � and E M _ � � GW� .
in U � X��*Y , that indicates the ratio between the time spent at the fre-
quency & ( +3-/& E M and 9 . Now we have to determine the probabil-
ity density of 9��6� once that the densities of the random variables
that constitute it are known. We have to make a distinction based on
assumptions we can make on E M .

Let us consider first that E6M a sequence of i.i.d., uniformly dis-
tributed in U GW��X��*Y . Hence, with straightforward but long manipula-
tions that take into account all possible values of � , we derive� �:9T�#��� �B� 0 �
 0 	

�
P � � � � P"! �#� �

��G � ;$� ; � (10)

where the multiplication by � is due to the fact that
�

and �
are independent, identically distributed random variables, and so�V�&% � �'�)(W�B���*%�� � � ( � �� . In particular P � ��+R�@� P ! ��+R������,&- � � OP Q � � 4 ��, �
���, � � � .

On the contrary if the E M are generated by the evolution of a
chaotic map, the next symbol E M _ � is univocally determined by the
knowledge of the previous one. So � is not an independent variable,
but is a deterministic function of

�
. With this we may rewrite the

expression (10) for chaotically dependent symbols as

� �:9������ � 0". � P � � � �
� � � ��G � ; � + 0/. - P � � � �� G�� � � � ; � (11)

where the set is defined as 0 � �21 � � �43 U � X	9 Y�5m�#� � � �7639H�&8 ,
0 � �91 � � �:3 U 9 XZa�Y;5.�#� � � �=< 9H�&8 , and where P � � � �/��� � - � � OP Q � � 4 � �j�
�� � � � � . Note that here OP Q is the invariant density of the
map a so that the integral (11) has been explicitly splitted into the
sum of two integrals clarifying the dependency of the symbols.

3. Application of the formula in two interesting cases

There are two particular symbols distribution OP Q that, in conjunc-
tion with a proper period K of the modulating signal, appear to be
very efficient in flattening spectral peaks, and thus suitable for the
improvement of EMC. They are: �
��� uniform distribution, that isOP Q � E �`� �� if E 3 U GW��X��*Y and � elsewhere; ����� binary distribution,
that is OP Q � E � � ��?> � E GB�)� + ��@> � E + ��� , where > ��A � is the Dirac
Delta operator. In order to evaluate the loss of performance of a dig-
ital system it is convenient to define the average interval 9 between
two zero cross as

9 �B�V�)�:��� 0 	

 9 � �:9T�#���<;=9 +��V�#�:�,��� 0 	


 9 � �:9T�)�,�Z�<;=9 (12)
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Figure 2: zero crossing distribution between a frequency change
with independent uniformly distributed symbols. &�(8� � �������
 ,� �B� � � � ��� � � 4���� , a �B� � � ���	� � � 4����
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Figure 3: zero crossing distribution with independent uniformly dis-
tributed symbols. & ( � � �������
 , � � � � � � �
��� � 4�� � , a �� � � ���	� � � 4�� �
and the correspondent variance � �� of 9 , that is

� �� �����)�:��� 0 	

 �:9/G 9'� � � �:9m�)���<;=9 +

�V�)�:�j�*�R0 	

 �:9�G 9H� � � �:9����j�*�<;=9 (13)

We will deal separately with these two quantities, and we will further
distinguish the case of independent and chaotic symbols.

3.1. Uniform distribution

3.1.1. Independent symbols

Since -�& � 	 4 
� 	 
 and considering the general formulas ob-
tained in the previous section to the uniform distribution case for
when the symbols E M are independent, we have�
��� �:����� � � � a � -/&K ��a � G � � � � ���& ( K (14)

while for the probability densities we obtain����� �:9T���j�Z��� � � � a � �:9 G K �9 � ��a G �m� U � �Ta G K ��a + �T��Y (15)

� ��� �:9m�)����� ��va���9 � ��a G �m� ��� a � ��a G �m��� (16)

� ��a G 9H�*��� G 9H�<9�G � � 9 ����� � ��a G��T�<9��a G 9H� � �
G1a � � � ��� � ��a G 96� ��:9/G �m�	a �,+3a � 9 � ��� � ��a G �m�<9�:9/G �m�	a ���
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Figure 4: Variance of 9 in different cases. &#(%� � �������
 , ���� � � � ��� � � 4���� , a �B� � � �v��� � � 4����
Substituting (14),(15), (16) into equation (3) we have the total

probability density of 9 . Let us first consider the plot of
����� �:9 ���� , which is shown in figure 2. The precision of

����� �:9 �1��� as
given by 16 has been tested by mean of extensive Montecarlo (MC)
simulation. We note the presence of an absolute maximum near

�� �
�
and a decreasing trend going both towards � and a . The plots of� �:9H� are shown in figure 3. We note that the concavity increases asK decreases. That is because �V�)�:��� is a decreasing function of K ,
and so the more K increases the less

� �:9 �v��� gives its contribution
to the

� �:96� density.
In this case we have that 9 is a constant. Further calcu-

lations show that, for uniform distribution of the symbols we
have 9 � �� �
� , independently of K . Instead, � �� is an in-
creasing function of K with an horizontal asymptote at the value	 - _ 
 - 4� 	 
 �
� � 	 4 
 � _  	 - 
 - � -��! � �#"$ �� � 	 4 
 ��� 	 _ 
 � � -� . The trend of the variance

� �� as a function of K is shown in figure 4.

3.1.2. Chaotically generated symbols

The symbols are supposed to be generated by a chaotic map,
and uniformly distributed according to its invariant density OPRQ . The
unique expression which is sensitive to the use of dependent ENM is� �:9 � ��� . In fact, while �V���:��� , �V���:� � � and

� �:9%� � � � depend only
on the first order statistic of the symbols,

� �:93�H��� depends on the
second order statistic by considering the distribution of two succes-
sive symbols. As examples we show in figure 5

� �:9%� ��� when the
symbols are generated by a Tent map, and in figure 6

� �:9T�#��� when
the symbols are generated by a Bernoulli shift. The histogram is the
result of a MC simulation with % ������� samples, while the continuous
line correspond to the application of the equation (11). We note that
there is a strong concentration of time intervals around the inverse
of the frequency

��Z� �
� _'&)(* � , which corresponds to the fixed point

with negative slope of the map. It is also worthwhile noting that
while independent symbols have a

� �:9������ at the furthest points (as
shown in figure 2), chaotically generated symbols have a a

� �:9������
which shows a clearly map dependent behaviour, and a finite value
in correspondence with the fixed points of the map. Note also that9 , that could be expected to be map dependent, is actually indepen-
dent of the second order statistics of the map. The variance � �� is
shown in figure 4 as a function of K with chaotic symbols generated
both by a Tent map and by a Bernoulli shift. We note that, while the
variance of 9 with symbols generated by a Tent map is almost su-
perimposed to the variance with independent symbols, the variance
of 9 with symbols generated by a Bernoulli shift is always greater.



Additionally, each curve converges, for K \ � , to the horizontal
asymptote.
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Figure 5: zero crossing distribution between a frequency change
with symbols chaotically generated by a tent map. &#( � � �������
 ,� �B� � � � ��� � � 4���� , a �B� � � ���	� � � 4����
3.2. Binary distributed symbols

In this subsection we will not make distinction between binary
independent symbols and binary chaotically generated symbols. In
fact, it may be shown that the quantization of the symbols generated
by a chaotic map with uniform invariant density OP gives a sequence
of independent symbols. Since we restrict our field the maps with
uniform invariant density such a distinction is therefore useless.

The application the general formulas obtained in the previous sec-
tion to the binary distribution leads to the following results����� � �:����� �K a��a + � � ���&#(*K (17)

while for the probability densities we obtain����� � �:9T���j�Z��� ��� 4 �� * �*� > �:9�G��T�N+ > �:9�G%a��	�
� 4 		 * + � 4 

 * (18)

����� � �:9T�#���@� �
� � > �:9�G �m�N+ > �:9�G%ab�	�,+ �� ��a G �m� (19)

We note that
� �:9%�'�,��� is zero everywhere, except for 9 � � and9 �Ba , while
� �:9T�#��� have both impulsive contribution at the same

instants, due to the succession of two equal symbols, and continuous
uniform contribution due to the succession of two different symbols.
Substituting the previous expressions (17),(18), (19) into equation
(3) we have the total distribution of the time between two successive
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Figure 6: zero crossing distribution between a frequency change
with symbols chaotically generated by a Bernoulli shift. & ( �� �������
 , � �B� � � � ��� � � 4�� � , a �B� � � �v��� � � 4�� �

zero crossing. The average value of 9 is 9�� �� �
� , while � �� is a al-
ways increasing function of K , which has an horizontal asymptote at

the value
4 � � -� 	 
 � 	 4 
 � _ � � � 	 _ 
 _ � �
� 	 
 � 4 � _ �
� 	 � _ � � -� 	 
 - ���� � -� � � 	 _ 
 � ,

as shown in figure 7. Finally, we note that the value of the hori-
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Figure 7: Variance of 9 for binary independent symbols. & ( �� ����� �  , � �B� � � � ��� � � 4�� � , a �b� � � �v��� � � 4�� �
zontal asymptote with binary distributed symbols is always greater
than the one with uniform distributed symbols.

4. Conclusions

In our investigation about statistic properties of the duration of
the time 9 between two edges of a frequency modulated clock, two
results worth of note appeared: �
��� The average value of 9 depends
on the first order statistic and is independent both of the second order
statistic of the modulating PAM signal symbols and of its period K ,����� the variance of 9 depends both on the second order statistic of
the symbols and on the period K . In particular the variance of 9 is
an increasing function of K , with an horizontal asymptote at a value
which depends on the first order statistic of the symbols. The rate of
convergence to the asymptotic value, instead, depends on the second
order statistic.
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