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Abstract

In this paper we recall two methods for estimation of ini-
tial conditions for chaotic systems on the basis of mea-
sured time-series. We investigate in some detail the per-
formance of these methods in the presence of noise for
data generated by piecewise linear Markov maps. We
propose further to use the Viterbi algorithm to improve
the performance of these methods.

1. Introduction

An important problem in various application consists
of processing data generated by non linear dynamical
systems. In order to exploit chaotic signals, there is a
need for algorithms which can give a good estimation
of these signals especially in the presence of noise. In
most cases, the estimation of chaotic signal is reduced to
the knowledge of the initial conditions. Because chaotic
signals are very sensitive to changes of initial conditions,
these algorithms have to be as efficient as possible. The
model we consider is as follows:

h(n + 1) = f(h(n)) (1)

Only signals scaled to the interval [0, 1] will be consid-
ered, then a white Gaussian noise w(n) will be added
such that:

x(n) = h(n) + w(n) (2)

Different methods have been proposed to estimate a
chaotic signal embedded in noise, particularly in white
Gaussian noise[1, 2, 7]. We will study only two methods
: The Extended Halving Method [7] and the Symbolic
Dynamics-Based method [1] in case of signals generated
by Piecewise Linear Markov Maps. After describing the
two methods, their performance will be evaluated in the
presence of noise. Finally we will show how applying the
Viterbi algorithm one could improve the estimation of
the initial condition.

2. Mathematical Preliminaries

In order to understand the algorithms, we need to give
some basic definitions.

• Piecewise Linear Map

Let I = [a, b] - a closed interval on the real line. A
map T : I −→ I is called Piece-Wise Linear if there
exists a partition vector p = (p1, p2, p3, .....pn, pn+1),
p1 = a and pn+1 = b, such that for each l ∈
{1, 2, 3, ..., n}, T restricted to the segment (pl, pl+1)
is a linear function. The set of partition points
{p1, p2, ...pn, pn+1} is denoted by Q.

• ”take partition points into partition points”

Let Q be the set of points of the partition vector p.
We say [7] that the map T : I −→ I takes partition
points into partition points if T (Q) ⊂ Q. If T is
discontinuous, we require T (p−l ) and T (p+

l ) to be in
Q. Here, T (p+

l ) and T (p−l ) are the right and left
limits of T at pl.

• Communication property

We say [7] that a partition vector p has the com-
munication property under the map T : I −→ I if
for any subintervals Ii = (pi, pi+1), Ij = (pj , pj+1)
there exist integers m1 and m2 such that Ii ⊂
T m1(Ij) and Ij ⊂ T m2(Ii)

• Piecewise Linear Markov Map A map T : I −→
I is called a piece-wise linear Markov map if it sat-
isfies the following conditions for the fixed partition
vector p.

1. T is a piecewise linear map with respect to the
partition vector p.

2. Infx∈I |
dT
dx

| > 1,

3. T takes partition points into partition points,

4. The partition vector p has the communication
property.



3. Algorithms for estimation of initial conditions

In the following considerations we will assume that the
variance of the noise w(n) is known.

3.1. Method based on Symbolic Dynamics

This method proposed originally by Cong et al. [1]
is based on the symbolic sequence associated with the
measured signal and on the backward iterations of the
map. Let E = {E0, E1, . . . , Eq−1} be a finite disjoint
partition of the phase space M . Assuming that at time
n the point h(n) is in the ith element of the partition
we assign to it a symbol s(n) = i, i ∈ {0, 1, . . . , q −
1}. According to this representation we can encode any
orbit by a sequence S = (s(0), s(1), . . . , s(q). . . .) The
symbolic sequence determines the operation ϕ from M

to the symbol space so, that

ϕ(h(0)) = S ⇐⇒ h(0) ∈ f−nEs(n) (3)

for n ≥ 0, where f−nEs(n) represents the set of points
that are mapped to the set Es(n) after n iterations.

Let fi - the restriction of f to Ei, and
suppose that we know the symbolic sequence
{s(0), s(1), ......, s(L − 1)} of the signal determined
by the points {h(0), h(1), ......, h(L − 1)}. We can
limit the point h(0) (the initial condition) to the set
∩L−1

n=0f−nEs(n). The larger value of L, the smaller will
be this set.

The estimation of the initial condition will be given
by the following equation :

ĥ(0|L) = f−1
s(0) ◦ f−1

s(1) ◦ . . . ◦ f−1
s(L−1)(ξ) (4)

where ξ is a point in the domain of f−1
s(L−1).

In the noisy case the symbolic sequence has to be esti-
mated from the noisy signal. Thus the resulting sequence
may be non-admissible, this means that it can happen
that f−1

s(n+1)◦. . .◦f−1
s(L−1)(ξ) is not in the domain of f−1

s(n).

In such a case, a modification which consists of taking
the closest point which is admissible, is made. It is easy
to notice that if the noise level is large it will be very
hard to find the admissible sequence which corresponds
exactly to the noise-free signal.

3.2. Extended halving method

This method is closely related to the decimal expan-
sions of real numbers. The base-n expansions of real
numbers can be formulated in terms of itineraries.

Let E = {E0, E1, . . . , Eq−1} be a finite disjoint parti-
tion of the phase space. r is the characteristic sequence
defined as ri = 1 if the slope of the map in Ei is greater
then 0 and ri = −1 if the slope of the map in Ei is less

then 0. Let h(0) ∈ [0, 1] – a given initial point. Let ak be
the itinerary of h(0) under the iterations of f defined in
such a way that ai

k = i + 1 if the point fk−1(h(0)) ∈ Ei.
Let {Ik}

∞

k=0 be the sequence defined by I0 = 1,
Ik = (Ik−1rai

k

) then we can estimate the initial condition
using

ĥ(0) =

∞
∑

k=1

ck

nk
(5)

where

ck =







a1 − 1, if k = 1
ak − 1, if Ik−1 = 1 and k ≥ 2
n − ak, if Ik−1 = −1 and k ≥ 2

(6)

In the noisy case, as in the previous method, we estimate
all the sequences from the noisy signal and we use the
same algorithm.
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Figure 1: Comparison of the Symbolic Dynamics Based
Method and the Halving method showing superior per-
formance of SDBM.

3.3. Performance of the two methods

To evaluate the performance we reconstructed the sig-
nals by iterating the system equations starting from
the initaial conditions estimated using the two above-
mentioned methods. We tried to find the error between
the real signal and its reconstruction using the two meth-
ods in the case of very small noise level. Even in such
a case the difference between the estimate of the initial
condition and its real value is ca. 1016 for the halving
method. It is almost 0 for the symbolic dynamic based
method. Whatever the method or the map, in cases of
high level of noise, the problem of estimation becomes
more difficult. The estimation errors come from erro-
neous symbolic sequences. In the next part we will see
how the Viterbi algorithm can improve the estimation.
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Figure 2: Reconstruction without Viterbi algorithm us-
ing the method of Cong et al.
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Figure 3: Reconstruction using the symbolic sequence
method with Viterbi algorithm – hard version.

4. The Viterbi Algorithm

The Viterbi Algorithm was first proposed as a solu-
tion to the decoding of convolutional codes by Andrew
J. Viterbi in 1967. This Algorithm can be interpreted
as a dynamic progamming algorithm. It is used to min-
imize the error probability by comparing the likelihoods
of a set of possible state transition that can occur, and
deciding which of these has the highest probability of
occurrence.

There are two variants of Viterbi algorithm [6]:

• the hard version, computes the most probable se-
quence, basing on the knowledge of the noisy signal
and the noise variance by maximizing the following
expression

p(s, y) =

N
∏

k=1

p(sk|sk−1)p(yk|sk) (7)
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Figure 4: Reconstruction using the symbolic sequence
method with Viterbi algorithm – soft version.

0 10 20 30 40 50 60 70 80
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Iteration number

R
ec

on
st

ru
ct

io
n 

er
ro

r
Error between Original signal and reconstructed one for each method

No Viterbi Algorithm
Hard decision
Soft decision

Figure 5: Error between the original signal and the signal
reconstructed using soft and hard methods.

where s is the symbolic sequence and y the noisy
signal observed. sk will take values according to a
partition vector E as for the precedent algorithms,
but for a better precision, the interval [0, 1] has to
be divided into a higher number of subintervals.

• the soft version works directly on the points given by
the noisy version of the signal. It computes the most
probable sequence according to the map, without
the knowledge of the noise.

The algorithm (hard and soft version) works in two
main phases, a forward one and a backward one, and
consists of finding the path which gives the highest prob-
ability.

As described previously the algorithms to estimate the
initial condition are based on a symbolic/characteristic
sequence. In the case of high level of noise, and some-
times even in case of low noise levels, this symbolic



sequence determined from the measurement data are
wrong, which results in bad estimation. The idea is to
use the Viterbi algorithm to find a symbolic sequence as
close as possible to the real one before using the symbolic
dynamics-based method, in order to improve as much as
possible the probability to have the correct symbolic se-
quence.

5. Experimental Results

We have carried out many experiments using the two
versions of the Viterbi Algorithm. It is visible that the
Viterbi algorithm in both versions improves the estima-
tion of the initial condition.

The Fig.2 shows the results obtained without using the
Viterbi algorithm. Results obtained using the Viterbi
algorithm are shown in Figs 3 and 4 (in case of a noisy
data-set generated by the Bernoulli shift map for a SNR
−0.5dB). Fig.5 shows the comparison of performance.

The maximum error for each method was:

• With no Viterbi Algorithm : E = 0.09737

• With Hard descision : Eh = 0.07373

• With Soft descion : Es = 0.06161

It is clear that the Viterbi Algorithm improves the re-
sults.

The Fig.6 shows the influence of SNR on the estima-
tion of the initial conditions in the two cases: without the
Viterbi algorithm and using its soft variant. In all cases
we obtain better results using the Viterbi algorithm.

6. Conclusions

We have presented two methods for estimation of ini-
tial conditions of chaotic signals on the basis of measured
time series. We have shown how to improve estimation of
the initial condition for signals embedded in white Gaus-
sian noise. Application of the Viterbi algorithm improves
significantly the estimation but it should be underlined
that the estimation is not always correct. Moreover this
method involves the knowledge of the noise variance,
which is not always easy to obtain.
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Figure 6: Influence of the SNR on the performance of
the reconstruction algorithms. The circles indicate the
results obtained using the soft version of Viterbi algo-
rithm, the asterisks denote results obtained using origi-
nal SDBM.
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