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1. Introduction

Many methods have been proposed to prove the ex-
istence of solutions for nonlinear ordinary differential
equations. Especially, one of the authors, Oishi, pro-
posed a method to prove the existence of solutions for
nonlinear ordinary differential equations on a continuous
functional space. This method uses Krawczyk’s opera-
tor on a functional space [1]. Krawczyk-like operator
is constructed from Newton operator using Mean Value
Theorem. This operates is from an interval on a func-
tional space to an interval on a functional space. In
order to calculate the image of Krawczyk-like operator,
Interval Arithmetic on the functional space is used. We

have used Affine Arithmetic instead of Interval Arith-
metic in order to avoid the explosion of interval as the

result of calculation. We have also revised the form of
Krawczyk-like operator for computational accuracy than

for computational complexity.

In this paper, we shall propose a method to prove
the existence of the solutions for nonlinear ordinary dif-
ferential equations on an essentially bounded functional
space. From the discussion on that space, we can cal-
culate the image of Krawczyk-like operator more easily
than on a continuous functional space.

2. Preliminaries

2.1. Formalization to Operator Equation

We consider the following nonlinear boundary value
problem of a system of first order real differential equa-
tions:

dz
— = f(z),
{ gd(iv) =g(x(t1),---,2(tn)) =0
1)

where z is a n-dimensional vector valued function on J,
f(z) is a n-dimensional vector valued function, Bys are
n-dimensional matrices, b is a n-dimensional vector and
O=ti<ta<:---<tp,=1

In the following, we assume that an approximate so-
lution ¢(t) is given for the problem (1). We also as-
sume that it is a step function. Under these assump-
tions, we will present a sufficient condition on which
the problem has an exact solution in a domain con-
taining an approximate solution c(t). Let X be the

(teJ=10,1]),

Banach space of real n-dimensional vector valued func-
tions z(t) = (21 (t),z2(t),- - -, 2, (t)) which is essentially
bounded on the interval J with the maximum norm

leloe = mavx mace (1) )
In the following, || - || means || - |- Let ¥ = X x R™ be
the Banach space with the norm

lylly = max({|ull, [[o]]) fory = (u,v) €Y.  (3)

Let D be a subset of X. In the following, vectors and
matrices mean n-dimensional vectors and n X n-matrices,
respectively. We assume that the given approximate so-
lution ¢(t) is an element of X. We now define an operator
F:DCcX —-Y by

dx

Fx = ( P (2),9(x) )

Then we can rewrite the original problem as the following
operator equation:
()

2.2. Existence Theorem of Solution for Eq.(5)

(4)
Fx =0.

In this subsection, we shall introduce the existence
theorem of the solution for Eq.(5).

In the following, we assume that f : X — X is con-
tinuously Fréchet differentiable with respect to z. The
Jacobi matrix of f with respect to z is denoted by f,(z),
and the Fréchet derivative of g is denoted by [. Then
it is easy to see that F' : X — Y is Fréchet differen-
tiable for an element x of D and the Fréchet derivative
F,(z) : D - Y is given as follows:

Fp(z)h = ( ) , (6)
where h € D.

For a real matrix valued step function A(t) on J which
approximate f(z) and for the vector valued continuous
n

dh def -
5~ Je@hh = 3" Brhty)

k=1

linear functional [ = Z Byx(ty,), respectively, we define
k=1
the following linear operator

dh

Lh= ( 4~ A Ih ) : (7
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Let ®(t) be the fundamental matrix of the linear homo-
geneous differential system

dd(t)
dt
satisfying ®(0) = E, where E is the unit matrix.

= A(t)2(t) ®)

Lemma 2.1 Let G = l[®] be the matriz whose column
vectors are l[¢;(t)]( = 1,2,---,n), where ¢;(t) are the
column vectors of the matriz ®(t).

If G is invertible, then L is also invertible and then,
for (u,v) €Y, L7 (u,v) : Y — X is described as

L™ (u,v)

- /1 (1) (G—l (i Bk<I>(tk)> — (s —t)E) :
-1 k=1

& L(s)u(s)ds + ®(t)G v, 9)
where h(s — t) is the Heviside’s step function.

Now we assume that G is invertible. We consider a

Newton-like operator k£ : X —

k(z) = L7 (f(z) - A(t)z,lz — g(x)). (10)

Let T be a closed convex subset of X and let be T' 5 c.
Let B be a closed ball of X whose midpoint is the origin

and the radius is 1. We now introduce the following
theorem.

Theorem 2.1 If
{k(z)lxeT}CT

and
max || L7 ((f.(2,t) — A(1))#,0)]| < 1
EB

hold, there is a fized point x* of k uniquely in T.

This theorem is proved by Banach’s contraction mapping
theorem.

As the conventional method, T is calculated as
T =c+2||k(c) — -

If we can calculate (11) and (12) by computers, we can
check whether the solution exists or not by computers.

2.3. Affine Arithmetic[2]

In this subsection, we introduce Affine Arithmetic.

Definition 2.1 Let be a; € R fori € {0,1,---,m}. Let
be —1<¢; <1 forie{l,---,m}. The form

ag + z a;€;
i=1
is called Affine Form and it describes the set

{ao+ > aei| —1<e; <1,i€{0,1,---,m}}.

i=1

A set of Affine Forms which describe subsets of a space
U is denoted by A(U).

Definition 2.2 For a),a® € A(R), operations

{a(l) * a(2)|* € {+7 ™ X,/}}
and

{¢(a(1))|¢ € {Sin7 Cos, ta‘na €xp, log, o }}
are determined as

o the result is also an Affine Form
o the set described by the result holds
aW xa® > {2V x 2P |zM € oV 2 ¢ o}
and
¢(a™) 2 {p(zM)|z) € oV},

respectively.

Let 'V and a@ be

m m
aV = a(()l) + Z agl)s,- and a® = a(()2) + Z al@)Ei.

=1 =2

Addition and Subtraction between oY) and a® are op-
erated as

m
a +a? = a(()l) + a(()2) + Z(agl) + al@))si.
i=1

Addition and Subtraction between a') and a constant
number ¢ € R are operated as

aV te= a(()l) +c+ Zagl)si.
i=1

Multiplication between a® and a'? is operated as

2

m
aV xa® = a(()l)a((f) + Z(a(()l)a@) + agl)a(()z))si
i=1

m m
+ a7 - S lal Dema,
=1 =1

where e,4+1 € R is a new symbol and satisfies —1 <
e < 1. Various unary operations for a(!), for example,
the reciprocal of a'V), the square root of al), the sine

function of ¥, and so on, have also been proposed but
is not described here because of the sake of papers.

2.4. Functional Arithmetic

For arithmetic on a functional space, we use some
kinds of polynomials. Here we introduce Power poly-

nomial
l

Z Otiti

i=1

(Oti S R)

and its arithmetic.
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Definition 2.3 Let ¢i(t) and c2(t) be power polynomials
described as below:

!
t) = Zagl)ti and ca(t)

i=1

l
= agz)ti.

Addition and subtraction between ci(t) and cy(t) are de-
fined as

1
a(t) £et) = (o) o)t
i=1
Multiplication between c1(t) and ca(t) is defined as

21 min{s,l}

=2 X

=0 j=max{0,i—I}

(a 1),

e (t) x ea(t) oMol ).

The absolute value of c1(t) is overestimated as

l
1
lerl < LoV,
1=0

The differentiation of c1(t) with respect to t is calculated
as

-1
de; . (1) 4i
3 = zZ;(z + Dag), ' (13)

The integration of ¢1(t) from —1 to t is calculated as
B

t
/cldt Z a(l) .

Let P be a set of power polynomials.

2.5. Functional Affine Arithmetic

In this section, we extend Affine Arithmetic to that
on P.

Definition 2.4 Let be a;(t) € P and let be €;(t) C C[J]
fori € {1,---,m} and let be ag(t) € P. Let be —1 <
gi(t) <1 fori € {0,1,---,m}. The form

+ Z ai(t)e;(t)

is called Affine Form function and it describes a set of

function x(t) satisfying
)+ Z a;(t

an

for allt € J.

Definition 2.5 For a™(t),a®(t) € A(C[J]), opera-
tions,
{a’(l)(t) * a(2)(t)|* € {+7 R X:/}}
and
{¢(a(1) (t))|¢ € {Sin7 cos, tan, exp, IOg, o }}7

are determined as

o the result is also an Affine Form function

o the set described by the result holds

aV () xa®(t) > {e0@) x 2@ O)eD (1) €
(), 22 (1) € o) (1)}

and

¢V () D {o(a )|z () € eV (1)},
respectively.

Let aM(t) and a® (t) be

)+ Z a(') t)ei(t

Addition and Subtraction between a™ (t) and a? (t) are
operated as

a®(t) = ol (t (i € {1,2}).

a®) £a@t) = alV(t) £aP(t) +

a§2) (t))e:

S @) +

i=1

Addition and Subtraction between a")(t) and a power
polynomial c(t) € P are operated as

m

al () £ c(t) + D al’ (Dei(?).

i=1

aW () +¢(t) =

Multiplication between oM (t) and a® (t) is operated as

‘”( t)a é”(t)
+alM (t)a ())es(t)

- (_Z la” 1))

a(6) x (o) =

n Z (W) 4
+<2 la{! (¢
1=1

where €m,41(t) is a new symbol and satisfies —1 <
Ems1(t) < 1. The absolute value of a(V)(t) is overesti-

mated as
m
(@) < 3 [aM(2)
=0

| Em+1 (t)a
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The integration of aY)(t) from —1 to t is overestimated
as

t t
[ aaar = [ awars
-1

-1

2m t
> [l @areico,

i=m+1"7P

where €;(t) € C[J]s (i € {m+1,m +2,---,2m}) is the
new noise symbols and satisfies —1 < g; < 1, respec-
tively.

2.6. Inclusion of h(s —t)
When we exactly treat h(s — t) as

ns-o={9 £59

we cannot calculate (9) with high accuracy because u(s)
is Interval Function. In this subsection, we consider an
inclusion H(s—t) = [h(t, s), h(t, s)] of h(s—t) in order to
avoid the above difficulty, where both ¢; (¢, s) and ¢z (¢, s)
are polynomials.

A function

(5,0) = exp(2as)
pis, @)= exp(2as) + 1

is a good approximation of h(s) for large a. Using this
function, we have

1 1-—
p(s — 5 108(12 1), a) b < h(s)
1 1-b
<p(s+ zlog(——),a) +b.
2 b
Using Taylor expansion, we can obtain an upper bound
c1(s) of p(s+ 3 log(%), a) +b and an lower bound ¢ (s)
of p(s — %log(lT’b),a) — b. Since ¢ (s) is also an upper
bound of h(s) and cy(s) is also an lower bound of h(s),
we can set

H(s—1t) =[c1(s —t),ca(s —1)]-

3. Numerical Verification

In order to obtain T', we have to calculate k(c). Since
c(t) and A(t) are given as a step function, we can calcu-
late f(c) — A(t)c using piecewise machine Interval Arith-
metic and we can obtain the inclusion of f(c) — A(t)c
as an Interval Function whose endpoints functions are
step functions. Using some methods[4],[3], we can ob-
tain the inclusions of ®(t) and ®~1(¢) as Interval Func-
tions whose endpoints functions are polynomials. Since
h(s —t) is obtained as an Interval Function whose end-
points functions are polynomials, we can obtain k(c) as
an Interval Function whose endpoints functions are poly-
nomials. After evaluating the norm ||k(c) — ¢||, we can

obtain T as an Interval Function whose endpoints func-
tions are step functions.
In order to confirm that conditions (11) and (12) hold,

we have to_calculate the left-hands of these conditigns.
After translating Interval Functions 7" and B into Affine

Form, {f(z) — A(t)z|z € T} and {(f.(£) — A(t))Z|Z €
T, % € B} can be calculated using piecewise Affine Arith-
metic. Since ®(t), ® 1(t) and H(t — s) are obtained as
Interval Function and they can be translated into Affine
Forms, We can obtain left-hands of conditions (11) and
(12) using Functional Affine Arithmetic.

4. Numerical Example

Let us consider the equation described as
d T2
d_t(%%) = (—$1—(Z‘1—t)3+t+0.1)7 (14)
_ 1 0)—-0.1
9(@) = ( x1§1§ -1.1 )

qo-( 2 )= ()

as an approximate solution of (14), (15).
We set T as T' = ¢+ 2||k(c) — ¢||. By translating T into
an Affine Form described as

T = (c1(t) + bee, (t), ca(t) + e, (1) .

(15)

We took

and by calculating an inclusion of {k(z)|z € T} and an
upper bound of

max{[|L7 (f(2(2), £) — A1), 12 — g(2))2(1)]|}

zeT

using Affine Arithmetic, we have the sufficient condi-
tion for Theorem 2.1 and can find a unique solution for
Eq.(14), (15) in T
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