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1. Introduction

Food web, the graph of prey-predator relations be-
tween species, is considered to contain an important
character of ecosystems since the preying interaction is
expected to play the dominant role in the system. A
popular way to express the interaction between species
has been the population dynamics model represented by
the generalized Lotka-Volterra equations. However, it is
widely known that self-organizing food webs based on
the generalized Lotka-Volterra equations tend to die out
totally or tend to collapse to a simple structure.

One of the authors (T.S.) has recently proposed a sim-
ple model of self-organizing food webs based on a mod-
ified population dynamics, which reproduces important
aspects of ecosystems; diversity of species, structural sta-
bility, and the distribution of the species life span [1].

Here, we investigate why this simple model leads to

a stable, diverse structure, by focusing on the following
issues:
(1) stability of the population equilibria; for a given food
web, how can we characterize the population equilibria?
(ii) robustness of the network structure; for the mutation
(invasion) of a randomly created new species, how is the
food web structure altered ?

Moreover, a qualitative characterization of the net-
work topology i1s made to clarify the following issues;
(iii) self-organizing networks in our model does not have
a scale-free structure, and
(iv) they have some order in their structure as opposed to
random networks; i.e., they have markedly higher clus-
tering coefficients than those of random networks.

These investigations give an insight into the reason
why our simple model reproduces important aspects of
ecosystems.

2.
Population dynamics models for self-organizing
ecosystems

The most popular way to express the interaction be-
tween species 1s to use population dynamics model rep-
resented by the generalized Lotka-Volterra equations,
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where ¢; and a;; represent the rate of self-growth
and metabolism and the interaction coefficient between
species 7 and j, respectively. Here, we regard z; as the
energy of the species 7 instead of the generally regarded
population density. Since the energy and the population
of species are related linearly, the form of the equations
is not altered.

Constraint of the energy and nutrition should be in-
troduced to this general equations so that they model
ecosystems. Through preying interaction, the energy
and nutrition are transfered from the primary producer
to other animals. The preying interaction holds under a
sub-conservation law of energy and nutrition which can
be taken in by introducing the condition a;; +a;; < 0 for
all interactions. In this study, we consider antisymmetric
interaction coefficients (; a;; = —a;;) for simplicity.

In addition to the above constraint, extinction and
mutation of species should be introduced to the system
(see [1] as an example). In conventional studies, extinc-
tion is modeled by removing the species whose popu-
lation becomes small enough. Also, mutation is mod-
eled by adding a new species to the system. Interactions
between the new species and the natives are given by
the prescribed dynamics. Here we assume this mutation
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takes place randomly which may be better interpreted
as invasion.

(19"

3. Self-organizing food web model with “size-

free” interactions

It is widely believed that simply applying the Lotka-
Volterra equations(Eq. (1)) to the ecosystem is inex-
pedient, because in the Lotka-Volterra model, interac-
tion coefficients must cover extremely large range to
model a large ecosystem as they have the dimension of
[energy]~! or [population]~! in addition to the dimen-
sion of [time]~!. For example, the interaction coefficient
between rare species should be far larger than the one be-
tween dominant species. However, in the real ecosystem,
the rare species will not keep such a large interaction co-
efficients if they happen to become dominant. Hence it
is hopeless that proper choice of interaction coefficients
are obtained by a totally random way. Artificial rules for
mutation can be introduced to determine the coefficients
[2]. However, Applying some artificial rules for mutation
does not satisfy the system to be truly self-organized be-
cause this implies some preconceived structure. For a
truly self-organized systems, we consider a modification
of the interaction term. The interaction term we need
here must be simple since a complicated one again im-
plies certain artificiality or preconceived structure. In
this study, we modify the interaction term as,

wjeiz; — aijziz (A€ (0,1)), (2)
where species j is a predator which preys species 1.
It corresponds to the modification of the preying rate
per predator from a;;jz; to predator-dependent form
a;j(z;/z;)*. The predator dependence of preying rate
is not unrealistic [3]. The condition that A € (0,1) cor-
responds to the saturation of the preying rate when prey
is abundant. Although every A may depend on ¢ and j,
like a;;, we set the parameters A uniformly for simplicity
in this study. In this case, we should limit the uniform
value A in € (0,1/2] to keep the preying rate convex un-
der certain transformation of variables. The metabolism
rate ¢; 1s also uniformly chosen to 1 except for the plants
which are the sole energy source in the system and have
the logistic growth rate. After that, the equations of our
model become,

“plants” :

dibl y _

e Gzi(1 —21) + Zaljl‘i‘m; )‘,
J

“animals” :
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(aij = —aj; € (=1,1),A €(0,1/2], G > 0)

(3)
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Fig. 1 Generated food web with rich self-organized
structure under the model with the size-free interaction.
Each circle represents certain species and arrows repre-
sents the preying interaction. Number of trophic levels is
equal to the one of real ecosystem in a continental shelf.

where G denotes the growth rate of the plants. We call
this interaction aijmf‘m;_)‘ as “size-free” because it and
the linear metabolism term make the equations of the
system invariable to the uniform change of the popu-
lation size from {z;} to {az;} with constant a except
for the logistic growth term of the plants. Under the
size-free form, interaction coefficients have the dimen-
sion same as the metabolism rate.

In addition to Eqs.(3) we introduce the following rules
of extinction and mutation:

FEztinction : If energy of a species i,z;, becomes 0, the
ith degree of the freedom is eliminated. Isolated species
are eliminated instantaneously.

Mutation(Invasion) : A new species comes into the
system randomly at time. Initial energy of the new
comer is chosen to be very small; we takes 108 for ex-
ample. Number of the interactions is assigned randomly
in the range of (1,2m), where m is a constant and we
take m = b here. The interaction coefficients are also
randomly assigned in (—1,1).

It i1s worth stressing that we do not require artificial
threshold for the extinction rule in this model. In Lotka-
Volterra model, populations of the unmatched species do
not become zero in finite time but they approach to zero
exponentially in time therefore threshold is necessary to
cause extinction [1,4]. In contrast, our size-free interac-
tion causes the algebraic decay of the unmatched species,
so the orbits of the unmatched species decrease to 0 in
finite time.
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Fig. 2 Time development of the number of the species
in the system. Mutation rate is 0.01 per time.
lines represent the number of; total species, species in
the second trophic level, species in the first trophic level,
species in the third trophic level, respectively in the order
of top to bottom.

Four

Let us see the consequence of this modification. One
can find a clear contrast with the Lotka-Volterra model.
In the present model(Eqs.(3)), some succeed in adapting
although most of the new species fail to survive as same
in case of the Lotka-Volterra model. The structure of this
self-organized system is not trivial but very rich. In Fig.
1, which shows an example of such self-organized food
webs, we can see three trophic levels above the plants.
Concerning with real ecosystems in the sea, for example,
number of trophic levels varies from 2(up-welling area) to
5(oceanic area) and 3 corresponds to that of continental
shelf [5]. Therefore, the obtained food web is realistic at
least in vertical direction. Moreover, size of the food web
shown in Fig. 1 is not a special one. We can get more
complex food web which has more species and trophic
levels. It is noted that size-variant form interactions,
like a;;,/z;z;, for example [6], can not yield such diverse
structure.

One natural question is the relation with the argu-
ments about the stability of interacting systems argued
in 1970s (see [7,8] for example). From these arguments,
the condition for large systems to have sufficient proba-
bility of being stable is written as

2mo? < 1 (4)
where o is the deviation of the interaction coefficients a;; .
It turns out that the condition in our simulation(2m =
10,02? ~ 1/12) satisfies Eq.(4). Concerning about the av-
erage number of connections per species, there are some

comparable data obtained by analyzing real food webs in
resolution of species. For example, the average numbers
of connections per species(= 2m) are 8.7 and 4.75 for
Ythan estuary food web(with 134 species) and Silwood
park food web(with 154 species), respectively [9]. Hence,
we can conclude that the interactions in our model is
strong enough comparing with the real food webs and
that still satisfies the condition for stability. We should
note that the condition of this linear stability is still valid
so that systems with stronger interactions can not have
monotonous trend to grow and goes on fluctuating. In
that case, temporal fluctuation of the number of species
forms 1/f noise.

4. Patterns observed in our network structure

4.1. stability and robustness of the network
At A = 1/2 in Eq. (3), a remarkable simplification

becomes possible by setting a:; ’= Yi;

dy, y 2
o Gyi(1—wi)+ Zaljyj;

J 5)
dy; (
PR + Ej ai;jYj,

where the only nonlinear term appears in the first equa-
tion. From Eq. (5), it is clear that for large G > 1,
the equiribirum of species is uniquely determined by the
matrix equation of [a;;], and the ‘feasible’ equilibrium
defined in Eq. (3) corresponds to the equilibrium of y;
with y; > 0 in Eq. (5).

As for the stability of the equiribrium, it is proved
that any ‘feasible’ equilibrium state is stable if G > 1
and a;; = —a;;. (The proof is simple and omitted here.)
This property seems a bit counterintuitive, because any
network topology can be realized as far as the equilib-
rium is feasible. However, if we consider the growth pro-
cess of the network it is observed that new species in
higher trophic levels have less possibilities to survive in
the net. Hence, the evolving process of the network itself
limits the resulting structure of the network.

4.2. distribution of life span of species

The distribution of life span of species is produced
from the time-evolution of Eq. (3). This distribution
corresponds to the paleontological data, which is the
distribution of life span of families which we evaluated
from fossil data [10]. Thus, it is important to compare
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the experimentally obtained paleontological data with
our data from simulations. The profile of paleontologi-
cal data is skewed but well fitted by the power-law curve
with exponent about —2 while the simplest stochastic
extinction process(“red queen hypothesis”) predicts the
exponential decay [11]. In the simulations, we can see
that the distribution of the life span of species in the
present model also has the power-law tail in long-life
region. Moreover, its a little skewed profile and the ex-
ponent of the power decay show good agreement with
the one of fossil data. While the distribution of life-span
of species has power-law tail, the distribution of extinc-
tion sizes in our model do not show power-law behavior.
It shows exponential decay which is consistent with one
of fossil record [11,12]. ( In the simulation, to get accu-
rate statistics, we set interactions strong enough so that
the number of species goes on fluctuating with no trend
to grow. Since almost all new invading species fail to
survive, the raw distribution obtained from simulations
has sharp peak near at the life span equal 0. We are
not concerned with this part because it is expected that
the real species corresponding to short-life group in our
model can hardly leave their fossil. )

4.3. statistical properties of the network struc-
ture

Since the food web generated in the present model is
not lattice-like, the distribution of the number of inter-
actions of each species characterizes the statistical prop-
erties of the network structure. Our simulations sup-
port that the distribution in our model does not have
power-law tail and is well fitted by Gaussian distribution.
In this sense, the food web constructed in our model is
rather random net than scale-free net.

Adding to this, we have calculated the clustering coef-
ficients C' for a few instances of generated networks. The
clustering coefficient C' is given as the averaged ratio of
existing links between k neighbors to the possible num-
ber of such connections k(k — 1)/2. The results show
that C' is always more than 10 times larger than Ciang
which is the clustering coefficient of the associated ran-
dom network. We have also calculated the clustering
coefficient C’ for the network in which all links to ‘the
plant’ are removed. The results show that C’ ~ Cl.nq
and this characterizes that some order is created around
‘the plant’ in our networks.

5. Conclusions

A simple self-organizing food web model is presented,
in which several advantages over the conventional mod-

els (based on the Lotka-Volterra model) are obtained.
Further investigations on the network properties will be
reported soon.

We thank Profs. N. Ito, S. Yukawa, K. Tokita, and Z.
Yoshida for their beneficial comments.
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