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Abstract

Computer graphics (CG) gives influence on the vari-
ous engineering fields, e.g., movie, virtual reality, web
technology and medicine. To support their progress,
it’s important to develop rendering technique in CG.
Among many rendering algorithms, the so-called ray
tracing method is well-known, which can generate photo-
realistic images. The images are generated by obtaining
solutions of a set of nonlinear simultaneous equations,
which is derived from each ray and all objects. In this
paper, an improved solution path algorithm is proposed,
which calculates the solution of the nonlinear equation
for the ray tracing algorithm. By the proposed algorithm
smaller number of the generated hyper-elipsoids achieves
the shorter computation time than the previously pro-
posed method.

1. Introduction

In the field of computer graphics (CG), it is well-
known that the so-called ray tracing method[1] is one
of the most effective algorithms which can visualize ob-
jects photo-realistically. In order to visualize a scene
with some objects by the method, a solution of the non-
linear simultaneous equation is to be calculated, which
is derived from a ray from the given viewpoint and the
shape of the object. Therefore, it is seen that the abil-
ity of visualization in the method depends on solvabil-
ity of the nonlinear equations by the applied numerical
method. It is seen that the study of so-called homotopy
method[2]-[5] has been made great strides, which glob-
ally calculates a solution of systems of nonlinear equa-
tions by tracing a solution path of the derived homotopy
equation. The method has been applied to many im-
portant engineering problems. Related with accuracy,
computational complexity and so on, its quality of com-
puting has been discussed based on recent high perfor-
mance computing technology[5].
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The homotopy method is based on tracing path of
h(z,t) = 0 which is connected with the solution of the
objective nonlinear system of equation f(z) = 0. In the
ray tracing, huge number of nonlinear equations must
be solved, since the equations are formulated per pixel,
ray and object. Therefore, more efficient and more reli-
able tracing algorithms have been studied. Among them
an important algorithm is presented by Ushida[2], and
Yamamura proposed a geometric method using hyper-
sphere[3]. The method by Yamamura is practical so that
and some important applications to circuit analysis for
VLSI are reported[4]. Also they presented ability of the
modified version of the method instead of hyper-sphere.
Based on the concept, we proposed a method using
hyper-ellipsoid instead of the sphere, which is set accord-
ing to the solution path property obtained a priori[6][7].

In the previous work[6][7], a homotopy method by us-
ing hyper-ellipsoids instead of the hyper-sphere has been
proposed, which calculates a solution of nonlinear sys-
tems of equation. By the method 2 types of the tracing
algorithms have been proposed, which are the method of
tracing using the affine transformation and the method
of tracing without turning ellipsoids. Also we showed an
application of the proposed algorithm to the ray tracing
for a scene with free form surfaces. In this application,
the proposed method achieves faster computarion than
the method by using hyper-sphere. However, in the case
for complicated objects, more efficiency is necessary.

In this paper, in order to reduce computational cost,
we propose an improved tracing algorithm by hyper-
ellipsoids, which do not intersect each other, but tangent.
Then we apply our proposed method to visualization of
soliton pulse by the ray tracing method. The proposed
algorithm achieves the shorter computation than the pre-
viously proposed method.
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2. Tracing Solution Path Algorithm Using
Hyper-Ellipsoid

In this paper, we consider the following type of free
form surface:

z = fi(u,v)
Y fa(u,v)
z = f3(u,v)
Umin < U < Umax
Umin < U < Umax (1)

Here f1, fo and f3 are nonlinear and at least two times
differentiable (abbreviated to C?) with respect to u and
v, respectively. We note here that this restriction is
usually assumed due to smooth connection between the
surfaces. Also a ray is defined by the given viewpoint
(Ze,Ye, ze) and direction (z,, Yy, 2y) as:

= wWT, + T,
= WYy +Ye
= W2y + 2e
> 0.

g n @ 8

2)

Then, from Eqgs.(1) and (2), a set of simultaneous non-
linear equation per pixel, ray and surface is derived as
follows:

filu,v) —wzy —xe = 0
f2(uav)_wyv_ye = 0
f3(u,v) —wzy — 2. = 0. (3)

From Eq.(3) it is seen that the equation to be solved has
3 dimension. Of course, the dimension may be higher
if the surface is defined as more complex form than
Eq.(1). Therefore, in general, we consider the following
n-dimensional nonlinear equation instead of Eq.(3):

f(z) =0, (4)

where D is a closure of a nonempty open bounded set
D C R", 0 € R" is a regular value of f, and f is C?
with respect to z € D.

By choosing x¢ € IntD as a starting point, the follow-
ing so-called homotopy equation is introduced:

f:DC R"— R",

h(z,t) = tf(z) + (1 - t)g(x) =0,
h:D x[0,1] — R".

Here Int denotes internal, t € [0,1]. Also, g(z) = 0,9 :
D C R" is an auxiliary equation which is chosen as
having an obvious solution z € D.

We can assume that the solution set of Eq.(5) consists
of continuously differentiable paths and/or loops. Since

(5)

one can numerically trace such path from a known point
on the path, a solution of Eq.(4) can be calculated if the
path starting from the obvious solution (x,t) = (z¢,0)
reaches t = 1 hyper-plane.

In order to trace the path from (z¢,0), we formulate
an (n + 1) dimensional simultaneous equation between
Eq.(5) and a hyper-ellipsoid, locating ¢t > 0 and (zo, 0)
is on its surface. If the hyper-ellipsoid is small enough,
then it is seen that there is unique solution path within
the hyper-ellipsoid, and that the equation has two solu-
tions (zg,0) and (x1,t1), which are obtained by a certain
numerical method such as the Newton-Raphson method.
It is obvious that on the solution path (z1,t;) is closer to
the solution of Eq.(4) than (z¢,0). By repeating calcula-
tion of solution consisting of Eq.(5) and a hyper-ellipsoid
with (z;,t;), ¢ = 0,1,---, on its surface, a solution of
Eq.(4) can be calculated if the path is connected with
t = 1 hyper-plane. It is seen that efficiency of the pro-
posed algorithm depends on size and shape of the hyper-
ellipsoid.

In this paper, we define the following hyper-ellipsoid:

n 2 2

e e
—~ la2, " I} ©)
( Xj,k ) — ( Tjk — TCjk—1 >

T tr —tCr—1

Here (xcjr—1,tck—1) is the center of the given hyper-
ellipsoid, and suppose that (z7 ,_;,t;_,) satisfies Eq.(6).
(zcjk—1,tck—1) is set on a line which passes along
(2] p—1>th—1) and (2] x_o,t;_5), Which we define as fol-

lows:
TCjk-1 ) _ o i1\ _ [ Zjp—2
tc - tE
k—1 k—2

*
tk—l

(7)

_ _ ~ hxt)=0
starting point of iteration
N

(X N )
( X;,k—z N k2)

Figure 1: an outline of the proposed tracing algorithm
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Also we define la;; and lby as follows:

{ lajr, = vn+1|lzcjp—1 — 5, |l
by = Vvn+1 ||tck_1 — tlt—l”

It is obviously seen that the derived nonlinear simultane-
ous equation of Eqgs.(5) and (7) has at least two solutions,
and one is (2}, _;,t;_;). Consequently, the another so-
lution must be obtained to reach the solution of Eq.(4).
For the calculation, the Newton-Raphson method is in-
troduced with a starting point (32}, _; —227 ;_,,3t;_; —
2ty _,), where the point is located on the opposite posi-
tion of (2} ;_;,t;_;) with respect to (zc¢jk—1,tk—1). If
the hyper-ellipsoid is small enough, then a solution of
the simultaneous equation can be calculated. Repeating
this procedure from ¢ = 0 to ¢ = 1 along the solution
path, a solution of Eq.(5) is obtained (see Figure 1).

Here we compare the proposed method with the previ-
ously proposed method in Refs.[6],[7]. Eq.(9) and Figure
2 show a hyper-ellipsoid and outline of that method, re-
spectively.

(8)

n 2
Xie [T} _
a2 T =1
J k
) < ik ) _ ( Tjh—1 — Tj o ) 9)
th—1 —th_o
laJ,k = Vn+1lz],_; — 2}, ll
(b = vn+1|lti_ —t; Ll
h(xt)=0

starting point of iteration

Figure 2: an outline of the tracing algorithm in [8],[9]

In the conventional method, a center of each ellipsoid
is located at the previously obtained solution. As a con-
sequence, the ellipsoids are overlapped each other. It
causes larger number of the ellipsoids than the revised
method is this paper from ¢ = 0 to ¢t = 1 along the so-
lution path. Therefore it turns out that the proposed
method in this paper is expected to get the advantage
in computational cost.

3. An Application to Visualization of 2 Soliton
Pulse

For the instance, we apply the proposed method to
a visualization of a solution of the Korteweg-de Vrices
(KdV) equation such that:

%4_6 '%-F&_O
ay T F Lo 0w T (10)
z=2- (logf)

We note that f is allowed in various forms. Among them,

f — 1+en1w—nfy+enzw—n§y + Me(m—km)w (K3+k3)y

(k1+k2)?

(11)
is known. In Egs. z is called 2-soliton
solution.

When we substitute Eq.(2) to Egs.(10) and (11), we
calculate 2 dimensional nonlinear simultaneous equation
with respect to w and t. Then, we use the Newton type

homotopy equation:

(10) and (11),

h(w,t) = F(w,t) — (1 —t)F(wq, to),
F(w,t) = z,w + 2z, — 2 - 2(w),
z(w) = (IOg f)wz(w)

In Eq.(12), we substitute z = wx,

(12)

—re Yy = WYy —
z. into %(log f) and define z(w). The starting point
in homotopy method is set as (wp,t9) = (0,0), and let
a1 o= 00].7 bo = 0.03 and ny = 3.

Figs. 3 and 4 show images of visualization of the 2-
soliton at k; = 1.0 and ky = 1.5. The number of pixel,
the viewpoint and the center of screen for each image are
given in Table 1. It is noted that the viewpoint of Figure
4 is closer to the 2-soliton surface than the one of Figure
3. From Figs.3 and 4, we can see that the collision of 2
isolated pulses is visualized by the proposed method.

The previous work[6][7] was able to show that the
method using hyper-ellipsoid was more effective than
the method using hyper-sphere. Therefore, the method
which achieved the best results in previous work is com-
pared with the proposed method.Table 2 shows the com-
putational time by both of the proposed method and the
conventional one under the Ultra SPARC Ti 334MHz.
From table 2, the proposed method can reduce compu-
tational cost.

Table 1: the parameters of Fig.1 and Fig.2

Fig3 Fig4
number of pixels 150 x 157 150 x 157
viewpoint (—41,-14,24) | (1,-5,1.5)
center of screen | (—5,—1,—20) | (—2,—2,—18.5)
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Figure 3: an image of 2 soliton pulse (1)

Figure 4: an image of 2 soliton pulse (2)

Table 2: the computational time

Fig.3 [s] | Fig.4 [s]
The conventional method 31.040 36.540
The proposed method 23.930 28.440

4. Conclusion

In this paper, we proposed an improved solution path
tracing algorithm based on hyper-elliposoid, and com-
pare with the conventional one by applying to the ray
tracing method to visualize a certain type of free form
surfaces. In the proposed method, width of the defined
ellipsoid with respect to each axis is variable according
to the width of the domain and/or the nonlinearity. In
the case of visualization of a surface by the ray tracing,
the width of domain (parameters for the surface and the

length of the ray) is usually different very much. There-
fore, the proposed method is suitable to the case. In the
case of 2 soliton pulse’s image, the proposed method is
more effective than the conventional one. In the future,
it is necessary to apply to more complicated nonlinear
equations and to confirm validity.
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