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Abstract

This paper studies a chaotic spiking oscillator (CSO) with a
pulse-train input. The CSO has two continuous states and the
pulse-train is non-equidistant. Applying the pulse-train input,
it exhibits interesting synchronous and asynchronous phenom-
ena to the input. The dynamics can be described by composite
of 1-D return maps. Using the map, we analyze the response
characteristic of the CSO.

1. INTRODUCTION

Pulse-coupled networks (ab. PCNs) of integrate-and-fire
models (ab. IFMs) have been studied with great interests.
The motivations for studying such models are including three
points. First, the PCNs are basic nonlinear systems which
exhibit interesting synchronization and bifurcation phenom-
ena [1]-[4], [6][8]. Second, the PCNs are simple models to
consider information processing function in the brain [4][8].
Third, the pulse-train dynamics is used effectively for ef-
ficient engineering applications such as associative memo-
ries [3][4][6]. In order to approach dynamics of the PCNs,
it is fundamental to consider response characteristics of an
IFM to pulse-train input(s). The IFM exhibits interesting
synchronous and asynchronous phenomena [2], [4], and the
pulse-train input is important to consider nonlinear analogs of
the sampling theorem.

This paper studies a chaotic spiking oscillator (CSO) with
a pulse-train input. The CSO consists of a linear 2-port volt-
age control current source(ab. 2PVCCS) and a firing switch.
The operation of the firing switch is “the capacitor voltage v;
reaches threshold voltage Vy or the pulse-train input is ap-
plied, the firing switch is closed and v; is reset to base volt-
age E instantaneously”. Applying the pulse-train input, the
CSO exhibits synchronous and asynchronous phenomena to
the input. We consider the response characteristic for non-
equidistant pulse-train input. However, the dynamics can be
described by composite of 1-D return map. Using the map,
we analyze the CSO’s phenomena with non-equidistance
pulse-train input. The case of equidistance pulse-train input
is discussed in [5][7]
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Figure 1: Chaotic Spiking Oscillator with pulse-train input

2. CHAOTIC SPIKING OSCILLATOR WITH PULSE-
TRAIN INPUT

Fig. 1 shows the chaotic spiking oscillator with pulse-train
input. In the figure 2PVCCS is a 2-port voltage-controlled
current source characterized by four conductance parameters
g11, 812, &21 and g»»>. Connecting two capacitors to both ports
of the 2PVCCS, we obtain a linear circuit described by
d [ Vi ] _ [ gn/Ci gi2/C ] [ Vi ]
dt| v | | &1/C2 gn/Cy || v
It corresponds to the case where the SW is opened. For con-
venience we assume that the coefficient matrix of Eq. (1) has
unstable complex conjugate eigenvalues dw * jw:
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Then, the circuit exhibits divergent vibration.
switch SW is closed by the following cases:

1) Self-firing (ab. SFR) occurs at the moment when the ca-
pacitor voltage v reaches the threshold V.

2) Compulsory-firing (ab. CFR) occurs at the moment when
the following periodic pulse-train input is applied:

(t) = Vu, t=n(T1+T>) or (T, +T») + T,
VelU =1y, otherwise. n=0,1,2,3....),

When S W is closed, the state v; is reset to the base voltage E
instantaneously holding v, =constant.

1 (t7), (1)) = (E, v (1)),
ifVi@)=Vy or t=n(T+T3), t=n(Ty +T,) +Tj.
3)

The firing
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Figure 2: CSO with pulse-train input (a) Phase plane, (b) Time domain
wave-forms of X, (c) Time domain wave-forms of y, (d) Pulse-train input

Using the dimensionless variables and parameters:

" V1 3 dx 1(V+g12V)
T=Wt, xX=—, k= —, y= — 22 ),
VT dr Y VTpl wCl 2 (4)
I g g» E
=\ -—=) :_7d: T7d: T7
p 2w(C1 CZ)CI v wTy, dr = wT>

Equations (1) to (3) are transformed into Equations (5) to (7).

HEEE

forx <land 7 # n(d, +d>) and 7 # n(d; +d>) + d;,

(5)
(x(7%),y(t") = (g, y(7) = p(x(7) = 9))
ifx(t)=1 ort=n(d, +dy) or T=n(d| +dy) +d,
(6)
_ 1, if‘r:n(d1+d2) or T=n(d1+d2)+d1,
“T) =1 0. otherwise. (1=0,12,3....),
@)

where u(7) represents the normalized pulse-train input. This
system is characterized by five parameters: the damping o,
the jumping slope p, the base g, and the normalized pulse

intervals d; and d,. For simplicity we fix p = 1.0, g = —1.0
and ¢ = 0.1, and select d; and d, as control parameters. For
x < 1, the exact piecewise solution of Eq. (5) is given by

[ x(7) ] st [ cosT  sinT ] [ x(0) ]
=¢ . ,
y(7) —sinT CcoST

8
3(0) ®)
3. 1-D Return Map

In order to derive the return map, we define L, =
{(x, y, DIx=¢q, (t =0mod (di + d)) }, Ly ={(x, y, T)lx =
q,(t = dy mod (d| + d»)) } and let a point on L, be repre-
sented by its y-coordinate. As shown in Fig. 2(a), the trajec-
tory started from a point yp on L, at 7 = 0. At 7 = d, the
input causes the CFR; and the trajectory is reset to a point y;
on L,. Then we define the following 1-D return map:

Fi: Li— L, Yy . 9
In a likewise manner,
F: L, > L, yiey. (10)

The return map from L; to L; is defined by the combination

return map:
F=F10F22L1—>L1, (11)

If the Lyapunov exponent exists independently of the initial
state, it is given by

Yo = y2.

N-1

1
/l = 1 - 1 DF nlls
Ngr;oN; n|DF(y,)|

12)

For almost all yy, chaotic behavior is characterized by posi-
tiveness of the Lyapunov exponent. y, and A can be calculated
using the exact piecewise solution (8).

A. di=d,: equidistant pulse train

If d = di = d,, the input pulse-train is equidistant. For
such an input, CSO exhibits synchronous and asynchronous
phenomena as shown in Fig. 3. If d increases, the CSO ex-
hibits synchronous and asynchronous phenomena alternately
as shown in Fig. 5(a). Fig. 5(b) shows Lyapunov exponent.
For A < 0, the CSO exhibits stable periodic synchronous phe-
nomena. For A > 0, the CSO exhibits chaotic asynchronous
phenomena.

B. di # d»: non-equidistant pulse-train
If di # d,, the input pulse-train is non-equidistance. Bifur-
cation diagram and Lyapunov exponent are shown in Fig. 6.
Chaotic asynchronous phenomena and periodic synchronous
phenomena appear alternately, as shown in Fig. 6(a). If d,
and d, vary, periodic phenomena characterized by 4 < 0 ex-
ists in black region as shown in Fig 7.
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Figure 3: Typical return maps and corresponding attractors in
the case of A:(6 = 0.1,g = =0.1,p = 1.0,d = d| = d»)(a)
d=2.0,(b)d =4.0,(c)d=6.8

C. Non-periodic pulse-train

We consider the case where the input is non-periodic such that
pulse interval is either d; or d> and each interval appears ran-
domly and evenly. This case can be analyzed by a composite
of F| and F, depending on appearance order of interval d,
and d,. Fig. 8 shows Lyapunov exponent. In Fig. 9,4 < 0
in the black region. We obtain similar result between the case
of B and the case of C as shown in Fig. 7, 9.

4. CONCLUSION

We have studied response characteristics of CSO with
pulse-train input. In order to analyze this CSO we use the
composite return map. Using this map and Lyapunov expo-
nent, we classify interesting synchronous and asynchronous
phenomena. Preliminary results for non-periodic input have
also been shown.
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Figure 5: Response characteristic of CSO in the case of A:
0=0.1,p=1.0,9g = -0.1,d, = d») (a)Bifurcation diagram, 3.0 T T T T T T
(b)Lyapunov exponent - _
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Figure 8: Lyapunov exponent in the case of C: (6 = 0.1,p =
1.0,g = -0.1,d; = 1.3)
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Figure 6: Response characteristic of CSO in the case of B:
0=0.1,p=10,9 = -0.1,d; = 2) (a)Bifurcation diagram,
(b)Lyapunov exponent

Figure 9: 3-D map of Lyapunov exponent in the case of C:
(p=1.0,0=0.1,g = -0.1), A = 0.1 for the white parts and
A < 0 for the black parts
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