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1. Abstract

As a state of a chaotic pulse-train generator is quantized,
an original chaotic pulse-train is changed into a set of co-
existing super-stable periodic pulse-trains. We derive two
theorems that guarantee (a) binary informations can be coded
into pulse-trains having the same period, and (b) the quan-
tized system generates periodic pulse-trains having the possi-
ble maximum period.

2. Introduction

We consider quantized dynamics of a chaotic pulse posi-
tion map (Qmap). Due to the state quantization, an original
chaotic pulse-train is changed into a set of co-existing vari-
ous super-stable periodic pulse-trains (SSPTs) and the Qmap
generates one of them depending on the initial state. We
have clarified some basic characteristics of the Qmap, e.qg.,
the number of co-existing SSPTs and their periods [1][2]. In
this paper, we derive two theorems that guarantee generation
of the following SSPTs.

e Based on pulse-interval modulation, binary informations
can be coded into SSPTs having the same period.

e The Qmap generates SSPTs having the possible maxi-
mum period.

The ultrawide-bandwidth (UWB) impulse-radio communi-
cation system is recently attracting great interests and will be
promising for short-range wireless communications [3]. The
UWB system utilizes pulse-trains and has advantages of low
power consumption, low intercept probability and so on. In
the UWB system, one of the important basic problems is the
coding method of informations into pulse-trains [3]. Note
that our coded SSPTs have the same period and will be use-
ful for multiplexing [4]. Then our results may be fundamen-
tals for developing a Qmap-based pulse coder suitable for a
UWB multiplex communication system. On the other hand,
various discrete state dynamical systems have been investi-
gated intensively [5]-[9]. The shift register generator is often

used to generate spread sequences for code division multi-
ple access communications systems. The linear congruential
sequence generator is used as a pseudo-random number gen-
erator. However, co-existence phenomena and pulse coding
have not been studied sufficiently in the literatures. A simple
electrical circuit realizing the Qmap can be found in [1].

3. Quantized chaotic pulse-train dynamics

We consider dynamics of a pulse-train y(7) which is gov-
erned by a pulse position map:

Tn+1:f(7'n):27-n+1 for 0<m <1,

1
frn+1)=f(m)+1, f: R" — R, @
where 7,,, n = 1,2, ..., is the n-th pulse position and R
is the positive reals. The pulse position map f is shown in
Fig.1. Because of the periodicity, we can define a return map
Tot1 = F(m) = f(r) (mod1), F : [0,1) — [0,1) as
shown in Fig.2(a). The return map F’ generates chaos and the
pulse position map f generates a chaotic pulse-train y(7).
Here we quantize the state of the pulse position map f:

0 1

1 1
To = MITLt(Mf(Tl) + 5) € Ly = {M, M’ },

where 7, € R™, M is a positive integer and is called the
quantization frequency, and Int(r) gives the integer part of
7. Since the pulse position 7,,, n > 2, is restricted on the lat-
tice points in L, the pulse-train y(7) is super-stable for the
initial state 7; [1]. Then the system dynamics can be analyzed
using a quantized pulse position map (Qmap):

Tny1 = 9(Tn) = %Int(Mf(T") + %)’

0 1 }
2w

2)
g: Ly — Ly ={

The Qmap g is shown in Fig.1. We can define a quantized
return map 6,41 = G(0,,) = ¢g(6,) (mod1l), G : Ky —
Ky = {2, &, ... 2=} as shown in Fig.2(b). We give
some definitions on the Qmap.
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Definition 1: A pulse position 7* is said to be super-stable
periodic with period p and cycle ¢ if p is the minimum inte-
ger such that g?(7*) — 7* = p, where g7 is the ¢-fold com-
position of g. A pulse-train y is said to be the super-stable
periodic pulse-train (SSPT) with period p and cycle q if its
pulse position is given by 7, = g"~1(7*). A point 7¢ is said
to be eventually periodic if 7¢ is not periodic but g'(7¢) is
periodic for some [ > 1.

In Fig.1 and Fig.2(b), we can see that SSPTs co-exist and the
Qmap generates one of them depending on the initial state.
Fig.3 shows co-existing SSPTs.
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Figure 1: Chaotic pulse position map f (broken) and quan-

tized pulse position map g (stepwise) with the quantization

frequency M = 9.
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Figure2: (a) Chaotic returnmap F'. (b) Quantized return map
G with the quantization frequency M = 9.

4. Pulseinterval modulation

Let A7, = 7,41 — 7y, bethen-thpulseinterval (see Fig.1).
We then introduce binary coding (w1 ...wy) of an SSPT based
on pulse interval modulation:

— O’
Wn = 1,
For simplicity, the bit-length & is assume to equal the cycle

g or itsmultiple. A SSPT coded by (w...wy) issaid to have
thelength L = 74, — 7. Therelationship between the code

and the length is given by

forl1 < Ar, < 1.5,

for1.56 < Ar, < 2. 3)

k
L=k+) wn. ()
n=1
In Fig.3, the SSPTs can be coded in the form of
9, where

(b1...b3bs...b3) and have the same length L =

b = |b— 1|. We can give the following theorem.
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Figure 3: Co-existing SSPTs in the Qmap g with M = 9. The SSPTs have cycle ¢ = 6 and length L. = 9, and are coded in

the form of (b1b2b3b1b2b3). The SSPTsexistin .S = 10 time slots.

Theorem 1: Let M = 2* + 1, where k is some positive
integer. Let (b;...by)2 represent a k-bit binary number. Then
each k-bit binary information (b ...b;) correspondsto a SSPT
startingfrom 7, = 4 suchthati — 1 = (by...by)2. The SSPT
iscoded by (b;...bxb1...b;) and has the length L = 3k. If M
is prime, the period of each SSPT isp = 3k.

Outline of the proof: Let an SSPT start from 7, = 54,
i€ {1,2,...,2F}, and let (by...by)2 = i — 1. Using 2k-hit
binary numbers, the pulse positions ; and g(7;) can be ex-
pressed by

(2% —1)i  (br...bebr...by)s

T =

2k 1 (1L.11)s
(o bibi . bibi )2
g(m) = (1.11) +01 + 1.

Noting w1 = b, and repeating similar considerations for
g'(r), I = 2,3...., the SSPT is coded by (w;...war) =
(by...byby...bg). Then Equ.(4) gives L = 3k. For contra-
diction, let M be prime and let the SSPT has acycle ¢ < 2k.
Inthiscase 71 = 5; must be expressed by .~ [2], and this
isacontradiction.

Let aunittimeinterval be called a slot and let S’ be the num-
ber of dots in which a coded SSPT exist. In Ref.[2], we
have shown that the Qmap ¢g has SSPTs coded by all k-bit
informations (b;...bx) except for (1...1) if M = 2*¥ — 1. In

this case, however, the number of dots depends on the code:
k+1<S <2k+ 1. Inthe case of Theorem 1, the number
of dotsis S = 3k + 1 for each k-bit information (see Fig.3).
Such SSPTs may be useful for time-division multiplex com-
munications systems as discussed in [4].

5. Maximum period SSPT

For the quantization frequency M, the possible maximum
cycle of an SSPT is M — 1 since the pulse position 7,, = %
isaways afixed point. In Fig.4, the Qmap generates such an

SSPT. We can give the following theorem.

Theorem 2: Assume the following. (a) M > 3 is odd.
(b) Letting k = 2= 2% 4+ 1 can be divided by M. (c)
M and 2! — 1 have no common divisor for every I divid-
ing M — 1, wherel < [ < M — 1. Then the SSPT have
the possible maximum cycle M — 1 and the possible maxi-
mum period (M — 1). The SSPT starting from 7 = 47,
i€ {1,2,...,M — 1}, iscoded by (b;...byb;...by) such that
(br...bg)2 = (28 + 1) 4.

Outlineof the proof: The Qmap g hasthedomain L. Leta
Qmap ¢’ have a quantization frequency 2% 4- 1 and have ado-
main Ly« ;. Conditions(a) and (b) guarantee L 5y C Lok ;.
Then Theorem 1 guarantees that an SSPT of ¢ can be coded
by a 2k-bit binary code. Assume for contradiction that the
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SSPT hasacycle! < 2k. Inthiscase, 7 = 7 must be ex-
pressed by 2#—_1 This contradictsto (c). Hence the SSPT has
the possible maximum cycle 2k = M — 1. Equ.(4) givesthe
period 3 (M — 1). The proof of Theorem 1 gives the code of
the SSPT.

6. Discussion
The linear congruential sequence generator is described by

©)

wheren = 0,1, ... isthe discrete time; X,, € {0,1,...,m —
1} isadae, and a € {2,3,...},c € {0,1,...} and m €
{2,3,...} are parameters. The possible maximum cycle of
this generator is m as shown in Fig.5(a). The shift register
generator is described by

Xnt1 =aX, +c¢ (mod m),

(mod 2),
(6)
where K is the number of registers, X,, € {0,1} is a state
and a;, € {0,1} is a parameter. The possible maximum
cycle of this generator is 2% — 1. Using a variable z,, =
kK:_Ol 2K—k=1x .., dynamics of the generator can be il-
lustrated as shown in Fig.5(b). For these generators, condi-
tionsfor generating the maximum cycle sequences have been
investigated [7].

The quantized return map G and the above segquence gen-
erators have some relations. G can realize the linear congru-
ential sequence generator (5) by adjusting the shape of f and
the parameter M. The dynamics of G for M = 25 + 1 can
be described by a similar formula of the shift register gener-
ator (6): X,+x = X,, + 1 (mod 2). In this paper we have
considered not only the maximum period SSPT but aso the
co-existence phenomena and the pulse interval modulation.

Xtk = aoXp+ar1 X1+ Fag 1 Xnyx—1

7. Conclusions

We have analyzed the set of co-existing SSPTs in the
Qmap. It has been shown that binary informations can be
coded into SSPTs having the same period. Also the condition
for generating SSPTs with the possible maximum period has
been derived. Future problems include: (a) analysis of the
Qmap for wider parameter range, (b) development of a syn-
thesismethod of the Qmap having useful pul se coding ability,
and (c) design of simple circuit that realizes the Qmap.
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Figure 4: Quantized return map G with the quantization fre-
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Figure 5: (a) Linear congruential sequence generator. a = 4,
c =2andm = 9. (b) Shift register generator. K = 4,
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